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Preface

Graph Theory is an area of mathematics whose origins lie as far back as in 18th century
with the solution of the Koningsberg Bridge problem by the mathematician Leonhard
Euler. Since then, the subject has developed into an area with numerous interesting
problems and applications in many diverse fields.

In this doctor’s thesis, we show some new results on spanning subgraphs having some
specified properties. We mainly deal with the problems on spanning subgraphs which are
generalizations of Hamilton path problems. A research of Hamilton cycles (resp. paths)
is one of major topics in graph theory. A Hamilton cycle (resp. path) in a graph is a cycle
(resp. path) passing through all the vertices of the graph. In 1960, Ore [48] gave sufficient
conditions for graphs to have a Hamilton cycle and a Hamitlon path. This result is one
of the cornerstones of graph theory. Since a Hamilton cycle and a Hamilton path can be
regarded as a spanning subgraph with some specified properties, Ore’s theorem has been
generalized to those of spanning subgraphs with some properties.

This thesis consists of four chapters. In Chapter 1, we give basic definitions, notations
and terminologies which are needed for reading this thesis. Moreover we introduce some
results of a Hamilton cycle and a Hamilton path which motivate our results.

In Chapter 2, we show some results of the existence on spanning subgraphs with
constrains on the degree.

In Chapter 3, we show some results of the existence on spanning trees with some
specified properties, which are generalized concepts of Hamilton paths.

In Chapter 4, we show a Fan-type condition for bipartite graphs to have long paths.
As a consequence of the result, we completely determine the bipartite Ramsey numbers
with respect to a path and a bistar.
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Introduction

A graph G consists of a vertezx set, denoted by V(G) and an edge set, denoted by E(G).
Each edge joins two vertices, which are not necessarily distinct. For a graph G and
v € V(G), the number of edges incident with v is called the degree of v in G and is
denoted by degq(v). For two vertices  and y of a connected graph G, the distance
between x and y in GG is the length of a shortest path connecting x and y in G and is
denoted by distg(x,y). For a nonempty vertex subset X of V(G), the subgraph of G
induced by X is defined as the subgraph of G whose vertex set is X and whose edge
set consists of the edges of GG joining vertices of X. The subgraph of G induced by X
is denoted by G[X]. A subgraph H is called an induced subgraph of G if there exists a
nonempty vertex subset X of V(G) such that H = G[X]. For given graphs G and H, if
there exists a bijection f : V(G) — V(H) such that f(x) and f(y) are adjacent in H if
and only if x and y are adjacent in G, then G and H are isomorphic. For a given graph
H, a graph G is said to be H-free if G contains no induced subgraph isomorphic to H.

A Hamilton cycle (resp. path) of a graph G is a cycle (resp. path) passing through all
vertices of G. A graph G is called Hamilton-connected, if for any two vertices x and y of
G, there is a Hamilton path of G connecting x and y. A research of the Hamiltonialy is
one of major topics in graph theory. Since the problem of determining whether a given
graph has a Hamilton cycle (resp. path) is NP-complete [28], we have studied a sufficient
condition for graphs to have a Hamilton cycle (resp. path). The problem of determining
whether a given graph is Hamilton-connected is also NP-complete [19]. We focus on
degree conditions and forbidden subgraph conditions for graphs to have a Hamilton cycle
(resp. path) and to be Hamilton-connected. A degree condition is to guarantee that each
vertex has an enough large degree and a forbidden subgraph condition is to guarantee
that a graph has no induced subgraph isomorphic to some given graphs. Let a(G) be the
maximum cardinality of an independent set of a graph GG. For a positive integer k, and a
graph G, we define

0,(G) = min { Z degy(z) : S is an independent set of G with |S| = k:}
zes

if «(G) > k, and 01(G) = o0 if a(G) < k. In 1960, Ore gave a sufficient condition for
graphs to have a Hamilton cycle (resp. path) [48] and to be Hamilton-connected [49].
These results are cornerstones of graph theory.
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Theorem 0.1 (Ore [48, 49]) Let G be a graph with order at least three. Suppose that
02(G) > |G| + s with s € {—1,0, 1}.

(i) If s = —1, then G has a Hamilton path.
(ii) If s =0, then G has a Hamilton cycle.

(iii) If s =1, then G is Hamilton-connected.

A degree sum condition on o3(G) is so-called an Ore-type condition.

In 1984, Fan [25] gave a degree condition for graphs to have a Hamilton cycle (resp.
path), which is weaker than the condition of Theorem 0.1. This degree condition is
so-called a Fan-type degree condition. Benhocine and Wojda showed a Fan-type condition
for graphs to be Hamilton-connected.

Theorem 0.2 (Fan [25], Benhocine and Wojda [5]) Lets € {—1,0,1} and let G be

a graph. Suppose that <l
+ s
2

max{degg(r), degg(y)} >

or any two vertices T,y € with distg(z,y) = 2.
' V(G) with di 2
(i) If G is connected and s = —1, then G has a Hamilton path.
(i) If G is 2-connected and s = 0, then G has a Hamilton cycle.

(iii) If G is 3-connected and s = 1, then G is Hamilton-connected.

Liu, Tian, and Wu in 1986 and independently, Broersma in 1988, showed that we can
relax the degree condition of Theorem 0.1 (i) by restricting graphs to be K s-free, where
K, ., is a complete bipartite graph with a size of one partite set n and the size of the
other partite set m.

Theorem 0.3 (Liu, Tian,and Wu [38], Broersma [8]) Let G be a connected
K, 3-free graph. If
O'3(G) > ‘G| - 2,

then G has a Hamilton path.

Faudree and Gould characterized the forbidden pairs for connected graphs to have a
Hamilton path. The graph N(p,q,r) is one obtained from the triangle zyz by joining p
isolated vertices to x, ¢ isolated vertices to y, r isolated vertices to z (Fig. 1). We denote
a path with n vertices by P,.

Theorem 0.4 (Faudree and Gould [26]) Let Hy and Hs be connected graphs with
Hy,Hy # Py, Ps, Ps. Then, every connected {Hy, Hy}-free graph has a Hamilton path
if and only if Hy is Ky 5 and Hy is one of the graph N(p,q,r) for 0 <p,q,r <1 or P,.
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Figure 1: The graph N(p,q,r)

In this thesis, we deal with some extended concepts of a Hamilton path. We can
regard that a Hamilton path is a spanning subgraph with maximum degree at most two.
In Chapter 2, we deal with some spanning subgraphs with bounded maximum degree.
For an integer k > 2, a k-tree T' is defined as a tree with maximum degree at most k. If
a k-tree T spans a graph G, then T is called a spanning k-tree of GG. Since a spanning
2-tree is a Hamilton path, a spanning k-tree is an extended concept of a Hamilton path.

Caro, Krasikov, and Roditty in 1985 and independently, Jackson and Wormald in
1990, obtained the following result, which guarantees the existence of a spanning k-tree
in connected K j-free graphs.

Theorem 0.5 (Caro, Krasikov, and Roditty [11], Jackson and Wormald [32])
For an integer k > 3, every connected K j-free graph contains a spanning k-tree.

In Chapter 2.2, we focus on a sharp condition that guarantees the existence of a spanning
k-tree in connected K j41-free graphs and give a degree sum condition as follows.

Theorem 0.6 Let k be an integer with k > 2. If a connected K 41-free graph G satisfies
oak—3(G) > |G| - 2,
then G has a spanning k-tree.

The degree sum condition of Theorem 0.6 is sharp in the sense we cannot replace the
lower bound of o3,_3(G) with |G| — 3.

In 2010, Ota and Sugiyama gave a forbidden subgraph condition for a graph to have
a spanning k-tree.

Theorem 0.7 (Ota and Sugiyama [50]) Let £k > 2 be an integer. If G is a
connected {Kl,kﬂa N (k: —1,k—1, L%J) Nk —1,k—2k— 2)}—free graph, then G has

a spanning k-tree.
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However, it was not known whether the conditions of being N (k - 1,k—-1, L%J )—free
and N(k — 1,k — 2,k — 2)-free in Theorem 0.7 are sharp. They posed the following
conjecture.

Conjecture 0.8 (Ota and Sugiyama [50]) Let k& > 2 be an integer. If G is a
connected {Kl,kﬂ, N (k —1,k—1, [%D}—free graph, then G has a spanning k-tree.

We show that Conjecture 0.8 is true in Chapter 2.3.

In 1976, Bondy and Chvétal introduced a closure concept in [7]. The following result
is a stronger than Theorem 0.1 (ii).

Theorem 0.9 (Bondy and Chvatal [7]) Let G be a graph. If uw and v are nonadjacent
vertices with degq(u) + deg(v) > |G, then G has a Hamilton cycle if and only if G+ uv
has a Hamilton cycle.

In [42], Matsubara et al. considered a closure concept for spanning k-trees. For a vertex
subset S of a graph G, and a positive integer k£ with k£ < [S], let

Ag(S; G) = max { ZdegG(x) : X is a subset of S with | X| = k:}
zeX
Theorem 0.10 (Matsubara, Tsugaki and Yamashita [42]) Let £ > 2 be an
integer, and let G be a connected graph. Let u and v be two nonadjacent vertices of
G. If Ay(S;G) > |G| — 1 for every independent set S in G of order k + 1 such that
{u,v} C S, then G has a spanning k-tree if and only if G + uv has a spanning k-tree.

On the other hand, a tree is called a k-ended tree if the number of its leaves is at most k.
In [9], Broersma and Tuinstra considered a closure concept for spanning k-ended trees.

Theorem 0.11 (Broersma and Tuinstra [9]) Let k > 2 be an integer, and let G be a
connected graph. Let w and v be two nonadjacent vertices of G. If degq(u) + degy(v) >
|G| — 1, then G has a spanning k-ended tree if and only if G +uv has a spanning k-ended
tree.

Let a > 0 and k > 2 be integers. For a graph G, the total k-excess of G is defined
as te(Gi k) = 3, cy (g max{degg(v) — k,0}. We propose a new closure concept for a
spanning tree with bounded total k-excess. This concept was introduced by Enomoto,
Onishi and Ota in [24], and we can see some results concerning it in [27, 47, 51]. Note
that for a tree T', te(T'; k) = 0 if and only if 7" is a k-tree, and te(T’;2) < k — 2 if and only
if T is a k-ended tree. In this thesis, we generalize Theorems 0.10 and 0.11 as follows.

Theorem 0.12 Let o > 0 and k > 2 be integers, and let G be a connected graph. Let u
and v be two nonadjacent vertices of G. If Ap(S;G) > |G| —1 for every independent set S
in G of order k+ 1 such that {u,v} C S, then G has a spanning tree T with te(T; k) < «
if and only if G + uv has a spanning tree T" with te(T"; k) < a.
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The lower bound of A, (S;G) in Theorem 0.12 is sharp. Let o > 0 and k > 2 be integers,
and let G be a connected graph. In [27], Fujisawa et al. showed that if a(G) < k + «,
then G has a spanning tree T with te(T;k) < a. Moreover, they showed the upper
bound of «(G) is sharp. Therefore, it is natural to consider the following problem, which
corresponds to an improvement of Theorem 0.12.

Problem 0.13 Let o > 0 and k > 2 be integers, and let G be a connected graph. Let
u and v be two nonadjacent vertices of G. If Ap(S;G) > |G| — 1 for every independent
set S in G of order k + a + 1 such that {u,v} C S, then G has a spanning tree T with
te(T; k) < a if and only if G + uv has a spanning tree T" with te(T"; k) < a.

However, Problem 0.13 is not true for @ > 0. Therefore, we change the condition on S so
that S contains at least one of v and v, and prove the following theorem in Chapter 2.4.

Theorem 0.14 Let o > 0 and k > 2 be integers, and let G be a connected graph. Let u
and v be two non-adjacent vertices of G. If Ap(S; G) > |G| —a —1 for every independent
set S in G of order k+a+1 such that SN {u,v} # 0, then G has a spanning tree T with
te(T; k) < a if and only if G+ wv has a spanning tree T" with te(T"; k) < a.

The lower bound of Ay(S;G) in Theorem 0.14 is sharp.

In Chapter 3, we deal with spanning trees with certain properties, which are extensions
of properties of a Hamilton path.

A branch vertez of a tree is a vertex of degree strictly greater than two. For a tree T,
let L(T) denote the set of leaves of T" and let B(T') denote the set of branch vertices of
T'. The following two results motivate our results in Chapter 3.2. Theorem 0.15 gives an
Ore-type condition for a graph to have a spanning k-ended tree.

Theorem 0.15 (Broersma and Tuinstra [8]) Let k > 2 be an integer and let G be a
connected graph. If G satisfies degqs(u) + deggn(v) > |G| — k + 1 for every pair of two
nonadjacent vertices u,v € V(G), then G has a spanning k-ended tree.

The following theorem is stronger than Theorem 0.15 although it assumes the same
condition as Theorem 0.15.

Theorem 0.16 (Nikoghosyan [46], Saito and Sano [54]) Let k > 2 be an integer.
If a connected graph G satisfies degeq(x)+degqs(y) > |G| —k+1 for every two nonadjacent
vertices x,y € V(G), then G has a spanning tree T with |L(T)| + |B(T)| < k + 1.

We show two degree conditions for graphs to have spanning trees with bounded total
number of branch vertices and leaves.
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Theorem 0.17 Let k > 2 be an integer. Suppose that a connected graph G satisfies

G| -k +1
2

for every two nonadjacent vertices x,y € V(G). Then G has a spanning tree T with
|L(T)| + |B(T)| < k+ 1.

max{deg. (), deg(y)} >

Theorem 0.18 Let k > 2 be an integer. Let G be a 2-connected graph. Suppose that

|G| —k+1

max{degq(z), degq(y)} > 9

for every two vertices x,y € V(G) with distg(z,y) = 2. Then G has a spanning tree T
with |L(T)| + |B(T)| < k+ 1.

The lower bounds (|G| — k + 1)/2 in Theorems 0.17 and 0.18 are sharp. Moreover, we
cannot replace the assumption of being 2-connected in Theorem 0.18 with that of being
connected.

For k > 2, a graph G is said to be k-leaf-connected if |G| > k and for each subset S
of V(G) with |S| = k, G has a spanning tree T" with precisely S as the set of leaves of
T. By the definition, it is easy to see that the property of being “2-leaf-connected” is
equivalent to the property of being “Hamilton-connected.” Hence the property is a general
concept of Hamilton-connected. The following result motivates our result in Chapter 3.3.
Theorem 0.19 is a fundamental result, which gives an Ore-type condition for graphs to be
k-leaf-connected.

Theorem 0.19 (Egawa, Matsuda, Yamashita, and Yoshimoto [23]) Let k > 2 be
an integer and let G be a (k + 1)-connected graph. Suppose that

degg () + dega(y) = |G|+ 1

for any two nonajacent vertices x, y € V(G). Then G is k-leaf-connected.

Note that the condition of being (k + 1)-connected is a necessary condition for graphs
to be k-leaf-connected. In fact if G has a cut set with size at most k, then there is no
spanning tree with precisely the cut set as the set of leaves of the tree. We give a Fan-type
condition for graphs to be k-leaf-connected.

Theorem 0.20 Let k > 2 be an integer. Suppose that G is a (k + 1)-connected graph

and that
|G| +1

2

for any vertices u and v in G with distg(u,v) = 2. Then G is k-leaf-connected.

max{deg(u), degg(v)} >

14



The lower bound in Theorem 0.20 is sharp.

In 1963, Moon and Moser obtained a degree condition for bipartite graphs to have a
Hamiton cycle (resp. path). For a bipartite graph G with bipartition (A, B), we define

011(G) = min { degy(z) +degs(y) :x € A, y € Byxy ¢ E(G)}
if G is not a complete bipartite graph, and o1 ;(G) = oo if G is a complete bipartite graph.

Theorem 0.21 (Moon and Moser [44]) Let G be a connected bipartite graph with
bipartition (A, B).

(i) If |A| < |B| < |A| + 1 and 02(G) > |B|, then G has a Hamilton path.
(ii) If|A| = |B|=n>2 and 011(G) > n+ 1, then G has a Hamilton cycle.

Note that the conditions |A| < |B| < |A| + 1 and |A| = |B| > 2 are necessary conditions
for bipartite graphs to have a Hamilton path and a Hamilton cycle, respectively. To find
a long path in graphs is one of generalizations of finding a Hamilton path. Inspired by
Theorem 0.21 (i), we study a Fan-type condition for long paths in bipartite graphs. The
following is one of our main results.

Theorem 0.22 Let m and n be positive integers with n > m. Let G be a bipartite graph
having partite sets X; and Xy with | X1| = |Xs| = n. If

(D1) max{deg;(x1),degs(z2)} > m or
(D2) min{degg(x1), degg(a2)} = "5

for all vertices x1 € Xy and xo € Xy with x1x9 ¢ E(G), then G contains a path P with
[V(P)| > 2m.

If all vertices 1 € X; and zy € X, satisfy (D2), then G has a Hamilton path by
Theorem 0.21. Hence the condition (D1) is essential in Theorem 0.22. The lower bound
of (D1) is sharp. As a consequence of our main result, we completely determine the
bipartite Ramsey numbers b(Ps, By, +,), where By, 4, is the graph obtained from a ¢;-star
and a to-star by joining their centers.

Theorem 0.23 Let s, t; and ty be integers with s > 2 and t; > to > 0. Then the
following hold.

(i) If t1 = to, then b(Py, By, y,) = |5+] + 11 + 1.
(ii) Assume that t; > to.
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(ii-a) Ift; > L%J, then

L%J +t14+1 (s iseven, ors is odd and t; =0 (mod %))
L%J +1 (otherwise).

b(P57Bt1,t2) - {

(ii-b) Ift, < L%J, then

2t + 1 (2t; —to > [551])
L%J +ta+ 1 (otherwise).

b(PSJBtl,tg) — {

This thesis consists of four chapters as follows: In Chapter 1, we give basic definitions,
notations, and terminologies which are needed for reading this thesis. Moreover we
introduce some results of Hamiltonicity which motivate our results. In Chapter 2, we
show some results of the existence of spanning subgraphs with constrains on the degree
and prove Theorems 0.6, 0.12, 0.14, and show that Conjecture 0.8 is true. In Chapter 3,
we show some results of the existence of spanning trees with certain properties, which are
extensions of properties of a Hamiton path and prove Theorems 0.17, 0.18, and 0.20. In
Chapter 4, we show a Fan-type condition for bipartite graphs to have logn paths. As a
consequence of the result, we completely determine the bipartite Ramsey numbers with
respect to a path and a bistar. We prove Theorems 0.22 and 0.23 in Chapter 4.
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Chapter 1

Preliminary

1.1 Graphs

A graph G consists of a vertex set, denoted by V(G) and an edge set, denoted by E(G).
Each edge joins two vertices, which are not necessarily distinct. An edge joining two
vertices x and y is denoted by zy or yx. An edge joining a vertex to itself is called a
loop. Two or more edges which join a same pair of distinct two vertices are called multiple
edges.

A graph that may have loops and multiple edges is called a general graph. A graph G
having neither loops nor multiple edges is called a simple graph. In this thesis, a simple
graph is called simply a graph.

The number of vertices of a graph G is called the order of G and is denoted by |G].
The number of edges of a graph G is called the size of G.

U3 (%)
0O Q 0O

) o o]
V4 U1
G G’

Figure 1.1: A general graph G and a simple graph G’

The graph in Fig.1.1 satisfies that V(G) = {v1,ve,v3,04}, E(G) =
{v1v1, V109, V1V3, V1Y, VU3, V3V, V3V4, V304 }, |G| = 4, and the size of G is equal to 8. For
the graph G in Fig. 1.1, vyv; is a loop and the edges joining v3 and v, are multiple edges.

If e = zy is an edge of GG, then x and y are adjacent in G and e is incident with z
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and y. For a graph G and v € V(G), the number of edges incident with v is called the
degree of v in G and is denoted by degq(v). The largest degree among the vertices of G is
called the mazimum degree in G and is denoted by A(G). Similarly, the smallest degree
among the vertices of G is called the minimum degree in G and is denoted by §(G). For
example, the graph G’ in Fig.1.1 satisfies A(G') = 3 and §(G’) = 2. For a graph G, the
set of vertices adjacent to a vertex v in G is called the neighborhood of v and is denoted
by Ng(v).

A vertex with degree zero is called an isolated vertex. We denote by i(G) the number
of isolated vertices in G.

Theorem 1.1 (Handshaking lemma) Let G be a graph. The sum of degree of all the
vertices in G is equal to twice the size of G, that s,

S degelv) =2|B(G).

veV(G)

Proof. Since each edge is incident to exactly two vertices, summing the degrees of all
the vertices of the graph G, each edge is counted twice. Hence this lemma holds. [

A complete graph is a graph in which every pair of two distinct vertices are adjacent
and it is denoted by K,,, where n is the order of the graph.

ANV -

Figure 1.2: Complete graphs of order three, four, and five, respectively.

For an integer n > 1, a path P, is a graph consisting of n vertices vy,...,v, and n — 1
edges v;v;11 for each 1 < i < n —1. A cycle C, is obtained from P, by joining the two
vertices with degree one in P,.

o—o0—o0 0—o0—0—o0 0—O0—0—0—o0
Ps Py P

Figure 1.3: Paths
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Cy

Figure 1.4: Cycles

A graph G is called a bipartite graph if V(G) consists of two disjoint subsets A and B
with AU B = V(G) and every edge of G joins a vertex of A to a vertex of B. The two
disjoint subsets A and B of V(G) is called partite sets of G. A bipartite graph G with
partite sets A and B is called a complete bipartite graph if any vertex of A is adjacent to
all the vertices of B. If |[A] = m and |B| = n, then the complete bipartite graph G with
partite sets A and B is denoted by K, ,. For a positive integer n, the complete bipartite
graph K , is called a star. In particular, K 3 is sometimes called a claw.

K3 K4 K, 3 or claw

Figure 1.5: Complete bipartite graphs.

1.2 Subgraphs

A graph H is called a subgraph of a graph G if the vertex set of H is a subset of the vertex
set of G and the edge set of H is a subset of the edge set of G. A spanning subgraph of G
is a subgraph of GG containing all the vertices of G.
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V2 Uy

U1 Ve

U3 Us

G H H'

Figure 1.6: H is a subgraph of G and H’ is a spanning subgraph of G.

For a nonempty vertex subset X of V(G), the subgraph of G induced by X is defined
as the subgraph of G whose vertex set is X and whose edge set consists of the edges of GG
joining vertices of X. The subgraph of G induced by X is denoted by G[X]. A subgraph
H is called an induced subgraph of G if there exists a nonempty vertex subset X of V(G)
such that H = G[X].

(% V4

U1 Ve

U3 Us

G H

Figure 1.7: H is a subgraph of G induced by X = {vy, va, v3,v4}.

For a vertex v in a graph G, the subgraph G —uv is obtained by deleting v and the edges
incident with v from G. In other words, G — v is the induced subgraph G[V (G) \ {v}].
For an edge e in a graph G, the subgraph GG — e is obtained by deleting e from G. In other
words, G — e is the spanning subgraph of G with the edge set E(G) \ {e}. For a proper
vertex subset X of V(G), the subgraph G — X is the induced subgraph G|V (G) \ X]. For
an edge subset Y of E(G), the subgraph G — Y is a spanning subgraph with the edge
set E(G)\ Y. For nonadjacent two vertices z and y in a graph G, the graph G + zy is
obtained from G by adding the edge zy.
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(%1 U3 Us

0O

A4

(%) V4 Vg

G G — {va, v} G — {v1v2, V304, U506 }

Figure 1.8: Some subgraphs of G.

For given graphs G and H, if there exists a bijection f : V(G) — V(H) such that f(z)
and f(y) are adjacent in H if and only if x and y are adjacent in G, then G and H are
isomorphic. For a given graph H, a graph G is said to be H-free if G' contains no induced
subgraph isomorphic to H.

(%1 U3 Us
e
~ 7
V2 V4 Ve
G H H’

Figure 1.9: A K s-free graph G and induced subgraphs H and H’ of G.

The graph G in Fig.1.9 is K s-free. In fact, each induced subgraph of G with four
vertices is not isomorphic to Kj3. For example, H is the subgraph of G induced by
{va,v3,v4,v6} and H' is the subgraph of G induced by {vy,vs,v3,v6}. Then neither H
nor H' are isomorphic to Kj 3.

For two graphs G and H, the union GUH is the graph with the vertex set V(G)UV (H)
and the edge set E(G) U E(H). The join G + H is the graph obtained from G U H by
adding all the edges joining a vertex of GG to a vertex of H. Let £ > 2 be an integer. For
a graph G which consists of k disjoint copies of a graph H, we write G = kH.
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T

G H GUH G+H

Figure 1.10: The union G U H and the join G + H. The thick edges in G + H are the
additional edges joining a vertex of G to a vertex of H.

1.3 Paths and cycles
A walk in a graph G is a sequence of vertices and edges
Vo, €0,V1y -+, Vi—1,€6i—1,Viy ..., Umn—1,Em—1,Um

such that the edge e;_; is incident with the two vertices v;_; and v; for each 1 < i < m.
For the above walk, the vertices vy and v, is called end-vertices of the walk. The length
of a walk is the number of edges. A trail is a walk such that all edges are distinct. A path
is a walk such that every vertex are distinct. For a path with end-vertices x and y in a
graph GG, we say that the path connects x and y in G. A walk whose end-vertices are the
same is a closed walk. A closed walk with order at least four whose vertices are distinct
except for the end-vertices is a cycle. A cycle of an even order is called an even cycle. A
cycle of an odd order is called an odd cycle.

(%) V4 Vg (%]

(1) A path (2) A cycle

Figure 1.11: (1) A sequence v1v3090190507030g 18 & path. (2) A sequence v1v3V50708V6V4V20]

is a cycle.

1.4 Connectivity and distance

A graph G is said to be connected if for any distinct two vertices are connected by a path
in G. If a graph G is not connected, then G is said to be disconnected. For a connected
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graph G, a vertex v in V(G) is called a cut vertez if G — v is disconnected and an edge e
in F(G) is called a cut edge or bridge if G — e is disconnected.

(o]
G G—v

Figure 1.12: For a connected graph G, a vertex v is a cut vertex in G.

> >

—e
Figure 1.13: For a connected graph G, an edge e is a cut edge in G.

A maximal connected subgraph of a graph G is called a component of G. The number
of components of G is denoted by w(G). For example, the graph G in Fig.1.12 satisfies
w(G —v) = 3 and the graph G in Fig.1.13 satisfies w(G —e) = 2.

For an integer k > 1, a connected graph G is called k-connected if |G| > k and G — X
is connected for every X C V(G) with |X| < k — 1. Note that if G is k-connected, then
IG) > k.

U1 U3 Us U1 Us U1 U3
J M ~

(%) V4 Vg (%) V4 Vg (%) V4 Vg
G G — V3 G — (%

Figure 1.14: A 2-connected graph G.

In Fig.1.14, a graph G is 2-connected. In fact, for each vertex v of G, G — v is
connected. Fig.1.14 shows that G — v3 and G — v5 are connected.
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For two vertices x and y of a connected graph G, the distance between x and y in G is
the length of a shortest path connecting z and y in G and is denoted by distg(z,y). For
example, the graph G in Fig.1.14 satisfies distg(v1,v2) = 1 and distg(vq, vg) = 2.

1.5 Trees

A connected graph having no cycle is called a tree. A spanning subgraph 7" of a graph G
is called a spanning tree of G if T is a tree. A leaf of a tree is a vertex of degree one and
a branch vertex of a tree is a vertex of degree strictly greater than two. For a tree T, let

L(T)={2x e V(T) | xis aleaf of T} and
B(T) ={x € V(T) | z is a branch vertex of T'}.

<

Figure 1.15: A graph T is a tree, black vertices are the leaves of T" and square vertices
are the branch vertices of T.

A A

G A spanning tree of G

Figure 1.16: The subgraph of GG consisting of all the vertices of G and thick edges is a
spanning tree of G.

Theorem 1.2 The following properties are equivalent for a graph T':
(i) T is a tree,
(ii) T is connected and every edge of T is a cut edge,

(iii) any two vertices of T' are connected by the unique path in T, and
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(iv) T has no cycle and for any two vertices x,y of T, T + xy has the unique cycle.

Proof. (i)=-(ii) Let T" be a tree. Suppose that there exists an edge e = zy of T such
that T' — e is connected. Then there exists a path P in T'— e connecting x and y. Then
P + e is a subgraph of T and P + e contains a cycle. This is a contradiction.

(ii)=-(iii) Let T" be a connected graph such that every edge of T is a cut edge. Suppose
that there exist two paths P and () in T connecting two vertices x and y of T. Then
P UQ is a subgraph of T" and P U @ contains a cycle C'. Any edge e contained in C' is
not a cut edge of T'. This is a contradiction.

(iii)=-(iv) Let T be a graph such that any two vertices of T" are connected by the unique
path in T'. Since any two vertices x,y of T are connected by the unique path P in T,
T + xy contains the unique cycle P + xy. Suppose that T has a cycle. Then for two
vertices x and y in a cycle of T, there are at least two paths in T' connecting x and y.
This is a contradiction

(iv)=(i) Let T" be a graph having no cycle. We prove the following statement: “if T is
not connected, then T+ zy has no cycle for some two vertices z and y of T.” Suppose
that T is not a connected graph. Then 7' has at least two components. Let x be a vertex
of T" and let y be a vertex of T" not contained in the component of 7' containing x. Then
T + xy contains no cycle. [

Theorem 1.3 If T is a tree of order n and size m, then m =n — 1.

Proof. We proceed by induction on the size of a tree. There is only one tree of size 0
and its order is 1. Thus this theorem holds for a tree of size 0. Assume that the order of
every tree of size m — 1 > 0 is m. Let T be a tree of order n and size m and let e be an
edge of T. By Theorem 1.2 (ii), e is a cut edge of T. Hence T' — e has two components
Ty and T,. Then both 77 and 75 have no cycle, i.e. both T} and T, are trees. By the
induction hypothesis, |E(T1)| = |V(T1)| — 1 and |E(T3)| = |V (T2)| — 1. Hence we obtain
m = |E(T)| + [B(Ty)] + e} = [V(T)| + [V(T3) =1 =n - 1. 1

For two distinct vertices z and y of a tree T', Pr(x,y) denotes the unique path in T
connecting x and y.

Given a tree T, we often regard T as a rooted tree in which all the edges are directed
away from a specified vertex of T'. Such a specified vertex of T is called a root of T'. Let
T be a rooted tree with root v. The out-neighborhood of x, denoted by N;{U(x), is the set
of vertices adjacent from z in the rooted tree with respect to (7',v). The in-neighborhood
vertex of x, denoted by ny,, (), is a vertex such that ny (z) € Np(z) \ Nj,(z). Note
that if  # r, then ny () is unique. If there is no ambiguity, we write N (z) for N ()
and ny(z) for ny,(r) and we use the following definitions. For a subset X C V(T'), X~
denotes the set of vertices adjacent to a vertex in X and for a vertex v € V(T'), v~ denotes
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the unique vertex adjancet to v. For a subset Y C V(T'), Y™ denotes the set of vertices
adjacent from a vertex in Y.

root root

T T
{o} =Ny(v) {® = Ny(w) o =np(z) @ =np(y)

Figure 1.17: A rooted tree T

1.6 Hamiltonian properties

In this section, we introduce some Hamitonian properties and results which give sufficient
conditions for graphs to satisfy Hamiltonian properties. A cycle (resp. path) in a graph
G is called a Hamilton cycle (resp. path) of G if it contains all the vertices of G. A
graph G is called Hamilton-connected, if for any two vertices x and y of G, there is a
Hamilton path of G' connecting x and y. Since the problem of determining whether a
given graph G has a Hamilton cycle (resp. path) is NP-complete [28], we have studied
sufficient conditions for graphs to have a Hamilton cycle (resp. path). The problem of
determining whether a given graph G is Hamilton-connected is also NP-complete [19].
In this section, we introduce degree conditions and forbidden subgraph conditions which
motivate our results.

1.6.1 Degree conditions

For a graph G, a subset X of V(G) is independent if no two vertices in X are adjacent in
G. For a graph G, the independence number of G is the maximum number of vertices in
an independent set of V(G) and the independence number of G is denoted by a(G).

For a graph G, where k is an integer with & > 2, define

or(G) = Sg‘l}(nG : { xezs degq(z) ‘ S is an independent set of k Vertices}

if a(G) > k, and 04(G) := o0 if a(G) < k. In 1960, Ore gave a sufficient condition for
graphs to have a Hamilton cycle (path) [48] and to be Hamilton-connected [49]. These
results are cornerstones of graph theory.
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Theorem 1.4 (Ore [48, 49]) Let G be a connected graph with order at least three.
Suppose that 09(G) > |G| + s with s € {—1,0,1}.

(i) If s = —1, then G has a Hamilton path.
(ii) If s =0, then G has a Hamilton cycle.
(iii) If s =1, then G is Hamilton-connected.

Note that the degree conditions of Theorem 1.4 are best possible in the sense we
cannot replace |G| + s by |G| + s — 1.

In 1976, Bondy and Chvatal introduced a closure concept in [7]. An s-closure C'Lg(G)
of a graph is recursively joining pairs of nonadjacent vertices such that the degree sum of
these vertices is at least s, until no such pair remains.

Theorem 1.5 (Bondy and Chvatal [7]) Let G be a graph. If uw and v are nonadjacent
vertices with degq(u) 4+ degs(v) > |G|, then G has a Hamilton cycle if and only if G +uv
has a Hamilton cycle.

We can obtain Theorem 1.4 (ii) by Theorem 1.5 as follows. If a graph G satisfies the
condition of Theorem 1.4 (ii), then C'Li(G) is a complete graph. It is easy to see that a
complete graph with order at least three has a Hamilton cycle. By Theorem 1.5, G has a
Hamilton cycle.

In 1984, Fan [25] gave a degree condition for graphs to have a Hamilton cycle (resp.
path) which is weaker than the condition of Theorem 1.4. This degree condition is so-called
a Fan-type degree condition. Benhocine and Wojda gave a Fan-type condition for graphs
to be Hamilton-connected.

Theorem 1.6 (Fan [25], Benhocine and Wojda [5]) Lets € {—1,0,1} and let G be

a graph. Suppose that
|G| + s
2

max{deg(x), degg(y)} =

or any two vertices T,y € with distg(z,y) = 2.
' V(G) with di 2

(i) If G is connected and s = —1, then G has a Hamilton path.

(ii) If G is 2-connected and s = 0, then G has a Hamilton cycle.

(iii) If G is 3-connected and s = 1, then G is Hamilton-connected.

The conditions of Theorem 1.6 are best possible.
Liu, Tian, and Wu in 1986 and independently, Broersma in 1988, showed that we
could relax the degree condition of Theorem 1.4 (i) by restricting graphs to be K s-free.

Theorem 1.7 (Liu, Tian,and Wu [38], Broersma [8]) Let G be a connected
K, 3-free graph. If
o3(G) > |G| — 2,

then G has a Hamilton path.
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1.6.2 Forbidden subgraph conditions

Faudree and Gould characterized the forbidden pairs for connected graphs to have a
Hamilton path. The graph N(p, q,r) is one obtained from the triangle zyz by joining p
isolated vertices to x, ¢ isolated vertices to y, r isolated vertices to z (Fig. 1.18).

p
00 -0

Figure 1.18: The graph N(p,q,r)

Theorem 1.8 (Faudree and Gould [26]) Let Hy and Hs be connected graphs with
Hy,Hy # Py, Py, P;. Then, every connected {Hy, Hs}-free graph has a Hamilton path
if and only if Hy is K 3 and Hy is one of the graph N(p,q,r) for 0 <p,q,r <1 or P,.

Note that the “if” part of Theorem 1.8 was obtained by Duffus, Jacobson, and Gould
[21].
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Chapter 2

Connected degree factors

In this chapter, we focus on a spanning subgraph with constrains on the degree. Such a
spanning subgraph is called a connected degree factor.

2.1 A spanning k-tree

For an integer k > 2, T is a k-tree if the maximum degree of T is at most k. For a
graph G, T is a spanning k-tree of G if T is a k-tree with V(T) = V(G). Note that a
Hamiltonian path of a graph G’ with the maximum degree two. Hence a Hamiltonian path
is a spanning 2-tree. The following result is a natural extention of Theorem 1.4.

Theorem 2.1 (Win [56]) Let k > 2 be an integer and let G be a connected graph. If
or(G) > |G| -1,
then G has a spanning k-tree.

Proof. Let G be a graph satisfying all the conditions of Theorem 2.1, but has no
spanning k-tree. The case k = 2 follows from Theorem 1.4. Thus we consider the case
k > 3. Let T be a maximal k-tree of GG. Since G is connected and 7' is not a spanning
tree, there exists a vertex v not contained in 7" and adjacent to a vertex w in V(7).

Claim 2.1.1 deg;(w) = k.

Proof. Suppose that deg,(w) # k. Since T is a k-tree, degp(w) < k. Then T' :=
T + wv is a k-tree with [V(T")| > |V(T)|. This contradicts the maximality of 7. Hence
deg(w) = k. ]

Let Dy, Dy, ..., Dy denote the components of T'— {w}. For each i = 1,2,...,k, let ;
be the vertex of D; adjacent to w in T" and let x; be a leaf of T' contained in D;.
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Fig. 2.1.1 A maximal k-tree T of G.
Claim 2.1.2 {1, xs,..., 2} has no vertex adjacent to a vertex not contained in T.

Proof. Suppose that z; is adjacent to a vertex y not contained in 7' for some i =
1,2,...,k. Then 7" := T + z;y is a k-tree of G with |V(7")| > |V(T")|]. This contradicts
the maximality of T [

Claim 2.1.3 {z1,x9,...,2%} is an independent set of G.

Proof. Suppose that there exist two distinct vertices z; and z; in {z1, 29, ..., z;} such
that x; and z; are adjacent in G. Then 7" :=T + z;x; + vw — w;w is a k-tree of G with
|V(T")| > |V(T)|. This contradicts the maximality of 7. |

Let ¢ be an integer with 1 < ¢ < k. Choose a vertex z, from {xi,zo,...,xx} \ {z:}
such that
[Na) A V(D] = e INo(2:) 0 V(D).

Claim 2.1.4 For every z € Ng(z,) NV (Dy), degp(z) = k.

Proof. Suppose that there exists a vertex z € Ng(z,) NV (D;) such that deg,(z) # k.
Since T is a k-tree, degp(z) < k. Then T" := T + z,2z + vw — u,w is a k-tree of G with
|[V(T")| > |[V(T)|. This contradicts the maximality of T'. ]

We regard D; as a rooted tree with root x;.
Claim 2.1.5 For every z € Ng(z.) N V(Dy), Nj, (2) N Ne(z:) = 0.

Proof. Suppose that there exists a vertex z € Ng(z,) N V(D;) such that there exists
zt e Nj (2) N Ng(xy). Then T" := T+ a,2% 4+ 202 +vw — 227 —u,w is a k-tree of G with
|\V(T")| > |[V(T)|. This contradicts the maximality of 7. ]
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Claim 2.1.6 The vertex u; is not in Ng(z,).

Proof. Suppose that iz, € F(G). Then T" := T + wx, + vw — way is a k-tree of G
with [V(T")| > |V(T)|, a contradiction. |
By Claims 2.1.4, 2.1.5, 2.1.6, and the choice of z,, we obtain
V(D) > [Na(@) "V(D)[+ > INLE+ K

2ENG(zq)NV (Dy)
= [Ng(z) N V(Dy)| + (k = 1)[Ne(za) N V(Dy)| + 1
> |Na(z) NV(D)+ > [Na(a:) N V(D)) + 1

1<i£t<k

= [Na(z:) N V(Dy)] + 1.

i=1

It follows from the above inequality that

Zdegg(a:i) < Z (Z |Ng(z;) NV (Dy)] + |{w}|>

=> " INg(z:) N V(D))| + k

i=1 j=1

=> "3 |Ne(z:) N V(D))| + k

j=1 i=1

k
<> (DI =1) +k
j=1
=T -1<|G|—2.
On the other hand, 3%, degq(z;) > 0%(G) = |G| — 1. This is a contradiction. |
By restricting graphs to be star-free, Caro, Krasikov, and Roditty in 1985 and

independently, Jackson and Wormald in 1990, obtained the following result, which
guarantees the existence of a spanning k-tree.

Theorem 2.2 (Caro, Krasikov, and Roditty [11], Jackson and Wormald [32])
For an integer k > 2, every connected K j-free graph contains a spanning k-tree.

2.2 Degree sum condition for the existence of
spanning k-trees in star-free graphs

In this section, we show the degree sum condition for graphs having no Kj ;41 as an
induced subgraph to have a spanning k-tree.
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Theorem 2.2 is best possible in the sense that there exist infinitely many connected
K j4+1-free graphs which have no spanning k-tree. Thus some additional conditions are
needed for connected K y4i-free graphs to have a spanning k-tree. The purpose of this
section is to give a degree sum condition for connected Kj jyi-free graphs to have a
spanning k-tree. Our main result is the following.

Theorem 2.3 Let k be an integer with k > 2. If a connected K j41-free graph G satisfies
o3k-3(G) > |G| - 2,
then G has a spanning k-tree.

Theorem 2.3 gives a generalization of Theorem 1.7. By Theorem 2.3, we also obtain an
upper bound on the independence number a(G) for K j41-free graphs to have a spanning
k-tree.

Corollary 2.4 Let k be an integer with k > 2. If a connected K j41-free graph G satisfies
a(G) < 3k — 4,
then G has a spanning k-tree.

The degree sum condition of Theorem 2.3 is sharp as shown in the next subsection
and the example also shows the sharpness of the independence number in Corollary 2.4.

2.2.1 Sharpness of Theorem 2.3

We show that the lower bounds of o3;_3(G) in Theorem 2.3 and the independence number
in Corollary 2.4 are best possible. In fact, we give the following example:

Figure 2.1: An infinite family of connected K y.;-free graphs G having no spanning k-tree
and satisfying o3,_3(G) = |G| — 3

Let k > 2 and m > 1 be integers. Let T" be a triangle with V(T') = {xy, 29, 23}. For
each i = 1,2, 3, define a graph H; as k — 1 disjoint copies of K,,. The graph G is obtained
by joining z; and all the vertices in V(H;) for each i = 1,2,3. Then G has no induced
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subgraph isomorphic to K j41 and |G| = 3m(k —1)+ 3. Since o(Hy UHy U Hy) = 3k — 3,
we can choose 3k — 3 independent vertices one by one from each complete graph K,,.
Then o3,_3(G) = 3m(k — 1) = |G| — 3. For any spanning tree 7" of G, one of the three
vertices x1, x5 and x3 must have degree more than k in 7'. Hence G has no spanning k-tree,
and thus the lower bounds of o3;_3(G) in Theorem 2.3 and the independence number in
Corollary 2.4 are sharp.

Note that the graphs in Figure 2.1 show that K j-freeness in Theorem 2.2 cannot be
replaced by K j41-freeness.

2.2.2 Proof of Theorem 2.3

Let k be an integer with £ > 2, and let G be a connected K jy1-free graph satisfying
o3k—3(G) > |G| — 2. The case k = 2 follows from Theorem 1.7. Thus we consider the case
when k£ > 3. Let T' be a maximal k-tree of G. Suppose that T" is not a spanning tree of
G. Then G has a vertex ug not contained in 7" which is adjacent to a vertex v in V(7).

Claim 2.2.1 deg;(v) = k.

Proof. Suppose that deg;(v) # k. Since T is a k-tree, deg,(v) < k. Then T + vuy is a
k-tree of order |V (T)| 4 1. This contradicts the maximality of T. Hence deg,(v) = k. §

Let Si1,S5,..., Sk denote the components of T'— v. For each 1 < i < k, let s; be the
vertex of S; which is adjacent to v in T'. Note that degg, (s;) < k — 1 for each i.

Claim 2.2.2 For each 1 <1i <k, ug is nonadjacent to s; in G.

Proof. Suppose that ugs; € E(G) for some 1 < i < k. Then T + vug + ugs; — vs; is a
k-tree of order |V(T')| 4+ 1, which contradicts the maximality of 7. ]

Since v is a common neighbor of ug, s1, S2, ..., s; in G, by the K ;1 ;-freeness of G
and Claim 2.2.2, s; and s; are adjacent in G for some 1 < i < j < k. Without loss of
generality, we may assume that s;_1s, € E(G) \ E(T).

Claim 2.2.3 deg;(sg_1) = degp(sg) = k.

Proof. By symmetry, it suffices to show that deg,(sx) = k. If degp(sy) # k, then
degr(sk) < k since T is a k-tree, and hence T + sy_18; + ugv — vsy, is a k-tree of order
|V(T)| + 1. This contradicts the maximality of 7' ]

As seen in Figure 2.2, we redefine T; = S; and t; = s; for each 1 < ¢ < k — 2

and let Ty_q1,...,To,_3 and Tox_o,...,T5,_4 be the components of Sp_1 — sp_1 and
Sy — sk, respectively. Let tgx_1, ..., tog_3 (resp. tog_o, ..., t3x_4) denote the vertices
of Typ_1,...,Tor_3 (resp. Tog_o,...,T3r_4) which are adjacent to sx_; (resp. si) in T.
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Since 11, Ty, . . ., T34 are vertex-disjoint k-trees, we can choose a leaf u; € V(T;) of T for
each 1 <1i < 3k — 4. By the maximality of 7" and deg;(u;) = 1, Ng(u;) € V(T') for each
1< <3k—4.

(51 Uk—2  Ug-1 Ugk—3 U2k—2 U3k—4
Ty o Tpo Ty Top—3 Topo T34

Figure 2.2: A maximal k-tree T’

Claim 2.2.4 The set {ug, uy,...,usg_4} is an independent set of G.

Proof. For 1 <i <3k —4, since Ng(u;) C V(T), we have ugu; ¢ E(G). Suppose that
wiu; € E(G) for some 1 <i < j < 3k — 4. Consider the following tree T';

T + uju; + ugv — vt; fl1<i<k—-2
Ta:= T+ wu; +ugv + Sp—15; — vs — Spat;  ifk—1<i<2k—3
T+Uin+U0U+Sk_1Sk—U8k_1 —Skti if 2k —2 SZS 3k — 4.

Then T, is a k-tree of order |V (T')| + 1, which contradicts the maximality of 7". Hence
the claim holds. |

For each 1 <i < 3k — 4, define
Wi = < U NG(%‘)) NV(T).
0<j<3k—4,j#i

Claim 2.2.5 For each 1 <i<3k—4,t; ¢ W,.

Proof. If ¢t; € W; for some 1 < i < 3k — 4, then ¢; is adjacent to a leaf u; of T} with
j # 1 or to the vertex uy. Consider the following tree Tp;

T + tiu; + ugv — vt; H1<e<k—-2
Tp =T+ tiuj+ Sg_155 + upv — Sp—1t; —vsp ifthk—1<i<2k—-3
T+ tiuj + Sp_15k + uov — sty —vsp—y if 2k —2 <7 <3k — 4.
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Then Ty is a k-tree of order |V(T)| + 1, which contradicts the maximality of 7.
Consequently, t; ¢ W, for each 1 <1i < 3k — 4. |

Claim 2.2.6 For each 1 <1 < 3k — 4, any vertex w € W; satisfies the following three
statements:

(i) degp(w) = k;
(ii) no wertexr u; with 1 < j < 3k — 4 is adjacent to any vertex of Nﬂuz (w) in G; and

(iii) [(Ng(w) N {ug,uq,ug, ..., usp—a}) \ {ui}| <k —1.

Proof. (i) Suppose that deg;(w) # k for some w € W; with 1 <i < 3k — 4. Since T is
a k-tree, degp(w) < k. By the definition of W;, w is adjacent to a vertex w; with j # ¢ in
G (possibly, j = 0). Consider the following tree T¢;

T + ujw + ugv — vi; H1<i<k-2
To = T+ ujw + sp_155 + upv — Sp_1t; —vs, fk—1<i<2k—3
T + ujw + sp_15k + v — sit; —vsp—y  if 2k —2 <4 < 3k — 4.

Then T¢ is a k-tree of order |V(T')| + 1, which contradicts the maximality of 7". Hence
degr(w) = k as desired.

(ii) Suppose that for some 1 < j < 3k — 4, u; is adjacent to a vertex w* € Nf , (w)
in GG. By the definition of W, w is adjacent to a leaf u, with ¢ # 7 or to the vertex wy.
Note that w # t; by Claim 2.2.5. Consider the following k-tree Tp;

T + upw + ujwt 4+ uov — vt; —ww™ if1<i<k-—2
Tp = § T + upw + ujwt + sp_18; + ugv — v — Sp—1t; —wwt i k—1<i<2k—3

T + upw + ujwt 4 sp_185 + UV — VSp_1 — Sty —ww™  if 2k —2 < < 3k — 4.

Then Tp is a k-tree of order |V(T)| + 1. This contradicts the maximality of T'.

(iii) To the contrary, assume that [(Ng(w) N {ug, w1, ug, ..., ugk—a}) \ {u;}| > k. Since
degr(w) = k > 3 by Claim 2.2.6 (i), a vertex w; € N, (w) exists. Note that w; is
different from any w; with j # i because wy € V/(7;) and ({ug, u1, us, . .., usp—a} \ {w;}) N
V(T;) = 0. Then w; and k vertices in (Ng(w) N {ug, w1, uz, ..., ugk_a}) \ {u;} are all
neighbors of w in G. Moreover, Claims 2.2.4 and 2.2.6 (ii) assart that w; and k vertices
in (Ng(w) N {ug,ur,ug, ..., usk—s}) \ {w;} are independent in G. This contradicts the
assumption that G is K y11-free. Hence |(Ng(w) N {ug, ur, ug, ..., ugp—a}) \{u:}| < k—1.

Claim 2.2.7 We have |Ng(s;) N {uo, w1, ..., usp—a}| < k—1 for eachi =k —1 and k.
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Proof. We first prove that

Ne(sk) N{ug, ury ..y usp—a} C {uok—2,. .., usk—a}-

By Claim 2.2.2, syug ¢ E(G). If sgu; € E(G) for some ¢ = 1,2,...,2k — 3, then T' +
SpU; + upv — vsy is a k-tree of order |V(T')| + 1. This contradicts the maximality of 7'

Hence Ng(sg) N {ug, w1, .., usp—a} C {Uok_2,...,usp_4q} as desired. This implies that
|Na(sk) N A{ug, ur, ... ugp—a}| < k— 1. By symmetry, applying the preceding argument,
we obtain the claim for the case when i = k — 1. [

Claim 2.2.8 ’Ng('l]) N {Uo, Ugy ... ,’U,3k,4}| < k—1.

Proof.  We show that Ng(v) N {ug,uy,...,usp—a} < {ug,...,ux—2}. Suppose that
vu; € E(G) for some k — 1 < i < 3k —4. Then T + w;v + Sp_18k + UV — Sk_10 — SV
is a k-tree of order |V(T')| + 1. This contradicts the maximality of 7. Hence Ng(v) N
{ug, w1, ..., usk—a} C {ug,...,ug—2}. Thus [Ng(v) N {ug,u,. .., ugk—a}| <k —1. |

By Claim 2.2.6 (i), [N, . (w)| = k — 1 for any w € W; with 1 < < 3k —4. It follows
from Claim 2.2.6 (ii) that

[Ne(us) N V(T < V(T)| = (k= 1)Wi] = [{us}]

= V()| = (k= DIWi| = 1. (2.1)
For each 0 < j < 3k — 4 with j # 4, Claim 2.2.6 (iii) asserts that
> INa(uy) NV(T)| < (k= 1)[Wil. (2.2)
0<j<3k—4
J#i

By (2.1) and (2.2), we obtain
Z |Na(u;) NV (T3)| < [V(T3)| — 1.
0<j<3k—4
Hence we obtain
) INelwy) V(T < D> (VT - 1)
1<i<3k—4 0<j<3k—4 1<i<3k—4
|T| — [{sk-1, sk, v} — (Bk —4) = |T| — 3k + 1.
(2.3)

IN

By (2.3), Claims 2.2.7 and 2.2.8,
> degg(w) <|T| =3k + 1+ (k= 1)|[{sk1, 56,0} + [Na-vir ()]

0<i<3k—4
< T =2+1G] = |T| = {uo}| = |G| = 3.

This contradicts the degree sum condition of Theorem 2.3 and hence the proof of
Theorem 2.3 is completed. [

36



Figure 2.3: The graph G (k is an odd integer.)

2.3 A forbidden pair for connected graphs to have
spanning k-trees

In this section, we show the forbidden pair for connected graphs to have a spanning k-tree.
The result gives a positive answer to the conjecture posed by Ota and Sugiyama in 2010.
If a graph G has a vertex v such that G — v has at least £+ 1 components, then G does
not have a spanning k-tree. In order to forbid such a situation, it is natural to consider
connected K y1-free graphs for the existence of a spanning k-tree. Ota and Sugiyama
obtained a forbidden subgraph condition for a graph to have a spanning k-tree.

Theorem 2.5 (Ota and Sugiyama [50]) Let £k > 2 be an integer. If G is a
connected {KLkH, N (k —1,k—1, L%J) Nk —-1,kE—2k— 2)}—free graph, then G has
a spanning k-tree.

However, it was not known whether the conditions of being N (k —1,k—1, L%J )—free
and N(k — 1,k — 2,k — 2)-free in Theorem 2.5 are sharp. They posed the following
conjecture.

Conjecture 2.6 (Ota and Sugiyama [50]) Let k& > 2 be an integer. If G is a
connected {Kl,kﬂ, N (k: —1,k—1, [%D}—f'ree graph, then G has a spanning k-tree.

They showed that if Conjecture 2.6 is true, then it is stronger than Theorem 2.5 and
the condition is sharp in the sense that we cannot replace N (k —1,k—1, (%W)—free
by N (k: —1,k—1, (k—;q)—free. The graphs G and G’ in Fig. 2.3 and 2.4, respectively,
are not NV (k: —-1,k—1, (%W)—free and are NV (k —-1,k—1, f%})—free but these graphs
have no spanning k-tree. Hence the conditions of Conjecture 2.6 are sharp. In this thesis,
we prove Conjecture 2.6.

Theorem 2.7 Let k > 2 be an integer. If G is a connected
{Kl,k+1a N (k —1,k—1, (%D}-free graph, then G has a spanning k-tree.

In order to show Theorem 2.7, we prove a technical but stronger result. We will explain
that in the next section.
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Figure 2.4: The graph G’ (k is an even integer.)

2.3.1 Techniques for the proof of Theorem 2.7

In order to show Theorem 2.5, Ota and Sugiyama proved the following stronger statement
for the inductive argument.

Theorem 2.8 (Ota and Sugiyama [50]) Let k > 2 be an integer. Suppose that G is
a connected {Kl,kﬂ, N (k -1,k -1, L%J) Nk —-1,kE—-2k— 2)}-f7"ee graph and u is
a vertexr of G such that the number of components in G —u is at most k—1. Then G has
a spanning k-tree T such that degy(u) < k — 1.

Since every graph has a vertex that is not a cut-vertex, Theorem 2.8 implies
Theorem 2.5. They showed that each of the conditions of being K yi-free,
N (k —1,k—1, L%J )—free, and N(k—1,k—1, k—2))-free are necessary for the conclusion
of Theorem 2.8. So, in order to show Conjecture 2.6, it is impossible to replace the
condition of Theorem 2.8 with {Kl,kﬂ, N (k: —1,k—1, (%w ) }—free graphs.

We introduce some definitions and show our result that is stronger than Theorems 2.7
and 2.8. Let k > 2 be an integer. Let GG be a graph. For a vertex u of GG, a u-bridge of G
is a subgraph of GG induced by the edges in a component of G — v and all edges from that
component to u. Let H(G, u) be the set of u-bridges of G. Note that for each u-bridge H
of G, H is connected and u is not a cut-vertex of H. We recursively define functions g¢* :
{(G,v) : G is a connected graph and v € V(G) such that G — v is connected} — {1,2}
and f&: V(G) —{0,1,2,...} as follows.

FHGw) = {1 if either fo_,(x) <k —1 for some x € Ng(v) or |[Ng(v)| =1,
2 otherwise.
() = {0 k it G co'nsists of only w,
> mencw 9 (H,u) otherwise.

Now, we are ready to state our technical theorem.

Theorem 2.9 Let k > 3 be an  integer, G a  connected

{Kl,kH,N(l{:—l,k—l, {%D}—fr@e graph, and let uw be a wvertex of G. Then G
has a spanning k-tree T such that degy(u) < f&(u).
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Theorem 2.7 is a direct corollary of Theorem 2.9. We prove Theorem 2.9 by the
induction on |V (G)|. Since we never change the value of k as in Theorem 2.9 in the rest
of Section 2.3, for convenience, we will write g(-) and fg(+) instead of g*(-) and fE(-).

We briefly explain our idea to improve the argument by Ota and Sugiyama [50]. As in
Theorem 2.8, they considered the number of components in G — u for a specified vertex
u in a graph G and the existence of a spanning k-tree 7" with degp(u) < k — 1. This
was succeeded to show Theorem 2.5. However, counting the number of components in
G — u was not enough to reach a proof of Conjecture 2.6. In this paper, we focus on not
only counting the number of components in G — u but also the detailed structure of each
component by the functions g and fg. In fact, if a u-bridge H of G, which is obtained
by a component of G — u together with u, has certain conditions, then H is counted as
2 in g(H,u), and requires two edges from H — u to u in the desired spanning k-tree in
Theorem 2.9.

This idea appears also in the proof of Theorem 2.9. We show by induction several
properties of a vertex v and a v-bridge C' distinguishing the following three types;

e g(C,v) =2 and o(C[N¢(v)]) =1, see Lemma 2.13 and Claims 2.3.2 and 2.3.8,
e g(C,v) =2 and a(C[N¢(v)]) > 2, see Claim 2.3.7,
e g(C,v) =1 see Claims 2.3.4 and 2.3.6.

Those are crucial ideas to prove Theorem 2.7.

2.3.2 Preliminary

In this section, we show some lemmas which are used in the proof of Theorem 2.9. In
1972, Chvatal and Erdos obtained the following result, which gives a sufficient condition
for graphs to have a Hamilton cycle.

Theorem 2.10 (Chvatal and Erdés [18]) Let G be a k-connected graph. If a(G) < k,
then G has a Hamilton cycle.

Using Theorem 2.10, we show the first lemma.

Lemma 2.11 Let G be a connected graph. If o(G) = 2, then there exist nonadjacent
vertices v1 and vy such that there exists a Hamilton path P; with end v; for each i =1, 2.

Proof. If GG is 2-connected, then GG has a Hamilton cycle by Theorem 2.10 and so this
lemma holds. We may assume that G has a cut-vertex w. Let H; and Hy be components
of G —w. Since a(G) = 2, Hy and H, are complete graphs. If w is adjacent to all vertices
of Hy and H,, then there exists a Hamilton path connecting a vertex in H; and a vertex
in Hy, and this lemma holds. We may assume that there exists a vertex x of Hs not
adjacent to w. Since a(G) = 2, |V(Hz)| > 2 and w is adjacent to all vertices of H;. Then
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there exists a Hamilton path connecting = and a vertex of H; and this lemma holds. [

Next, we show some properties of the functions g and f in a connected { K g1, N(k—
1,k —1, [52])}-free graphs.

Lemma 2.12 Let v be a vertex of a Ky gi1-free graph G. Suppose that o(C[N¢(v)]) > 2
for each v-bridge C of G with g(C,v) = 2. There erists an independent set S of Ng(v)
such that |S| = fa(v) and |SNV(C")| = g(C',v) for each v-bridge C" of G. Moreover,
fa(v) <k.

Proof. We take a vertex adjacent to v from each v-bridge C of G with ¢(C,v) = 1. Since
a(C'[Ner(v)]) > 2 for each v-bridge C” of G with ¢g(C’,v) = 2, we can take nonadjacent
two vertices from Nev(v). The set of taken vertices is an independent set with desired
property. Since G is K j41-free, fo(v) < k. [

We often use the following fact, which is obtained in a similar way to the proof of
Lemma 2.12. For a vertex v of a graph G, if fg(v) = ¢, then the number of v-bridges of
G is at least {éL since g(C,v) < 2 for each v-bridge C' of G.

Lemma 2.13 Let £k > 3 be an integer. Let v be a wvertex of a connected
{Ki 41, N (k —1,k—1, (%D}—fr@e graph G such that G —v is connected. If g(G,v) =2
and o(G[Ng(v)]) = 1, then there ezist two vertices wy and wy in Ng(v) such that there
exists an independent set of Ng_,(w;) \ V(C;) with size k — 1 for each i = 1,2, where
C; is the unique w;-bridge of G — v containing Ng(v). In particular, G has an induced
subgraph N isomorphic to N(k — 1,k —1,0) such that degy(v) = 2.

Proof. We prove this lemma by induction on |V (G)|. Since a(G[Ng(v)]) = 1, for each
vertex w in Ng(v), there is exactly one w-bridge of G — v containing Ng(v). Moreover,
fa—v(w) > k for each vertex w in Ng(v) since g(G,v) = 2.

Claim 2.3.1 Let w be a vertex in Ng(v) and let Cy, be the w-bridge of G — v containing
Ng(v). Suppose that g(Cy,w) = 1. Then there exists an independent set of Ng—,(w) \
V(Cy) with size k — 1.

Proof. Suppose that a(C;,[N¢, (w)]) > 2 for each w-bridge C;, of G—v with ¢(C;,, w) =
2. It follows from Lemma 2.12 that there exists an independent set of Ng_,(w) \ V/(Cy)
with size fg_,(w) — g(Cy,w) > k — 1. Hence we may assume that there exists a w-bridge
C,, of G —v with g(C;,,w) = 2 and a(C},[N¢; (w)]) = 1. By the induction hypothesis, C,
contains an induced subgraph N,, isomorphic to N(k — 1,k — 1,0) such that degy (w) =
2. Since g(Cy,w) = 1, the number of w-bridges of G — v except for C,, is at least
[(k—1)/2] and so there exists an independent set Sy, of Ng_,(w)\ (V(C,)UV(C})) with
size [(k—3)/2]. Then G[V(N,)US,U{v}] is isomorphic to N (k — 1,k — 1, [£51]). This
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is a contradiction. [

Then we are ready to prove Lemma 2.13. Suppose first that |[Ng(v)| = 2. Let wy
and wy be two vertices in Ng(v). Since g(G,v) = 2, we have fg_,(w;) > k for each
i =1,2. For each i = 1,2, let C; be the w;-bridge of G — v containing Ng(v). Suppose
that g(Cy,w;) = 2. Then fo, _w, (we) > k. Suppose that there exists no we-bridge CY
of C1 — w; such that g(Ch, wy) = 2 and a(C5[Ngy(w)]) = 1. By Lemma 2.12, there
exists an independent set S of N¢, _y, (wy) with size k. Then G[S U {v, ws}] is isomorphic
to Kjy1. This is a contradiction. Hence there exists a wo-bridge C4 of C) — w; with
9(Cy,wz) = 2 such that a(C5[Ngy(ws)]) = 1. By the induction hypothesis, C contains
an induced subgraph N isomorphic to N(k — 1,k — 1,0) such that deg,(ws) = 2. Since
Jor—w, (we) — g(Ch,we) > k — 2, the number of wy-bridges of Cy — w; except for CY is at
least [(k — 2)/2] and so there exists an independent set S” of N¢, _y, (w2) \ V(C%) with
size [(k —2)/2]. Then G[V(N)U S"U {v}] is isomorphic to N (k— 1,k — 1, [%]). This
is a contradiction. Hence g(Cy,w;) = g(Co,wy) = 1 by the symmetry. By Claim 2.3.1,
there exists an independent set of Ng_,(w;) \ V(C;) with size k — 1 for each ¢ = 1,2, and
we are done.

Suppose next that |Ng(v)| > 3. Let xy, 25, x3 be three vertices in Ng(v). Let C; be
the z;-bridge of G — v containing N¢(v). Suppose that ¢(C;, x;) = 1 for each ¢ = 1,2, 3.
By Claim 2.3.1, there exists an independent set S; of Ng_,(x;) \ V(C;) with size k — 1.
Then G[S; U Sy U Sy U {zy, 9, x3}] is isomorphic to N(k — 1,k — 1,k — 1). This is a
contradiction. Hence ¢(C;, ;) = 2 for some ¢ = 1,2,3. Without loss of generality, we may
assume that g(Cy,z1) = 2. Since Ng(v) NV (Cy — x1) € N¢, (x1), we have fo,_., (y) > k
for each vertex y in Ng(v) N V(Cy — x1). Moreover, |Ng(v) N V(Cy — z1)| > 2. Hence
g(G[V(Cy—z1)U{v}],v) = 2. Then |V(G[V(Cy —z1)U{v}])| < |V(G)|. By the induction
hypothesis, G[V(C; — 1) U {v}] has desired two vertices and this lemma holds. |

2.3.3 Proof of Theorem 2.9

We prove Theorem 2.9 by induction on |V(G)|.

Claim 2.3.2 Let C' be a connected induced subgraph of G and v be a vertex of C. Suppose
that there exists a v-bridge D of C' such that g(D,v) = 2 and a(D[Np(v)]) = 1. Then k
is an even integer and each v-bridge D' of C' satisfies g(D',v) = 2 and o(D'[Np/(v)]) = 1.
Moreover, fo(v) = k.

Proof. By Lemma 2.13, C has an induced subgraph N isomorphic to N(k—1,k—1,0)
such that degy(v) = 2. Suppose that there exists a v-bridge D of C' with g(D,v) = 1.
Then the number of v-bridges of C' except for D is at least [(k—3)/2]+ 1= [(k—1)/2].
Hence there exists an independent set S contained in N (v) \ V(D) with size [(k—1)/2].
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Then C[V(N) U S] is isomorphic to (k — 1,k — 1, [%51]). This is a contradiction. Hence
for each v-bridge D of C, we have g(D,v) = 2.

Suppose that there exists a v-bridge D’ of C such that a(D’[Np/(v)]) > 2. Then there
exists an independent set S” of No(v) \ V(D) with size [(k —4)/2] + 2 = [k/2]. Then
C[V(N) U &7 is isomorphic to N (k— 1,k — 1, [4]). This is a contradiction and hence
a(D'[Np/(v)]) =1 for each v-bridge D’ of C'.

Suppose that fo(v) > k+1. Then there exists an independent set S” of No(v)\ V(D)
with size [k — 1/2]. Then C[V(N) U S”] is isomorphic to N (k—1,k—1, [%1]), a
contradiction. Hence fo(v) = k. Since fo(v) = k and g(D,v) = 2 for each v-bridge D of
G, we have k is an even integer. [

For a connected induced subgraph C' of G, a vertex w € V(C) with fo(w) > k is
called a clique-vertex in C, if a(Cy[N¢, (w)]) =1 and ¢(C,,, w) = 2 for each w-bridge C,,
of C.

Claim 2.3.3 Let v be a vertex of G with fo(v) > k for a connected induced subgraph C
of G. Then either one of the following holds and fc(v) = k.

(1) k is an even integer and v is a clique-vertez in C.

(ii) There exists a mazimum independent set S of No(v) such that |SNV(D)| = g(D,v)
for each v-bridge D of C. This implies that there exists no v-bridge D' of C such
that |SNV(D")| > g(D',v).

Proof. if there exists a v-bridge D of C' such that g(D,v) = 2 and «(D[Np(v)]) = 1,
then it follows from Claim 2.3.2 that £ is an even integer, v is a clique-vertex in C', and
fo(v) = k. Thus, (i) holds. On the other hand, if there exists no v-bridge D of C' such
that g(D,v) = 2 and a(D[Np(v)]) = 1, then it follows from Lemma 2.12 that there exists
an independent set S of No(v) such that |[SNV(D)| = g(D,v) for each v-bridge D of C
and fo(v) = k. Since G is K g11-free, S is maximum, and (ii) holds. |

Claim 2.3.4 Let C be a connected induced subgraph of G and v be a vertex of C'. If D
is a v-bridge of C' such that g(D,v) = 1, then there exists a vertex w in Np(v) such that
fD_U(w) S k—1.

Proof. If |[Np(v)| > 2, then this claim holds by the definition of g. We assume that
INp(v)| = 1. Let w be the unique vertex in Np(v). Suppose that fp_,(w) > k. If w
satisfies Claim 2.3.3 (ii), then G[S U {v,w}] contains an induced subgraph isomorphic
to Kj 41, a contradiction, where S is an independent set of Np_,(w) satisfying the
condition of Claim 2.3.3 (ii). Thus, we may assume that w satisfies Claim 2.3.3 (i). Let
D’ be a w-bridge of D —v. By Lemma 2.13, D’ has an induced subgraph N isomorphic
to N(k — 1,k — 1,0) such that degy(w) = 2. Since the number of w-bridges of D — v
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except for D' is (k — 2)/2, there exists an independent set S of Np_,(w) \ V(D’) with
size (k — 2)/2. Then G[V(N) U S U {v}] is isomorphic to N (k— 1,k —1,%). This is a
contradiction. |

Claim 2.3.5 Let C' be a connected induced subgraph of G and let v be a vertex of C such
that C' — v is connected and g(C,v) = 2. Let w be a vertex in No(v) such that only one
w-bridge of C' — v contains N¢(v), and let H, be the union of w-bridges of C' — v not
containing No(v) \ {w}. If g(C — V(Hy),v) = 2, then fg,(w) < k—2.

Proof. Since ¢g(C,v) = 2, we have fo_,(w) = k. Let C,, be the w-bridge of C — v
containing N¢(v). Note that C, —w =C —V(H,) —v. If g(Cy,w) = 2, then fy, (w) =
fo—w(w) — g(Cy,w) = k — 2. We may assume that g(C,,w) = 1. Then w is not a
clique-vertex in C'— v by the definition of a clique-vertex. By Claim 2.3.3, there exists an
independent set of Ny, (w) with size k—1. Since G is K y41-free, Ne, (w) € Ne—v(m,)(v).
By Claim 2.3.4, there exists a vertex € N¢, (w) with fo, () < k—1. Since N¢, (w) C
Ne_vm,)(v), we have g(C—V (H,),v) = 1. This contradicts the assumption of this claim.

Claim 2.3.6 Let C be a u-bridge of G such that g(C,u) = 1. Then C has a spanning
k-tree T such that deg(u) = 1.

Proof. By Claim 2.3.4, there exists a vertex v in N¢(u) such that fo_,(v) < k— 1.
By the induction hypothesis, C'— u has a spanning k-tree T such that deg,(v) < k — 1.
Then T + uv is a desired spanning k-tree. |

Claim 2.3.7 Let C be a u-bridge of G such that g(C,u) = 2 and o(C[N¢(u)]) = 2. Then
C' has a spanning k-tree T' such that degp(u) < 2.

Proof. Let v be a vertex in N (u) such that only one v-bridge of C'—u contains N¢(u),
and let D be such a v-bridge. The vertex v satisfies either (i) or (ii) in Claim 2.3.3 for
C — u and we prove this claim dividing into two cases.

Case 2.3.1 The vertex v satisfies (i) in Claim 2.3.3.

Note that £ is an even integer and v is a clique-vertex in C' — u. It follows from the
definition of a clique-vertex that each v-bridge C, of C' — u satisfies g(C,,v) = 2 and
a(Cy[Ng, (v)]) = 1 and so v and C, satisfy the assumption of Lemma 2.13. We show that
Np(v) € Ng(u). Suppose that there exists a vertex v’ in Np(v) not adjacent to u. Since
k > 4, there exists a v-bridge D’ of C' — u except for D. By Lemma 2.13, D’ has an
induced subgraph N isomorphic to N(k — 1,k — 1,0) such that degy(v) = 2. Since the
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number of v-bridges of C'—u except for D and D' is (k—4)/2, there exists an independent
set S of No_(v) \ (V(D)U V(D)) with size (k — 4)/2. Then G[V(N)U S U {v',u}] is
isomorphic to N (k — 1,k —1,%). This is a contradiction. Hence Np(v) C Ng(u).

By the induction hypothesis, C' — u has a spanning k-tree T,. Let w be a vertex in
V(D) such that vw € E(T,). Then T, + uv + uw — vw is a desired spanning k-tree.

Case 2.3.2 The vertex v satisfies (ii) in Claim 2.5.3.

Suppose that g(D,v) = 1. By Claim 2.3.3 (ii), there exists an independent set of
Neo—o(v)\ V(D) with size k —1. Since G is K j41-free, Np(v) C Ng(u). By the induction
hypothesis, C' — u has a spanning k-tree T,. Let w be a vertex in V(D) such that
vw € E(T,). Then T, + uv + uw — vw is a desired spanning k-tree.

Hence we assume that g(D,v) = 2. By Claim 2.3.3 (ii), a(D[Np(v)]) = 2. Since G
is K1 g41-free, for any nonadjacent two vertices in Np(v), u is adjacent to one of the two
vertices. Let P = wyws...w,, be a path in D[Np(v)] such that

e w, is adjacent to u,
e if D[Np(v)] is connected, then P is a Hamilton path of D[Np(v)], and

e if D[Np(v)] is not connected, then P is a Hamilton path of one of the components
of D[Np(v)] such that all vertices in Np(v) — {wy,...,w;} are contained in a same
component of D — {v,wy,...,w;} for each 1 <i < m.

By Lemma 2.11, such a path P exists in the case that D[Np(v)] is connected. Suppose that
D[Np(v)] is not connected. Since a(D[Np(v)]) = 2, D[Np(v)] consists of two components
both of which are cliques. Since u is adjacent to at least one of any nonadjacent two
vertices, all vertices in one component of D[Np(v)] are neighbors of u and let A be such
a component. Since D — v is connected, there exists a vertex w in A with a path from w
to Np(v) — A in D — v disjoint from A —{w}. Then, any path in A ending w satisfies the
desired condition for P. In this case, we have w,, = w.
Let Dy = D. For each 1 < i < m, we define the graphs H; and D; such that

e H; is the union of w;-bridges of D;_; not containing {v, w;;1,...,w,} and
[ ] Dz - Di—l - V(Hl)

Note that if D[Np(v)] is connected, then V' (D,,) = {v} otherwise, D,,[Np,, (v)] is a clique.
By the choice of P, D; — v is connected for each 1 <1i < m.

We claim that there exists an integer i such that g(D;,v) = 1. If D[Np(v)] is
connected, then since |Np,, ,(v)| = [{wy}| = 1, it follows from the definition of g that
9(Dp—1,v) = 1. We assume that D[Np(v)] is not connected, and claim that g(D,,,v) = 1.
Suppose that g(D,,,v) = 2. Since a(D,,[Np,,(v)]) = 1, it follows from Lemma 2.13 that
D,,, has an induced subgraph N isomorphic to N(k — 1,k — 1,0) such that degy(v) = 2.
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Since Claim 2.3.3 (ii) holds, there exists an independent set S of No_,(v) \ V(D) with
size k — 2. Then G[V(N) U S] is isomorphic to N(k — 1,k — 1,k — 2), a contradiction.
Thus, in either case, there exists an integer i such that g(D;,v) = 1.
Let
t= min {i:g(Ds,v) = 1}.

By Claim 2.3.5, replacing C, w, and H,, with D;, w;, and H;, respectively for 1 <1 <t—1,
we have fy (w;) < k — 2. By the induction hypothesis, H; has a spanning k-tree T; such
that degy, (w;) < k — 2 for each 1 < i < ¢ —1 and H, has a spanning k-tree T} such
that degy, (w¢) < k — 1. Since g(Dy,v) = 1, it follows from the induction hypothesis that
D, has a spanning k-tree T, such that deg;, (v) = 1. Let H, be the union of v-bridges
of C'— u except for D. Since fy, (v) = fo_u(v) — g(D,v) = k — 2, it follows from the
induction hypothesis that H, has a spanning k-tree T}, such that degg, (v) <k —2. Then
TYUTU---UT,UT,UT) Uw; Pw; + uwy +wv is a desired spanning k-tree, where w; Puwy,
is the path in P from w; to w;. [

Claim 2.3.8 Let C be a u-bridge of G such that g(C,u) = 2 and a(C[N¢(u)]) = 1. Then
C' has a spanning k-tree T' such that degy(u) = 2.

Proof. By Lemma 2.13, there exists a vertex v in N¢(u) such that there exists an
independent set of No_,(v) \ V(C,) with size k — 1, where C, is the v-bridge of C' — u
containing N (u). Since G is K py1-free, N¢, (v) € Ng(u). By the induction hypothesis,
C — u has a spanning k-tree T;,. Let w be a vertex in V' (C,) such that vw € E(T,). Then
T, + uv + uw — vw is desired spanning k-tree. |

By Claims 2.3.6, 2.3.7, and 2.3.8, each u-bridge C' of G has a spanning tree T such
that degy, (u) < g(Ciu). Let T' = Ucew(gu Lo Then T'is a spanning tree of G such
that degr(u) < fg(u). Therefore this theorem holds. ]

2.4 Closure and spanning trees with bounded total
eXxcess
For a vertex subset S of G, and a positive integer k£ with k£ < [S], let
Ag(S; G) = max { ZdegG(x) : X is a subset of S with | X| = k}
Bondy and Chvatal introduced a closure concept in [7]. They showed that it plays
an important role for the existence of cycles, and some other subgraphs in graphs. We

refer the reader to the survey [10] on several closure concepts. In [42], Matsubara et al.
considered a closure concept for spanning k-trees.
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Theorem 2.14 (Matsubara, Tsugaki and Yamashita [42]) Let £k > 2 be an
integer, and let G be a connected graph. Let u and v be two non-adjacent vertices of
G. If Ay(S;G) > |G| — 1 for every independent set S in G of order k + 1 such that
{u,v} C S, then G has a spanning k-tree if and only if G + uv has a spanning k-tree.

On the other hand, a tree is called a k-ended tree if the number of its leaves is at most
k. In [9], Broersma and Tuinstra considered a closure concept for spanning k-ended trees.

Theorem 2.15 (Broersma and Tuinstra [9]) Let k > 2 be an integer, and let G be a
connected graph. Let w and v be two nonadjacent vertices of G. If degq(u) + degy(v) >
|G| — 1, then G has a spanning k-ended tree if and only if G +uv has a spanning k-ended
tree.

Let G be a graph. The total k-excess of G is defined as

te(G; k) = > max{degg(v) — k,0}.

veV(G)

This concept was introduced by Enomoto, Onishi and Ota in [24], and we can see some
of results concerning it in [27], [47] and [51]. Note that for a tree T, te(T; k) = 0 if and
only if T is a k-tree, and te(7;2) < k— 2 if and only if T" is a k-ended tree. We generalize
Theorems 2.14 and 2.15 as follows.

Theorem 2.16 Let o > 0 and k > 2 be integers, and let G be a connected graph. Let
u and v be two nonadjacent vertices of G. If Ap(S;G) > |G| — 1 for every independent
set S in G of order k + 1 such that {u,v} C S, then G has a spanning tree T' such that
te(T; k) < a if and only if G+ uv has a spanning tree T' such that te(T"; k) < c.

The degree sum condition of Theorem 2.16 is best possible. Let a > 0 and k > 2 be
integers, and let V; and V, be disjoint vertex sets such that |Vi| =k+a—1, [Vo| =k —1.
Let u,v and w be distinct vertices not contained in V; U V,. Let G be a graph such that
V(Gy) = {u,v,w} UVi UV, E(Gy) = {ux : x € Vi} U{wz : © € Va} U {uw,vw} (see
the left of Figure 1). Then G, is a connected graph and uwv € E(Gp). Note that G is
a tree such that te(Gy;k) = o + 1. On the other hand, G; + uv has a spanning tree
(G1+uv) —uw such that te((Gy +uv) —uw; k) = a. Let S = VoU{u,v}. Then we can see
that |[S| = £+ 1 and Ax(S; Gy) = |G1]| — 2. These imply that the degree sum condition
of Theorem 2.16 is best possible .

Let @ > 0 and k > 2 be integers, and let G be a connected graph. In [27], Fujisawa et al.
showed that if a(G) < k+ «, then G has a spanning tree T" with te(7; k) < . Therefore,

it is natural to consider the following problem, which corresponds to an improvement of
Theorem 2.16.

'We can generalize G; by replacing each vertex in V; with a complete graph.
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Vil=k+a—1 Vo =k—1
Gy

Figure 2.5: A sharpness example Gy for Theorem 4.

Problem 2.17 Let a > 0 and k > 2 be integers, and let G be a connected graph. Let u
and v be two nonadjacent vertices of G. If A(S;G) > |G| — 1 for every independent set
S in G of order k + o+ 1 such that {u,v} C S, then G has a spanning tree T such that
te(T; k) < a if and only if G+ uv has a spanning tree T' such that te(T"; k) < c.

However, Problem 2.17 is not true for @ > 0. Let a > 0 and k > 2 be integers, and
let S be an independent set of the graph (G; containing both v and v. Then we can see
that |S| < |VoU{u,v}| =k+1 < k+a+ 1. These imply that G; is a counterexample of
Problem 2.17'. Therefore, we change the condition on S so that S contains at least one
of u and v, and prove the following theorem, which is the second main theorem of this

paper.

Theorem 2.18 Let o > 0 and k > 2 be integers, and let G be a connected graph. Let u
and v be two nonadjacent vertices of G. If Ag(S;G) > |G| — o — 1 for every independent
set S in G of order k+a+1 such that SN{u,v} # 0, then G has a spanning tree T' such
that te(T; k) < « if and only if G + uv has a spanning tree T" such that te(T'; k) < .

The degree sum condition of Theorem 2.18 is best possible. Let £ > 2 and m > 1 be
integers, and let G5 be a complete bipartite graph with bipartite sets A and B such that
|A| = m and |B| = m(k—1)+a+2. Let v and v be distinct vertices contained in B. Then
G is a connected graph and uv ¢ E(Gs). Let S be an independent set in Go of order
k+a+1 such that SN{u,v} # 0. Then S C B, and hence Ay(S; G2) = km = |Gy| —a—2.
We can easily see that G has a spanning tree T  such that te(T; k) < «, but G 4 uv does
not have a spanning tree 7" such that te(7”; k) < «. These imply that the degree sum
condition of Theorem 2.18 is best possible.

Moreover, the closure obtained from Theorems 2.16 or 2.18 is well-defined by the
similar way to the proof in [42]. We leave checking this to the reader.

Theorem 2.18 is a closure version of the following theorem (in fact, Fujisawa et al.
showed a stronger result than Theorem 2.19).

Theorem 2.19 (Fujisawa, Matsumura and Yamashita [27]) Let a > 0 and k > 2
be integers, and let G be a connected graph. If Ax(S; G) > |G|—a—1 for every independent
set S in G of order k+ a+ 1, then G has a spanning tree T such that te(T; k) < a.
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Finally, we introduce another result, a corollary of Theorem 2.18. In the workshop on
Discrete Mathematics and Its Applications 2018, Hiroshima, Japan, August 20-22, 2018,
Matsuda gave a talk on the degree conditions for the existence of spanning k-trees in
graphs. In his talk, he mentioned that by using Theorem 2.14, we can easily obtain the
following theorem.

Theorem 2.20 (Aung and Kyaw [4]) Let k
connected graph. Let L = {v € V(Q) : degg(v)
complete, then G has a spanning k-tree.

> 2 be an integer, and let G be a
< (

|G| — 1)/k}. If L =0 or G[L] is

By the same way as the strategy due to Matsuda, we obtain the following corollary
from Theorem 2.18. Note that Corollary 2.21 is a generalization of Theorem 2.20.

Corollary 2.21 Let a > 0 and k > 2 be integers, and let G be a connected graph. Let
L={veV(Q): :degs(v) < (|G| —a—=1)/k}. If L =10 or «(G[L]) < a+ 1, then G has
a spanning tree T such that te(T; k) < a.

Proof. Suppose not. Let G be an edge-maximal counterexample of Corollary 2.21.
Let u,v € V(G) be two non-adjacent vertices of G. Since G is a counterexample of
Corollary 2.21, it follows from Theorem 2.18 that there exists an independent set S in GG
of order k + o+ 1 such that SN {u,v} # (). Since G is an edge-maximal counterexample
of Corollary 2.21, G + uv has a spanning tree 7" such that te(7"; k) < «. Since L = () or
a(G[L]) < a+ 1, we have |S\ L| > k. This implies that Ax(S;G) > |G| — a — 1. Since
G +wuv has a spanning tree 7" such that te(7”; k) < «, it follows from Theorem 2.18 that G
has a spanning tree T such that te(T’; k) < «. This contradicts that G is a counterexample
of Corollary 2.21. [

2.4.1 Notation and Lemmas

Let i > 0, a > 0 and & > 2 be integers, and let G be a graph. Let V5;(G) = {z €
V(G) : degg(x) > i}, and let S(G;k,a) be a set of spanning trees T in G such that
te(T; k) < a. We can easily verify that if T' € S(G;k,a), then T € S(G + uv; k, «) for
any two nonadjacent vertices u,v € V(G). Therefore in our proof of Theorems 2.16 and
2.18, we show only the opposite directions.

In the rest of this section, we prepare lemmas used in the proofs of Theorems 2.16 and
2.18. Let o > 0 and k > 2 be integers, and let G be a connected graph. Let u and v be
two non-adjacent vertices of G. Suppose that S(G +uv; k, ) # 0 but S(G; k, ) = (). Let

T={(T,To) : TTUTo +w € S(G+uv;k,a), ue V(T1), v e V(1s)}.

For any (T1,T») € T, there exist wy; € V(T1) and wy € V(T3) such that wjwy, € E(G)
because G is connected. Let T3 = T U Ty + wywe. Choose such (T1,T3) € T, wy € V(T1)
and wq € V(T3) so that
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(T1) te(T3;k) is as small as possible.

Note that a — 1 < te(Th; k) + te(Tz; k) < « because S(G;k,a) = 0 and Th UTy + uv €
S(G +uvi k, ).

Lemma 2.22 (i) Ifdegy (u) > k, then degy, (v) < k—1 and te(Ty; k)+te(Ta; k) = a—1.
(ii) If degp,(v) >k, then degy (u) < k —1 and te(T1; k) + te(To; k) = o — 1.

Proof. If degy, (u) > k and degy, (v) > K, then te(TyUTy +uv; k) = te(T1; k) +te(Ts, k) +
2 > a+1, a contradiction. Hence degy, (u) < k—1 or degy, (v) < k—1. This implies that
if degy, (u) > k or degyg, (v) > k, then a < te(Th; k) +te(T; k)+1 = te(T1UTr +uvy k) < a,
that is, te(T1; k) + te(Th; k) = a — 1. ]

Lemma 2.23 If te(Ty; k) + te(Tz; k) = a — 1, then dr,(w;) > k for each i € {1,2}.

Proof. If degy, (w ) < k—1forsome i € {1,2}, then te(T3; k) < te(T1; k)+te(Tz; k)+1 =
«, and hence S(G; k, «) # 0, a contradiction. |

Lemma 2.24 For some i € {1,2}, degy. (w;) > k.

Proof. If deg; (w;) < k—1foreachi € {1,2}, then te(T3; k) = te(T1; k) +te(Tr; k) < a,
and hence S(G; k, ) # 0, a contradiction.

Lemma 2.25 For some i € {1,2}, the following statements hold.
(i) degs (w;) > k and degy, (w) < k — 1, where w € V(T3) N {u,v}.

(ii) There exists no tree S; such that V(S;) = V(T;), te(T;; k) = te(S;; k) and degg, (w;) =
kE—1.

Proof. By Lemma 2.24 and by the symmetry of 77 and 75, we may assume that
dr, (wy) > k.

First, suppose that degy, (u) > k. Then degy, (v) < k—1 and te(11; k) +te(To; k) = a—
1 hold by Lemma 2.22 (i). By Lemma 2.23, this implies that degy, (wz) > k. Then v # w,
and so degy, (v) < k — 1. Suppose that there exists a tree Sy such that V(S5;) = V(T3),
te(To; k) = te(Sz; k) and degg,(w2) = k — 1. Then te(Ty; k) + te(Sa; k) = te(Th; k) +
te(15; k) = o — 1. Since degg, (w2) = k — 1, this implies that 77 U Sy + wyw, € S(Gs K, a),
a contradiction. Hence the statements (i) and (ii) hold for i = 2.

Next, suppose that degy, (u) < k—1. Then u # wy, and so degy, (u) < k—1. Suppose
that there exists a tree Sy such that V (Sy) = V(T1), te(T1; k) = te(S1; k) and degg, (wy) =
k — 1. Then degp,(ws) > k and te(T1; k) + te(To; k) = a because Sy U T + wywy &
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S(G;k,a). By Lemma 2.22 (i), this implies that degy, (v) <k — 1. Then v # w,, and so
degy, (v) < k — 1. If there exists a tree Sy such that V(Sy) = V(T3), te(Ts; k) = te(S2; k)
and degg, (w2) = k — 1, then S; U S, + wywe € S(G;k, ), a contradiction. Hence, the
statements (i) and (ii) hold for i = 2. ]

Lemma 2.26 For each i € {1,2}, there exists no tree S; such that V(S;) = V(T;),
te(Si; k) < te(Ti; k) and te(S; U Ts_; + wywa; k) < te(Ts; k).

Proof. By the symmetry of T} and T5, we have only to prove the case ¢ = 1. Suppose
that there exists a tree S; such that V(S;) = V(T7), te(S1; k) < te(Th; k) and te(S; UTy +
wiwe; k) < te(Ts; k). Then S;UTh +uv € S(G + uv; k, ) because te(St; k) < te(1y; k).
By (T1), this implies that te(S; U Ty 4+ wywa; k) > te(T3; k), a contradiction. |

2.4.2 Proof of Theorem 2.16

Let G be a graph which satisfies the assumption of Theorem 2.16. Suppose that S(G +
wv; k, ) # 0 but S(G; k,a) = 0. We define T as in Section 2.4.1. Choose (T1,T3) € T,
wy € V(T1) and wo € V(T) so that (where we let T3 = T1 U Ty + wyws)

(T1) te(T3;k) is as small as possible.

By the symmetry of T} and T3, we may assume that
Lemma 2.25 holds for ¢ = 1. (2.4)

Among all (T1,T3) € T,w; € V(T1) and wy € V(T3) satistying (T1) and (2.4), we choose
w; so that

(T2) disty, (wy,u) is as large as possible.

Claim 2.4.1 If there exists a tree S1 which satisfies the following three properties, then
te(S1; k) = te(Th; k) and degy, (wy) > k + 1 hold:

(i) V(51) =V(T1);
(ii) degg, (w1) = degy, (wy) —1; and
(iii) te(Sy; k) < te(Ty; k).

Proof. By (2.4), degy, (w1) > k. Let S be a tree which satisfies the properties (i),
(ii) and (iii). Suppose that te(Si;k) < te(Ti;k). Then te(S; U Ty + wiwe; k) > te(Ts; k)
by Lemma 2.26. On the other hand, since degy, (w1) > k, it follows from the property
(ii) that te(S; U Ty + wiwe; k) < te(T5s; k), a contradiction. Hence by the property (iii),
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te(S1; k) = te(Th; k). If dpy (wy) = K, then by the property (ii), degg, (w;) = k — 1, which
contradicts (2.4). [

Here we take the outdirected tree with respect to (T3,w;). Let Ds,...,D; be the
components of T3 — w;. Note that [ > &k + 1 because degr, (wy) > k + 1. Without loss
of generality, we may assume that u,v € (J; ;<. V(Ds). Foreach i (1 <i <k +1),
if u,v € V(D;), then take x; € V(D;) such that degy, (x;) < k — 1 (since D; has a leaf
of T3, we can take such a vertex z;); otherwise, let {z;} = {u,v} NV (D;). For each
Jj (1 <j<l),take z; € V(D;)NNp,(wy). Let X = {z1,..., 2441} and Xy = {z1, ..., 24},
where degq(zry1) = min{degs(z;) : 1 < i < k4 1} (it is possible by changing the
indices of D;, x;, and z;). Then Ay(X;G) = erXk degs(x). Suppose that k = 2 and
Xy = {u,v}. Then Ax(X;G) = degg(u) + degn(v) > |G| — 1. By Theorem 2.15, this
implies that S(G;k,a) # 0, a contradiction. Hence X5 # {u,v} if k = 2. This implies
that, for k£ > 2, we may assume that x; & {u,v}.

Claim 2.4.2 For each i,j (1 < i < k41,1 < j < i # j), degp,(x) > k for all

Proof. Suppose that degy, () < k—1forsomeid,j (1 <i<k+1,1<7<1[i#j)and
x € Ng(z;)) NV (Dy). If V(D;) C V(T,) and V(D;) C V(T5_,) hold for some p € {1,2},
then Ty U T, + zo € S(G k, o), a contradiction (noting that if z; = v and degy, (v) > k,
then te(T7; k)+te(T3; k) = a—1 holds by Lemma 2.22 (ii)). Hence V(D;)UV (D;) C V(T1).
Then Sy = T + x;x — w; 2, satisfies the assumption of Claim 2.4.1. Hence te(S1; k) =
te(T1; k) and degy, (wi) > k + 1. These imply that degy, (2;) > degy, (2;) > k (since
otherwise te(S1; k) < te(71; k)), which contradicts the choice of z;. ]

By Claim 2.4.2 and the definition of X, X is an independent set of GG. Here we define

v {UKK,C,Z-#(NG(%) V(D)) (1<j<k)
T Uician (Nelz) NV(Dy) (k+1<5 <),

and

v _ JUier, (Vi () V(D)) (1 <j<k)
T Uy, VF L ) N V(D)) (k1<) <),

Claim 2.4.3 (i) For each j (1 <j<k),Y;" N Ng(z;) = 0.
(ii) For each j (k+1<j<1),Y;" N Ng(xy) = 0.

Proof. (i) Suppose that there exists y;” € Y;" N Ng(z;) for some j (1 < j < k). For
convenience, let y; = ng, (y;). By the definition of Yj, there exists i (1 <1 < k,i # j)
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such that y; € Ng(x;) N V(D;). If V(D;) € V(T,) and V(D;) C V(T5_,) hold for some
p € {1,2}, then Ty UT, + zyy; + 259 — y;y; € S(G;k, ), a contradiction (noting that
if v € {x;,2;} and degy,(v) > k, then te(71; k) + te(T2; k) = a — 1 holds by Lemma 2.22
(ii)). Hence V(D;) UV(D;) C V(T1). Then Sy = Ty + x;y; + 25y, — y;y; — w1 z; satisfies
the assumption of Claim 2.4.1. Hence te(Sy; k) = te(T1; k) and degy, (wy) > k + 1. These
imply that degy, (z;) > k or degy, (z;) > k, which contradicts the choice of z; and ;.

(ii) Suppose that there exists y; € Y;" N Ng(xy) for some j (k+1 < j <1). Let
yj = ngq, .. (y;). By the definition of Yj, there exists ¢ (1 <4 < k — 1) such that y; €
Ne(x;) NV (D;). Since zy, & {u,v}, V(Dy) C V(Ty). If V(D;) C V(T3), then z; = v and
V(D;) € V(T1), and so Ty UTs + z;y; + 23y, — y;9, € S(G;k, ), a contradiction. Hence
V(D;) € V(Ty). Suppose that V(D;) € V(T1). Then Sy = Ty +z3y; + ey — y;y; — w1z
satisfies the assumption of Claim 2.4.1. Hence te(S1; k) = te(T1; k) and degy, (wy) > k+1.
These imply that degy, (x;) > k or degy, (1) > k, a contradiction. Hence V/(D;) C V(T3).
Then te(Ty UTs + z3y; + 2y — y;u; 3 k) = te(Th; k) + te(Th; k) < o This implies that
S(G; k,a) # 0, a contradiction. [

Claim 2.4.4 For eachi,j (1 <i<k,1<j<Ili%#}j),z; & Nag(z;) except for the case
x; =v and T; = u.

Proof. Suppose that 2; € Ne(z;) for some
i, (1<i<k, 1<j<Il i4#jand (z;,z;)# (v,u)). Suppose that V(D;) U V(D;) C
V(T1). Then S; = Ti + z;2; — wy2; satisfies the assumption of Claim 2.4.1. Hence
te(S1;k) = te(T1;k) and degy (wy) > k + 1. These imply that degy (z;) > k, a
contradiction. Thus V(D;) C V(T,) and V(D;) C V(T5_,) hold for some p € {1,2}.
If p =1, then wy = 2z; and te(Ty U T, + zywo; k) < te(T3; k) because degy, (z;) < k —1
and degp, (wy) > k, which contradicts (T1). Hence p = 2. Note that z; = v and
r; # u. Suppose that degp (v) < k — 1. Suppose further that either v # w, or
degp, (v) < k — 2. By (T1), te(T3;k) < te(Ty U Ty + xi25;k).  This implies that
degr, (w2) < k — 1 because degp (wy) > k and degp,(v) < k — 1. Hence, we have
te(T3 + z;2; — wizj5k) < te(Ts;k) —1 < (e +1) — 1 = «, a contradiction. Hence
v = wy and degp, (v) = k — 1. Let Ty = Ty U T, 4+ vz; and let w] = 2; and wy = ws.
Then te(T3; k) = te(T4; k) and so the choice of T7, Ty, w, and w), satisfies the condition
(T1). Since w)y = v, Lemma 2.25 holds for i = 1 (we regard w| and w} as w; and
wy in Lemma 2.25 respectively). Then disty, (wy,u) < disty, (w], u), which contradicts
(T2). Hence dp,(v) > k. Let wi = z;, wj = v and Ty = T3 U T, + wiw). Then
te(T4; k) < te(T3; k). By the condition (T1), this implies that te(7%; k) = te(Ts; k).
Since degy,(v) > k, Lemma 2.25 holds for ¢ = 1 (we regard w{ and wj as w; and w,
in Lemma 2.25 respectively). Since x; # u, we have distp, (w,w) > distp, (wy, w), which
contradicts (T2). ]
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If {u,v} C X}, and z; € Ng(v) hold for some j (1 < j < k), then we say that {u,v} is
bad. Recall that Xy # {u,v}. This implies that if {u, v} is bad, then k& > 3 holds.

Recall that Y;" C V(D;) for 1 < j < 1. By Claims 2.4.2 and 2.4.4, we obtain the
following claim.

Claim 2.4.5 (i) Foreachj (1<j<k),

YV > (k—=1|Y;| =1 ({u,v} is bad, and z; = u)
7T (k= D))Y (otherwise).

(ii) Foreachj (k+1<j<1), |Y;| > (k- 1Y

For each j (1 <j < k), by Claims 2.4.3 (i) and 2.4.5 (i),

[Ne(z;) V(D) < |Dj| = {a} = Y]
< |D;| — (k —1)|Y}] ({u,v} is bad, and x; = u)

< { . (2.5)
|D;| —1—(k—1)|Y;| (otherwise).

For each j (1 < j < k), if {u,v} is bad, and x; = u, then by Claim 2.4.4 and k > 3,

Y. WNel@)nV(D)l= Y [Nelw) N(VD)\{zDI+ D [INa(z:) N {2}

1<i<k,i#j 1<i<k,i#j 1<i<k,i#j
< (k=D \{z} +1
< (k- DY - 1. (2.6)

For each j (1 < j < k), if {u,v} is not bad, or x; # u, then by Claim 2.4.4,

Y. INa(w) NV(D)) < (k= 1)|Yjl. (2.7)

1<i<k,i#j

Hence, it follows from (2.5), (2.6) and (2.7) that for each j (1 < j < k),

> INa(z) N V(D)) < |Dy| - 1. (2.8)

1<i<k

On the other hand, for each j (k+1 < j <), by Claims 2.4.3 (ii), 2.4.4 and 2.4.5 (ii),

[Ne () NV (D))| < [D5] = {2} = 1Y)
< |Dj| = 1= (k= DJYj], (2.9)

and

> INa(z)NV(Dy)] < (k= 1)]Yj]. (2.10)

1<i<k—1
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Hence it follows from (2.9) and (2.10) that for each j (k+1 < j <),

> INa(a:) NV(D))| < |Dy] - 1. (2.11)

1<i<k

Consequently, it follows from (2.8), (2.11) and [ > k + 1 that

ALX;G) = degy(x)

zeX),
< 7 (INa(@) n{wi}| + Y7 [Nal@) 1 V(D))
1<i<k 1<l
<k+ (1] = [{wi} - 1)
< 1G] -2,
a contradiction. This completes the proof of Theorem 2.16. [

2.4.3 Proof of Theorem 2.18

Let G be a graph which satisfies the assumption of Theorem 2.18. Suppose that S(G +
wvy k,a) # 0 but S(G;k,a) = (). We define T as in Section 2. Choose (T1,T3) € T,
wy € V(T1) and wy € V(T3) so that (where we let T3 = T) U Ty + wiws)

(T1) te(Ts; k) is as small as possible, and

(T2) te(T1;k) + te(Ty; k) is as small as possible, subject to (T1).

Claim 2.4.6 For each i € {1,2}, there exists no tree S; such that V(S;) = V(T;) and
te(Si; k) < te(Ty; k).

Proof. Suppose that there exists a tree S; such that V(S;) = V(7T;) and te(S;; k) <
te(T;; k) for some ¢ € {1,2}. Then te(S; UT5_; +uv; k) < te(Ty UTy +uv; k) < «, and so
(Si, T5—;) € T. Moreover, te(S; UTs_; + wiwa; k) < te(T3; k) and te(S;; k) + te(Ts_; k) <
te(Th; k) + te(Ty; k), which contradicts (T1) or (T2). ]

Let V(T5) = {y1,%2,.-.,yic/}- Moreover, for each i (1 < i < |G]), let d; =
distr, (wywse, y;), which means the distance between the edge wjw, and a vertex y; in
T3, i.e.,

d; = min{disty, (w1, y;), distr, (ws, ;) }.

Without loss of generality, we may assume that d; < --- < dig. We define a sequence
W (T3) as follows:

W(T3) = (de <y1>7 dT3 (y2); SR dT3 (y\GI))'

Furthermore, we choose (T1,73) € T, wy € V(1) and w, € V(T3) so that

o4



(T3) W(T3) is as large as possible in lexicographic order, subject to (T1) and (T2).
By the symmetry of 77 and 75, we may assume that
Lemma 2.25 holds for i = 1. (2.12)

Here we take the outdirected tree with respect to (73,w;). Note that @ + 1 <
te(T5;k) < o+ 2. For each y € Varpy(T3) \ {w:}, we choose C(y) € Nf. . (y) such
that

(I) if y # wy or te(T3; k) = a + 1, then [C(y)| = degyp, (v) — &,
(II) if y = wo and te(T3; k) = o + 2, then |C(y)| = degy,(y) — k — 1, and
(II) there exist two paths from wy to w and v in T3 — Ueve, ) fury {2y 1 2 € C(y)}-

Note that we can choose such C(y) for each y € Vspi1(T3) \ {w1 } because |V (Pr, (wq, u))N
N )] < L [V(Pryfw1,0)) (N ()] < 1 and [N, (5)] — 1 > degy,(y) — 2 >
degy, (y)—Fk hold. If te(T3; k) = a2, then wy € Vsiy1(T3) and |C(ws)| = degy, (we)—k—1.
Hence in any case on a + 1 < te(73;k) < a + 2, there exist k + o + 1 components in
Ty — w; — Uy€VZk+1(T3)\{wl}{xy cx € C(y)}. Let Dq,...,Dgyar1 be the components of
T3 —wy — UyevzkH(TB)\{wl}{xy : 2 € C(y)}. Note that degp (v) < k for each j (1 <
Jj <k+a+1)and each z € V(D,;). Without loss of generality, we may assume that
u € V(Dq). Let x;1 = u. For each i (2 <i < k+ a+1), take z; € V(D;) such that
degy, (z;) < k — 1 (since each D; has a leaf of T3, we can take such a vertex z;) and if
te(T3; k) = a + 2, then we do not choose v as one of xg, ..., Trrar1 (We can choose such
{z2,..., )01} not containing v because if te(T3;k) = « + 2, then the component of
T3 — wy — UyEVZk+1(T3)\{w1}{xy :x € C(y)} containing wy has at least k > 2 leaves of
T3). Foreach j (1 <j <k+a+1), take z; € V(D;) so that |Pp,(wy, z;)| is as small as
possible. Note that ny, . (2;) € Vary1(T3) for each j (1 < j < k+a+1). Among all the
vertices in {1, g, ..., Trrar1} and for each i (1 <i < k+ o+ 1), we change the indices
of D;, x;, z; so that >, .., degs(w;) is as large as possible. Let X = {x1,..., Tp1q+1} and
Xk; = {l’l, PN 7ZEk}.

Claim 2.4.7 Suppose that degy, (w2) = k. Then the following statements hold:
(1) If C(wq) # 0, then te(T3; k) = a+ 1; and

(ii) There exists no tree Sy such that V(Sy) = V(13), te(Sa; k) < te(Ty; k), degg, (ws) =
k—1, and degg,(v) < degy, (x) for each x € V(T3) \ X.

Proof. (i) Note that degy, (w2) = k+1. Since C(wy) # 0, it follows from the definitions
(I) and (IT) of C'(wy) that te(T5; k) = o + 1.

(ii) Suppose that there exists a tree Sy such that V(Sy) = V(T2), te(Ss; k) < te(Tx; k),
degg, (w2) = k—1, and degg, (z) < dp,(x) for each € V(T3)\ X. Since wy € Vp11(T3) by
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the assumption of this claim, te(T}USy+wiws; k) < te(Ts; k)—1. If te(T5; k) = a+1, then
te(Ty U Sy 4 wyws; k) < v, which contradicts S(G; k, o) = (0. Thus te(T3; k) = a+2. Then
v ¢ X by the choice of x1, ..., Zypaq1. Since degg, (z) < degy, () for each x € V(T3) \ X,
degg, (v) < degr,(v), and so (11, 5,) € T. Therefore te(Ty U Sy + wyws; k) < te(Ts; k),
which contradicts (T1). |

Claim 2.4.8 For each i,j (1 < i,j < k+a+ 1,9 # j), degp(v) > k for all z €

Proof. Suppose that deg;,(v) < k — 1 for some 4,5 (1 <4,7 < k+a+ 1,7 # j) and
x € Ng(x;)NV(D;). If V(D;) and V(D;) are contained in different components 77 and 75,
then te(Ty UTy+x;x; k) < te(T5; k), which contradicts (T1). Thus V/(D;)UV(D;) C V(T})
holds for some s € {1,2}. Then the unique cycle of T + x;x contains an edge e that is
either zing, , (2:) or zjng, , (2;). Let Ty = Ty + xjx — e If either dr,(ws) > k + 1 or
ws is an end-vertex of e, then V(T7) = V(Ts) and te(T; k) < te(Ts; k), which contradicts
Claim 2.4.6. Thus degy, (ws) < k and w; is an end-vertex of e. Since w; is an end-vertex
of e, we have C(w,) # 0, which implies that degy (w,) = k. Suppose that s = 2. Since
degy, (ws) = k and C(ws) # 0, it follows from Claim 2.4.7 (i) that te(T3; k) = a+ 1. Note
that degyy (w2) = k—1 and te(13; k) = te(Tz; k). These imply that te(71 UT;+wiwy; k) =
a, which contradicts S(G;k, a) = 0. Hence s = 1, degq, (w1) = k and degyy(wi) =k — 1.
Then V(T7) = V(T1), te(T7; k) = te(T1;k) and deggy(w1) = k — 1, which contradicts
(2.12). ]

By Claim 2.4.8 and the definitions of X and X}, we obtain the following.
Claim 2.4.9 The set X is an independent set of G, and Ap(X;G) = 3 x, dega(w).

Here we define

J

V. — Uicicrini(Na(z) NV (D)) (1<) <k)
Uicicr1(Na(@) NV(D;))  (k+1<j<k+a+l),

and

+
}/j_

Claim 2.4.10 (i) For each j (1 <j<k), Y;" N Na(z;) = 0.
(ii) Foreachj (k+1<j<k+a+1),Y; N Ng(z) =0.
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Proof. (i) Suppose that there exists y;” € Y;" N Ng(x;) for some j (1 < j < k). For
convenience, let y; = Ny o (y;r) By the definition of Y}, y; is adjacent to some vertex x,,
with1 <m < kandm # jin G. If y; and z,, are contained in different components T} and
Ty, then TyUTo 42,y +2my; —y;y; € S(G; k, a), a contradiction. Thus {y;, z,,} € V(T)
holds for some s € {1,2}. Then the unique cycle of Ty + :vjy;“ + Tl — yjy;f contains an
edge e that is either zjng, ., (2;) Or zmng, , (2m). Let T, = Ty + 2;y7 + Tmy; — 5y — e
If either degy (ws) > k + 1 or wy is not an end-vertex of e in T, then V(T}) = V(T})
and te(7},; k) < te(Ty; k), which contradicts Claim 2.4.6. Thus degy, (ws) < k and w;
is an end-vertex of e. Then w, € V>411(73), which implies that deg, (ws) = k and
degr (ws) = k—1. Note that V/(T;) = V(T5), te(Ty; k) = (Ts; k), and degyy (z) < degy, ()
for each x € V(Ty) \ X. By Claim 2.4.7 (ii), we can see that s = 1. But, then we obtain
a contradiction to (2.12).

(ii) Suppose that there exists y;” € Y;™ N Ng(ay) for some j (k+1<j <k+a+1).
Let y; = n;?”xj(yj). By the definition of Y}, y; is adjacent to some vertex z,, with
1 <m' <k-—1in G. Suppose that y; and z,, are contained in different components 7}
and Ty. Then TyUTs + 2y, + 2wy —y5y; € S(G; k, «), which contracits S(G; k, o) = (.
Hence {y;, 2} € V(1) holds for some s € {1,2}. Then the unique cycle of T5 + 2y +
Tpyyj — Y5y, contains an edge e that is zng, ,, (2) for some £ (1 < £ < k+a+1). If
te(Ts; k) = o+ 1, then te(Ts + zry; + Tmy; — Y5y, — e;k) = « because ng, , (2) €
Vit1(T3) and the degree of 77/53,101(24) in Ty + a:ky;r + Ty — yjy;r — e is strictly less
than degg, (ng, ,, (2¢)). This contradicts S(G;k,a) = 0. Hence te(T3;k) = a + 2. Since
te(T1; k) + te(Ta; k) < o, we have wy, ws € Vspi1(T3). Suppose that zp ¢ V(75), and
let Ty = Ty U Ty + xy; . Then te(T3; k) < te(Ts; k) because degy, (z) < k — 1, which
contradicts (T1). Thus {y;, zp, 2} € V(TL). Let T) = T\ + 2y + 2avy; — Y55 — e
If either deg;, (ws) > k + 1 or w, is not an end-vertex of e, then V(T,) = V(T) and
te(Ty; k) < te(Ty; k), which contradicts Claim 2.4.6. Thus degy (ws) < k and wy is an
end-vertex of e. Then wy € Vsy11(T3), which implies that degy, (w;) = k and degy, (w;) =
k — 1. Note that V(T;) = V(T5), te(Tg; k) = (Ts; k), and degg (z) < degy, () for each
x € V(T,) \ X. By Claim 2.4.7 (ii), we can see that s = 1. But, then we obtain a
contradiction to (2.12). |

Claim 2.4.11 For each i,5 (1 < i < k,1 < j < k+a+ 1,71 # j), z; ¢ Ng(x;) if

n;3,w1 (Zl) ?é Z] :

Proof. Suppose that z; € Ng(z;) and ng, ,, (2) # z; for some 4,7 (1 <i <k, 1<j5<
k+a+1,i# 7). Then dp,(z;) > k by Claim 2.4.8.

First suppose that {z;,z;} C V(T§) holds for some s € {1,2}. Suppose further that
zj & V(Pr(wy, 7). Let Ty = Ts + 25 — zing, ,, (25). 1f either degy (ws) > k +1
or np, . (25) # ws, then V(Ty) = V(T;) and te(Ty; k) < te(Ty; k), which contradicts
Claim 2.4.6. Thus degy, (ws) < k and ng, , (2;) = w,. This implies that degy, (ws) = k
and degy (ws) = k — 1. Note that V(T3) = V(T5), te(Ty; k) < te(Ts; k), and degy (z) <
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deg; () for each v € V(T)\X. If s = 1, then we obtain a contradiction to (2.12); if s = 2,
then we obtain a contradiction to Claim 2.4.7 (ii). Thus z; € V(Pp,(wy,x;)). Then z; # u
and z; # v by the definition (III) of C'(x). The unique cycle of Ts 4 z;2z; contains an edge
e = 2iq, ., (2i). Since ng, , (2) # 2, 2; is not an end-vertex of e. Let T = T, + w2 — e
(see Fig. 2.6). Then V(TV) = V(T;) and te(T); k) < te(Ty; k). Note that z; € V5,(T5) by
Claim 2.4.8. Since z; # u and x; # v, this implies that (77, T5_,) € T even if z; € {u,v}.
Let T} = TV U T3_5 + wywy. Note that disty, (wjwse,y) = distzy (wrwe, y) holds for any
y € V(G) with distq, (wiws,y) < distr, (wiwy, ;) or distyy(wiwg,y) < distqy (wiws, 2;).
Note that dry(z;) > dr,(2;) because z; is not an end-vertex of e. These contradicts (T3).

Next suppose that x; and z; are contained in different components 77 and 75. Since
te(Ts 4wz — 20, (2)); k) < te(Ts; k) and S(G; k, a) = (), we have te(Ts; k) = a+2, and
hence wy, wy € Vspy1(T3). Let Sz = T5 + z,2; — wyws. Let S and Sy be the components

of S5 — x;z;. Then (S1,52) € T and te(Ss; k) < te(Ts; k). This contradicts (T1). |
Wy Wg
. .
e
D; \. D D; D;
Ny wy (70) ";3:’1 (23)
T T//

Figure 2.6: Claim 2.4.11 (possibly n, ,, (z:) € V(D))

For each j (k+1<j < k+a+1), take z; € V(D;) so that [P, (7, 2})| is as small
as possible.

Claim 2.4.12 For each j (k+1<j<k+a+1), 25 ¢ No(xi) if ng, ,, (2) # 2}

Proof. Suppose that np , (2x) # 2} and 2} € Ng(zy) hold for some j (k+1 < j <
k+ a+1). By Claim 2.4.11, we have only to prove the case 2 # z;. This implies
that zj,2; € V(P (w1, 7). Hence {zy, 2} € V(T) holds for some s € {1,2}. By the
definition (III) of C'(x), 74 # u and xy # v. The unique cycle of T+ 2} contains an edge
€ = 2Ny, ,, (2) and 2} is an end-vertex of e because ny, ,, (2x) # zj. Let Ty = Ts+ a2 —e
(see Fig. 2.7). Then V(T7) = V(T) and te(Ty; k) < te(Ty; k). Note that zi € V5., (T5) by
Claim 2.4.8. Since x; # u and x; # v, this implies that (T, T5_,) € T even if 2} € {u,v}.
Let Ty = Tg U T3 + wywy. Note that distr, (wiws,y) = distyy(wiwy,y) holds for any

y € V(G) with disty, (wywsq,y) < disty, (wiws, %) or distTé(wlwg,y) < distTé(wlwg,zé»).

j
Note that dr;(z;) > dr,(2}) because 2} is not an end-vertex of e. These contradicts (T3).
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o
2k
e
@
Lk
Dy D, Dy
Ny wq (7H)
!
TS TS

Figure 2.7: Claim 2.4.12 (possibly ny, ,, (2x) € V/(D;))

Claim 2.4.13 If there exists j (k+1 < j <k + a+1) such that 2} = np,, (z), then
w1 ¢ Ng(l'k)

Proof. Suppose that w, € Ng(zy) and z; = ng, ,, (2) hold for some j (k+1 < j <
k+a+1). Then 2} € Vory1(T3) because zj = ny, , (2x). By the definition (III) of C'(*),
xp # w and xp # v. Let T3 = T3 + xpw; — z}zk. Let 7] and Tj be the components
of T§ — wywq such that wy € V(T]) and wy € V(T3) (see Fig. 2.8 and 2.9). By the
definition (ITI) of C(*), the component D of T3 — 2z, containing 2; does not contain
uw and v. Hence u € V(T7) and v € V(T3). Since xp # uw and x, # v, (11,13) € T.
Moreover note that te(T4; k) < te(T3; k) and te(17; k) + te(T5; k) < te(Ty; k) + te(Tz; k).
Since degr, (w1) < deggy(w1), we have W (T3) < W(T3). These contradict (T1), (T2), or
(T3). i

oW W2
¢ A
™~
D)) Dj ‘D)) D;
D D
T T

Figure 2.8: Claim 2.4.13 (the case where wy € Pr,(ws, 21))
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Dy, D; Dy, D;

T 7

Figure 2.9: Claim 2.4.13 (the case where wy € Pr, (w1, 2x))
Claim 2.4.14 For each j (1<j<k+a+1), [Y;'|> (k—-1)]Y].

Proof. Let j be an index with 1 < j7 < k+a+1,andlet w =2;if 1 < j <k and
w=zxpifk+1<j7<k+a+1 Since D, is a tree, we have N};w(yl) N Nﬂvw(yg) =10
for any yi,y2 € Y; with y; # yo. Note that if ”53@1(%) = z; for some ¢ (1 < ¢ <
k+a+1,i# j), then degy, (z;) > k+1. Hence by Claims 2.4.8, 2.4.11 and the definitions
(I) and (II) of C(%), for each y € Y}, [Ny, ,(y) N V(D;)] > k — 1. Then we obtain
Y =3 ey, ING, W (y) N V(D)) > (k= 1)]Yj]. |

For each j (1 < j < k), by Claims 2.4.10 (i) and 2.4.14,

[Na(z;) N V(D) < |Dj| = {a | = Y]
< [Djl =1 = (k=D[Y], (2.13)

and

Y Na(@) nV(Dy)| < (k= 1)|Yl. (2.14)

1<i<k,ij

Hence it follows from (3.1) and (2.14) that for each j (1 < j < k),

> [Na(z) nV(D))| < |D;| — 1. (2.15)

1<i<k

On the other hand, for each j (k+1 < j <k+ a+ 1), by Claims 2.4.10 (ii), 2.4.12
and 2.4.14,

Dy~ ~ 1Y, < 1D = 1 (k= DIY}| (000 () # )
|Dj| — Y] < |Dj] = (k= 1)]Yj] (otherwise),
(2.16)

|Na(z) NV (D;)] < {
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and

Y INa(@:) nV(D)] < (k= 1)Yl. (2.17)

1<i<k—1

Hence it follows from (2.16) and (2.17) that for each j (k+1<j<k+a+1),

{|Dj| 1 (N () # 25)

Z Na(w:) NVID,)| < |D;| (otherwise).

1<i<k

(2.18)

Note that there exists at most one index j (k+1 < 7 < k+ a + 1) such that
nr. .. (z) = 2. Consequently, by Claims 2.4.9, 2.4.13, (2.15), and (3.3),
T3,w1 J

TE€X}
<> (INe@)n{w+ > INe(@)n V(D))
1<i<k 1<j<k+a+1
k—1+ (\T3| ~ {w)] —(k+a+1—1)> (N, (26) = 2 for k+1< j <k+a+1)
k+ (T = i} = (k+a+1)) (otherwise)
<|G|—a-2,
a contradiction. This completes the proof of Theorem 2.18. |
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Chapter 3

Spanning trees with some specified
properties

In this chapter, we focus on a spanning tree with some specified properties. In Section 3.1,
we show some degree conditions for graphs to have a spanning tree with bounded total
number of branch vertices and leaves. In Section 3.2, we show a Fan-type condition for
graphs to be k-leaf-connected, which is a generalization of Hamilton-connected.

3.1 Degree conditions for graphs to have spanning
trees with few branch vertices and leaves

We prove the following theorem, which gives a degree condition for a graph to have a
spanning tree with bounded total number of branch vertices and leaves.

Theorem 3.1 Let k > 2 be an integer. Suppose that a connected graph G satisfies

|G| —k+1
2

for every two nonadjacent vertices x,y € V(G). Then G has a spanning tree T with
|L(T)| + |B(T)| < k+ 1.

max{degq(x),deg.(y)} >

The lower bound of the degree condition in Theorem 3.1 is sharp as shown in Section
3.1.2. One might conjecture that the sentence “for every two nonadjacent vertices” in
Theorem 3.1 can be replaced by “for every two vertices z,y € V(G) with distg(z,y) = 27,
which is so-called a Fan-type degree condition.

The following problem assumes a weaker degree condition than Theorem 3.1.

Problem 3.2 Let k > 2 be an integer. Let G be a connected graph. Suppose that G
satisfies
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|G| —k+1
2

for every two vertices x,y € V(G) with distg(x,y) = 2. Does G have a spanning tree T
with |L(T)| + |B(T)| < k+17¢

max{degq(z),degs(y)} >

The answer of Problem 3.2 is in the negative and the counterexample for Problem
3.2 is shown in Section 3.1.4. When we restrict ourselves to 2-connected graphs, we also
obtain the following result, which contains a Fan-type degree condition.

Theorem 3.3 Let k > 2 be an integer. Let G be a 2-connected graph. Suppose that

|G| —k+1

max{degs(r), degs(y)} > 9

for every two vertices x,y € V(G) with distg(z,y) = 2. Then G has a spanning tree T
with |L(T)| + |B(T)| < k + 1.

The following two results motivate our results. Theorem 3.4 gives an Ore-type
condition for a graph to have a spanning k-ended tree.

Theorem 3.4 (Broersma and Tuinstra [8]) Let k > 2 be an integer and let G be a
connected graph. If G satisfies degq(x) +degq(y) > |G| —k+1 for every two nonadjacent
vertices x,y € V(Q), then G has a spanning k-ended tree.

The following theorem is stronger than Theorem 3.4 although it assumes the same
condition as Theorem 3.4.

Theorem 3.5 (Nikoghosyan [46], Saito and Sano [54]) Let k > 2 be an integer. If
a connected graph G satisfies degg(x) + dega(y) > |G| — k+ 1 for every two nonadjacent
vertices x,y € V(G), then G has a spanning tree T with |L(T)| + |B(T)| < k + 1.

3.1.1 Preliminary Lemmas

We prove the following lemmas which are used in the proof of Theorems 3.1 and 3.3.

Lemma 3.6 Let G be a connected graph and let T' be a spanning tree of G such that
|L(T)| + |B(T)| is minimal. If B(T) # 0, then L(T) is an independent set of G.

Proof. Suppose that there exist two vertices u,v € L(T') with uv € E(G). Then T 4+ uv
contains a unique cycle C. By B(T) # 0, C has a branch vertex w of T. For x € Np(w)N
V(C), T' := T + uv — wx is a spanning tree of G such that L(T") C (L(T) \ {u,v}) U{z}
and B(T") C B(T). This contradicts the minimality of |L(T)| + |B(T)]. ]
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Lemma 3.7 Let G be a connected graph and let T be a spanning tree of G such that
|L(T)| + |B(T)| is minimal. Let x be a leaf of T. Suppose that B(T) # 0, T is regarded
as a rooted spanning tree of G with the root x.

Then the following two statements hold:

(i) Ng(z)" N Ng(y) =0 for each y € L(T) \ {z} and
(i) Ng(z)~ N B(T) = 0.

Proof. (i) Suppose that there exists y € L(T) \ {z} such that Ng(z)~ N Ng(y) # 0.
Since T is a spanning tree of G such that deg,(z) = degy(y) = 1 and B(T) # 0, Pr(z,y)
contains a branch vertex v. Let u € Ng(z)™ N Ng(y) and u™ € Nj(u) N Ng(z). Then
T+utz+uy—utu contains a unique cycle C. For w € Np(v)NV(C), T" := T+utz+uy—
utu —vw is a spanning tree of G with L(T") C (L(T) U {w}) \ {z,y} and B(T") C B(T).
This contradicts the minimality of |L(T)| 4+ |B(T")|. Hence Ng(z)™ N Ne(y) = 0 for each
y € L(T)\ {z}.

(i) If there exists a vertex z € Ng(z)” N B(T), then T" := T + zz" — 2%z is a
spanning tree of G with L(T") = L(T) \ {z} and B(T") C B(T). This is a contradiction.
Consequently, Ng(x)~ N B(T) = 0. |

Let T be a tree with B(T) # (. For all pairs x € L(T) and y € B(T) such that
(V(Pr(z,y)) \ {y}) N B(T) = 0, we delete V(Pr(z,y)) \ {y} from T. Let T" be the
resulting graph. Then 7" is a tree and L(7") C B(T). We say that a leaf of 7" is a
peripheral branch vertex of T. By the definition of 7", we obtain the following fact.

Fact 1 Let T be a tree and let v be a peripheral branch vertex of T. Then the number of
leaves x in T satisfying (V(Pr(xz,v)) \ {v}) N B(T) = 0 equals degy(v) — 1.

Lemma 3.8 Let G be a connected graph having no Hamiltonian path. Choose a spanning
tree T of G such that

(T1) |L(T)| + |B(T)| is as small as possible and

(T2) min{deg,(z) : z is a peripheral branch vertex of T'} is as small as possible, subject
to (T1).

Let y be a peripheral branch vertex of T such that degy(y) is minimal and let z be a leaf
of T such that (V(Pr(y,z)) \{y}) N B(T) = 0. Then Ng(z) N (B(T)\ {y}) = 0.

Proof.  Suppose that there exists a vertex w € Ng(z) N (B(T) \ {y}). We regard
T as a rooted tree with the root z. Then T” := T + wz — yy~ is a spanning tree of
G with L(T") = (L(T) \ {z}) U{y~}. If degy(y) = 3, then B(T") = B(T) \ {y} and
|L(T")| = |L(T')|, which is a contradiction to (T1). If deg;(y) > 4, then y is a peripheral
branch vertex of 7" with deg;(y) < degy(y), which is a contradiction to (T2). |
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3.1.2 Sharpness of Theorem 3.1

In Theorem 3.1, we cannot replace the lower bound (|G| —k~+1)/2 in the degree condition
by (|G| — k)/2, which is shown in the following example. Let ¢ be a positive integer and
let £ > 2 be an integer. Consider the complete bipartite graph G with partite sets A and
B such that |A| =t and |B| =t + k. Then |G| = 2t + k and max{deg,(z),degs(y)} >
t = (|G| — k)/2 for every two nonadjacent vertices x,y € V(G). Suppose that G has
a spanning tree T with |L(T)| + |B(T)| < k+ 1. If |L(T)| < k, then |[E(T)| > |B N
L(T)|+2|B\(BNL(T))|=2|B|— |BNL(T)| > k+2t = |G|. This is a contradiction. If
|L(T)| > k + 1, then |L(T)| + |B(T')| > k + 2 because T has at least one branch vertex.
Hence G has no spanning tree T' with |L(T)| + |B(T)| < k + 1.

3.1.3 Proof of Theorem 3.1

Suppose that a graph G satisfies all the conditions of Theorem 3.1, but has no desired
spanning tree. Choose a spanning tree T of GG so that

(T1) |L(T)| + |B(T)] is as small as possible and

(T2) min{deg,(x) : z is a peripheral branch vertex of 7'} is as small as possible, subject
to (T1).

If |L(T")| = 2, then T is a Hamiltonian path of G, which satisfies |L(T")| + |B(T)| = 2 <
k+1, a contradiction. Hence we may assume that |L(7T")| > 3 and |B(T)| > 1. By Lemma
3.6 and the assumption of Theorem 3.1, the number of leaves in 7" having the degree at
least (|G| —k+1)/2 in G is at least |L(T)| — 1, i.e.,

{v € L(T) : dege(v) = (IG] — b+ 1)/2}| > |L(T)| —1 > 2. (3.1)
We divide the proof into two cases according to the value of |B(T)|.

Case 3.1.1 |B(T)| = 1.

By (3.1), we can choose two distinct vertices z,y € L(T) which satisfy degq(z) > (|G| —
k+1)/2 and deg,(y) > (|G| — k + 1)/2. We regard T as a rooted tree with the root x.
By Lemma 3.6, N¢(y) N L(T) = 0. By Lemmas 3.7(i) and (ii), Ng(z)™ N Ng(y) = 0 and
|Ng(x)~| = |[Ng(x)|. Hence we obtain

degg(z) + degg(y) = [Ne(x)™| + [Na(y)| < |G| = [L(T)| + [{z}].

On the other hand, deg.(x) + degs(y) > |G| — k + 1 by the hypothesis of this theorem.
Conbining two inequalities above, we obtain |L(T)| < k and hence |L(T)|+|B(T)| < k+1.
This is a contradiction. This completes the proof of Case 3.1.1.

Case 3.1.2 |B(T)| > 2.
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Choose a peripheral branch vertex b; of 7" such that deg;(b;) is as small as possible.
By Fact 1, there exist two leaves 1 and x5 of T' such that (V (Pr (b1, z;))\{b1})NB(T) =0
for each i = 1,2. By |B(T)| > 2, there exists a peripheral branch vertex by of T" with
by # by. Fact 1 implies that there exist two leaves x3 and x4 of T such that (V(Pr(bs, x;))\
{b2}) N B(T) = () for each i = 3,4. By (3.1), without loss of generality, we may assume
that degq(z;) > (|G| — k + 1)/2 for each i = 1,3. Note that z; # z3. We regard T as a
rooted tree with root z3. By Lemma 3.6, Ng(x1) N L(T) = 0. By Lemmas 3.7(i) and (ii),
Ne(z1) N Ng(x3)™ = 0 and |Ng(x3)~| = |Ng(z3)|. By Lemma 3.7(ii) and Lemma 3.8,
Ng(z3)” N B(T) =0 and Ng(xzq1) N (B(T) \ {b1}) = 0. Hence

[No(z1)| + [No(@s)| = [No(21)| + [Ne(23) |
< T = (IL(T)| = Kas} + [B(T)] — [{br}])
=[G = (IL(T)| + |B(T)]) + 2.
On the other hand, | Ng(z1)|+|Ng(z3)| = degq(x1)+degq(z3) > |G|—k+1. Consequently,

|L(T)| + |B(T)| < k+ 1. This is a contradiction. This completes the proof of Case 3.1.2.
Hence Theorem 3.1 is proved. 0

3.1.4 Counterexample of Problem 3.2

For two integers k and ¢ such that £ > 2 and t > k£ + 1, denote by K, a complete graph
of order ¢t and denote by P; = a;b; a path of order two for each i =1,... k+ 1.
We define a graph G of order t 4 2k + 2 as follows:

V(G) = V(K,) U (@1 V(B-)) and

k+1

E(G) = E(K,) U (U{xai € V(Kt)}> U (U E(PZ»)> .

=1

Then, by t > k+1, max{degq(z),degs(y)} > t+1 = |G|—2k—1 > (|G|—k+1)/2 for every
two vertices z,y € V(G) with distg(x,y) = 2. Since all the vertices in {by, b, ..., bgi1}
are leaves for each spanning tree T of G, we obtain |L(T")| > k+1 > 3 and thus |L(T)| +
|B(T)| > k + 2. Therefore the answer for Problem 3.2 is in the negative.

3.1.5 Proof of Theorem 3.3

Suppose that a graph G satisfies all the conditions of Theorem 3.3, but has no desired
spanning tree. Let S = {v € V(T) : degn(v) > (|G| — k 4+ 1)/2}. Choose a spanning tree
T of G such that

(T1) |L(T)| + |B(T)] is as small as possible and

(T2) |S N L(T)| is as large as possible subject to (T1).
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If |L(T)| = 2, then T is a Hamiltonian path, which satisfies |L(T)|+ |B(T)| =2 < k + 1,
a contradiction. Hence we consider the case when |L(T")| > 3 and |B(T)| > 1.

Claim 3.1.1 For any leaf x of T, degs(z) > (|G| — k +1)/2.

Proof. Suppose that deg(z) < (|G| — k + 1)/2 for some leaf x of T. Choose a vertex
w € Ng(x) such that |Pr(z,w)| is as large as possible. Write Pr(z,w) = vivy ... v, with
vy = « and v, = w. Note that m > 3 because G is 2-connected and deg,(z) = 1. We
regard 1" as a rooted tree with root v;.

Subclaim 3.1.1.1 {ve,vs,..., 05} € Ng(vq).

Proof. Suppose that v1v;,_1 ¢ E(G) for some i with viv; € E(G). Then distg(vy, v;_1)
= 2. It follows from the degree condition of this theorem that deg(v;_1) > (|G|—k+1)/2.
Since v;—; ¢ B(T) by Lemma 3.7(ii), 77 := T + vyv; — v;v;—1 is a spanning tree of G with
L(T") = (L(T) \ {z1}) U{vi_1}, B(T") = B(T), and |[S N L(T")| > |S N L(T)|. This
contradicts the choice (T2). Hence viv;—; € E(G) for all ¢ with v;v; € E(G). By
V10, € E(G), this subclaim holds. ]
By Lemma 3.7(ii) and Subclaim 3.1.1.1, {v1,vq, ..., 01} N B(T) = 0.

Subclaim 3.1.1.2 degq(v;) < (|G| —k+1)/2 for any v; withi=1,2,....,m — 1.

Proof. If degi(v;) > (|G| —k+1)/2 for some v; with i = 2,...,m—1, then T +vv;41 —
v;v;11 contradicts the choice (T2). Hence Subclaim 3.1.1.2 is proved. |

We denote by T the set of spanning trees T; for 1 < i < m — 1 such that L(T;) =
(L(T) \ {z}) U{v;}, B(T;) = B(T) and max{|Pr,(v;,u)| : u € Ng(v;)} is as large as
possible. Note that each T; satisfies (T1) and (T2) and T # (. Choose T € T so that

(T3) max{|Pr, (v, u)| : uw € Ng(vi)} is as large as possible.

Then vy € L(Ty) by the choice of Tj, and degq(vx) < (|G| — k +1)/2 by (T2). Hence the
role of vy, in T} is similar to that of v; in T. Therefore, without loss of generality, we may
assume k = 1. Then |Pr, (vy,u)| is maximal.

Subclaim 3.1.1.3 Ng(v;) C {v1,v9,..., 05} for eachi=1,2,...,m — 1.

Proof. By the definitions of v; = x and u, the subclaim holds for i = 1. Suppose that v;
is adjacent to v’ € V(G)\ {vy,vq,..., vy} for somei =2 ... m—1. By Subclaim 3.1.1.1,
1011 € F(G) and let T" := T} + v10;41 — v;v41. Then |Pr(v;,u')| > m = | Pr, (v, u)|,
this implies that there exists the tree T; € T such that max{|Pr, (v;,u)| : u € Ng(v;)} >
max{|Pr, (v,u)| : u € Ng(vy)}. This contradicts the choice (T3). |
By Subclaim 3.1.1.3, v,, is a cut-vertex of (G, which contradicts the condition that G is
2-connected. Consequenlty, Claim 3.1.1 is proved. [
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Take any peripheral branch vertex b of 7" and put deg,(b) = p. By Fact 1, T' contains
p—1leaves x1,. .., 2,1 such that V(Pr(x;, b))N(B(T)\{b}) =0 foreachi=1,...,p—1.
Note that p — 1 = deg;(b) — 1 > 2 because b is a branch vertex of T

Claim 3.1.2 Ng(z;) N (B(T)\ {b}) #0 for eachi=1,...,p—1.

Proof. Suppose that Ng(x;) N (B(T) \ {b}) = 0 for some i = 1,...,p — 1. Without
loss of generality, we may assume that ¢ = 1. We regard T as a rooted tree with root
x5. By Lemma 3.7(ii), we obtain Ng(z2)™ N B(T) = 0 and hence |Ng(x2)| = |Ng(x2)™|.
Moreover, Ng(z1) N Ng(xg)~ = 0 by Lemma 3.7(i) and Ng(x1) N L(T) = @ by Lemma,
3.6. Consequently

|No(21)| + [Na(22)| = [Ne(21)| + [Ne(z2)|
<|T| = (|L(T)| = {2 }| + [B(T)| = [{b}])
< |G| -k

On the other hand, |Ng(z1)| + |Ng(z2)| = degg(z1) + degg(z2) > |G| — k + 1 by Claim
3.1.1. This is a contradiction. |

Foreachi=1,2,...,p—2,let y; € Np(b)NV (Pr(b, z;)) and let b; € Ng(z;) N (B(T)\
{b}). Then T" := T 4+ x1by + - - - + xp_2by_o — bys — - -+ — by,_o is a spanning tree of G
with L(T") C L(T) \ {z1,...,2p—2} U{y1,...,yp—2} and B(T") C B(T) \ {b}. Thisis a
contradiction to (T1). Therefore the proof of Theorem 3.3 is completed. ]

3.2 A Fan-type condition for graphs to be
k-leaf-connected

A graph G is said to be k-leaf-connected if |G| > k and for each subset S of V(G) with
|S| = k, G has a spanning tree T" precisely S as the set of leaves. By the definition, it is
easy to see that “2-leaf-connected” is “Hamilton-connected.”

We prove the following theorem, which gives a Fan-type condition for graphs to be
k-leaf-connected.

Theorem 3.9 Let k > 2 be an integer. Suppose that G is a (k + 1)-connected graph and
that
|G| +1

2

max{degq(u),deg,(v)} >

for any vertices u and v in G with distg(u,v) = 2. Then G is k-leaf-connected.
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3.2.1 Related Results

It is known that many results concerning conditions for a graph to be Hamilton-connected.
The property “G is Hamilton-connected” is as same as “G has a spanning tree with two
specified endvertices.” Moreover, by the definition, it is easy to see that “2-leaf-connected”
is “Hamilton-connected.” Thus it is natural to look for conditions which ensure the
existence of a spanning tree with a specified set of endvertices. This paper is mainly
concerned with sufficient conditions for a graph to have a spanning tree with a specified
set of endvertices.

The following result motivate our result. Theorem 3.10 is fundemental result, which
gives an Ore-type condition for graphs to be k-leaf-connected.

Theorem 3.10 (Egawa, Matsuda, Yamashita, and Yoshimoto [23]) Let k > 2 be
an integer and let G be a (k + 1)-connected graph. Suppose that

degq(z) + degq(y) > |G| +1
for any two nonajacent vertices x, y € V(G). Then G is k-leaf-connected.

Theorem 3.9 is a stronger result than Theorem 3.10. In fact, there are infinitely many
graphs which satisfy all the conditions of Theorem 3.9, but not satisfy the degree condition
of Theorem 3.10.

For example, let n > k 4+ 1 and define K, as a complete graph of order n with
V(K,) = {u1,us,...,u,} and K1 a complete graph of order n + 1 with V(K,1) =
{v1,v9,...,vp41}. Construct a graph G of order 2n+1 as V(G) = V(K,,) UV (K1) and
E(G)=E(K,) UE(K,1)U{uv,uv :i=1,...,n— 1} U{uyv,, u,v }.

Since K, and K,,; are complete graphs and n > k + 1, G is (k + 1)-connected.
Moreover, max{degq(u;),degs(v;)} > n+ 1 = (|G| + 1)/2 for any two vertices u; and
v; with distg(w;,v;) = 2. In particular, for each ¢ = 1,2,...,n, two vertices u; and
Up41 satisty distg(u;, vni1) = 2, max{degq(u;),degs(vni1)} = n+1 = (|G| +1)/2, and
degq(u;) +dega(vng1) = 2n+1 < |G|. Thus G satisfies all the conditions of Theorem 3.9,
but not satisfy the degree condition of Theorem 3.10. Consequently, Theorem 3.9 can
guarantee that GG is k-leaf-connected although Theorem 3.10 cannot.

3.2.2 Sharpness of Theorem 3.9
The conditions of Theorem 3.9 are best possible in the following sense:

e We cannot replace the lower bound of the degree condition (|G| + 1)/2 by |G|/2.
Consider a complete bipartite graph |G| with partite sets A and B such that |A| =
|B| = n, where n is an integer with n > k + 1. Then G is (k + 1)-connected,
|G| = 2n, and max{deg,(z),degs(y)} > |G|/2 for any vertices x and y of G with
distg(z,y) = 2. If G is k-leaf-connected, then G has a spanning tree 7" with L(7T) C
B and degp(z) > 2 for all z € A. Therefore we have |E(T)| > 2|A| = 2n = |G].
This contradicts the fact |E(T)| = |G| — 1. Hence G is not k-leaf-connected.
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e For £ > 2, the condition that G is (k 4 1)-connected is necessary. Consider the
graph G := K, + (K; U K,.), where r > 2 is an integer. Then G is k-connected but
not (k + 1)-connected. For two nonadjacent vertices x € V(K,) and y € V(K3),
max{degq(z),degs(y)} = |G| —2 > (|G| +1)/2. Note that the last inequality holds
by |G| =k +r+ 1> 5. Since G has no spanning tree 7" with L(T') = V(K}), G is
not k-leaf-connected.

3.2.3 Proof of Theorem 3.9

We prove Theorem 3.9 by induction on k. Suppose that G satisfies all the conditions of
Theorem 3.9. If k£ = 2, then Theorem 3.9 holds by Theorem 1.6 (iii). Thus we consider
the case when k& > 3. Suppose that G has no spanning tree 7" such that L(T) = S and
|S| = k for some S C V(G). By the induction hypothesis, G has a spanning tree 7" such
that L(T) C S and |L(T')| = |S|—1. Denote {x¢} = S — L(T') and choose such a spanning
tree T' so that

(T1) degp(zo) is as small as possible subject to (T1).

We regard T as a rooted tree with root zy in which all the edges are directed away from
the root. Write Np(xo) = {vy1,¥2,...,Ym}. By the choice of T, z; is not a leaf of 7" and
thus |Nr(zo)| = m > 2. Let T; be the component in T'— {z(} containing the vertex y; for
each i =1,2,...,m and denote S; = SN L(T;) for each i = 1,2,...,m.

Claim 3.2.1 {yi,y2,...,ym} NS =0.

Proof. Suppose that {y1,92,...,ym} NS # (. Then we may assume that y; € S. Since
IS\ {y1}| = k—1 and G is (k + 1)-connected, G — (S'\ {y1}) is 2-connected. Hence there
exists z € V(Tj) \ S; with zy, € E(G) for some j =2,...,m. Then T" =T + y12 — zoys
is a spanning tree of G. If degp(zg) = 2, then L(T") = S, a contradiction. Hence
degy (o) > 3. Then L(T") = L(T) and degy (o) > degs (x0), which contradicts (T1). [}

Let T be the set of the all spanning trees 7" of G such that L(T") = L(T') and
Npi(xg) = Nr(zg). Then we can regard T as an arbitrary tree in 7.

Claim 3.2.2 The following four statements hold;
(i) degy(y;) =2 for eachi=1,2,...,m,
(i) B(T)* N Ng(y;) =0 for each i =1,2,...,m,

(iii) any vertexv € (Ng(y:)NV(T;))~ satisfies Ng(v) C SUV(T;) for eachi =1,2,...,m,
and

(iv) no vertex in (Ng(y;) NV (T3))~ is adjacent to a vertex in (B(T') \ B(T;))" for each
i=1.2,....m.
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Proof. (i) By Claim 3.2.1, deg,(y;) > 2 for all i = 1,2,...,m. Assume that deg;(y;) >
3 for some i = 1,2,...,m. Since G is (k + 1)-connected and |S| =k, G — S is connected.
Thus, for some 7 with 1 < j < m and j # 4, there exist two vertices z; € V(T;) \ S; and
z; € V(I;) \ S; such that zz; € E(G). Then T" := T + z;z; — xoy; is a spanning tree
of G. If degy(zg) = 2, then L(T") = S, a contradiction. Hence degy(x9) > 3. Then
L(T") = L(T) and degy(z) > degy (xo). This contradicts (T1).

(ii) Suppose that there exists a vertex u € B(T)* N Ng(y;). By Claim 3.2.2 (i),
y; ¢ B(T) for all i and so uy; ¢ E(T). Then T' := T + uy; — uu~ is a spanning tree
of G with L(T") = L(T), Nr(z9) = Nr(zg), and degg (y;) > 3 and so 7" € T. This
contradicts Claim 3.2.2 (i).

(iii) Suppose that there exists a vertex v € Ng(y;) N V(T;) such that v~ is adjacent
to a vertex w € V(G) \ (V(T;) U S) for some i = 1,2,...,m. Suppose that v~ = y;.
Then 7" :=T 4+ v~ w — v~ xp is a spanning tree of G. If degy(zg) = 2, then L(T") = S, a
contradiction. Hence degy(xg) > 3. Then L(7") = L(T) and degy(xo) > degp (xg). This
contradicts (T1).

Hence we may assume that v~ # y;. Then T" := T+vy;+v~w—vv~ —xoy; is a spanning
tree of G. If degy(zo) = 2, then L(T") = S, a contradiction. Hence deg,(zg) > 3. Then
L(T") = L(T) and degy(zo) > degs (xo). This contradicts (T1).

(iv) Suppose that for some i = 1,2,...,m, there exists v € Ng(y;) N V(T;) such
that v~ is adjacent to w € (B(T) \ B(T;))". Note that v~ # y; by Claim 3.2.2 (iii).
Then 7" := T + vy; + v"w — vv~ — ww™ is a spanning tree of G with L(T") = L(T),
Npi(29) = Np(z0), and degy (y;) > 3 and so 7" € T. This contradicts Claim 3.2.2 (i). |}

Claim 3.2.3 dist¢(ys,y;) =2 for each 1 <i < j <m.

Proof. By Claims 3.2.1 and 3.2.2 (iii), y; and y; are nonadjacent in G. Since each two
vertices y; and y; have the common neighbor xg, distg(y;,y;) = 2 for each 1 <7 < j < m.

Claim 3.2.4 Np(y;) NS; =0 for eachi=1,2,...,m.

Proof. Suppose that Nr(y;) NS; # () for some ¢ = 1,2,...,m. Then, by Claim 3.2.2
(i), |S;] = 1 and |T;| = 2. Moreover, Ng(y;) € S by Claim 3.2.2 (iii). Hence G — S is
disconnected because m > 2. This contradicts the assumption that G is (k+1)-connected.

Claim 3.2.5 |Ng(y;) NV(T;)| < |T;| — |Si| = 1 for each i =1,2,... ,m.

Proof. We first assume that 7; which has no branch vertex of T'. Then |S;| = 1. Since
G is (k + 1)-connected and |S| = k, G — S is connected. Thus, for some 1 < j < m with
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J # 1, there exist two vertices z; € V/(T;) \ S; and z; € V(T;) \ S; such that z;z; € E(G).
By Claim 3.2.2 (iii), we obtain y; # z; and Ng(y;) N {z}" = 0. Therefore

[Ne(y:) "V(T)| < |Ti| = Hyit Uiz} = 1T = 2= |T}| = |Si| — 1.

Next, we conside the case when T; has at least one branch vertex of T. For each
vertex ¢ € S;, let f(¢) denote the unique vertex in B(T;)" such that distr(f(¢),¢) is as
small as possible. Note that f(¢) # f(¢') for any distinct two vertices ¢ and ¢ in S;. By
Claim 3.2.2 (ii), y; f(¢) ¢ E(G) for all £ € S. Since y; # f(¢) for all £ € S;,

[Na(y:) O V(T < [T = Kyt U Sil = [T3] = 15i] — 1.

Hence this claim holds. |

By Claims 3.2.2 (iii), 3.2.4, and 3.2.5 for each i = 1,2,...,m,

degg(vi) < [Na(yi) 0 (S\ Si)| + [Na(y:) N V(T
<S[ =[Sl + |Ti = 18] = 1 =[S+ |Ti[ = 2] 5] - 1.

Hence we obtain

S degaly) < mlS|+ 31T - 23 IS —m
i=1 =1 =1

=m|S| + |G| = {zo}| = 2(|S| = {zo}]) —m
= |G|+ (m—2)|S|—m+ 1. (3.1)
On the other hand, by Claim 3.2.3 and the assumption of Theorem 3.9, at least m — 1

vertices in {y1, 2, ..., Yn} have degree more than or equal to (|G| 4+ 1)/2 in G. Besides,
)(G) > k+1=|S|+1asGis (k+ 1)-connected. Thus we obtain

= G| +1
> desg(u) > (m~ I g1 (32
i=1
By (3.1) and (3.2),
- 1
(m —3)|S| > m2 3|G|+3m2 (3.3)

We divide the proof into the following two cases according to the value of m = | Ny (zo)|.
Case 3.2.1 m > 3.

Substituting m = 3 into the inequality (3.3), we have 0 > 4, a contradiction. Thus we
consider the case m > 4. By (3.3), we obtain
3m —1 1

> —(|G|+1).
e EEGER

Since G is (k + 1)-connected, 0(G) > k+1 =S|+ 1> (|G| +1)/2+ 1. Then G satisfies
all the conditions of Theorem 3.10 and thus it is k-leaf-connected.

1
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Case 3.2.2 m = 2.

By Claim 3.2.3 and the degree condition of Theorem 3.9, at least one of y; and y,
have degree more than or equal to (|G| + 1)/2 in G. Without loss of generality, we may

assume that
|G|+ 1

2

degg(y1) >
Using the inequality (3.1) with m = 2, we have

|G|+ 1

+ degq(y2) < degq(yr) +degg(y2) < |G| — 1.

Hence degq(y2) < (|G| — 3)/2. Since G — S is connected, there exist two vertices z; €
V(Ty) \ Sy and 25 € V(T3) \ Sy with 2129 € E(G). Note that z; # y; for each i = 1,2
by Claims 3.2.1 and 3.2.2 (iii). Since Claim 3.2.2 (iv) asserts that {z2}" N Ng(y2) = 0,
there exists a vertex z € V(T3) which is nonadjacent to yo in G. Choose such a vertex
z so that |Pr(ys, 2)| is as small as possible. By the choice of z, ys is adjacent to all the
vertices of V(Pr(ys2,27)) \ {2} in G. Thus distg(ys, 2) = 2. By degq(y2) < (|G| +1)/2
and the assumption of this theorem, we obtain

|G\+1

degg(2) > 5

Since yo is adjacent to all the vertices of V(Pr(y2,27)) \ {y2} in G, it follows from
Claim 3.2.2 (ii) that (V(Pr(y2,27)) \ {z7}) N B(Tz) = 0.

Claim 3.2.6 [Ne(yi) N V()| + [Ne(2) N V(TY)| < |T3].

Proof. To show the claim, suppose first that (Ng(y1) NV (T1))” N Ng(z) # (. Then
there exists a vertex w € Ng(y1) N V(T)) with w™ € Ng(z). Then by Claim 3.2.2
(iv), Ng(w™) € SUV(Ty) and so z € Sy. Since ys is adjacent to all the vertices of
V(Pr,(y2,27)) \ {12} in G, it follows from Claim 3.2.2 (iii) that 2= = 2. Then 7" :=

T+ 1w+ w z+ 2129 — Toys — 22° — w~w is a spanning tree with L(7") = S. This
contradicts the assumpution that G has no spanning tree 7" with L(T) = S. Hence
(Ng(y1) N V(T1))” N Ng(z) = 0. Since |[Ng(y1) N V(T1)| = |(Neg(y1) NV (T1))~| holds by

Claim 3.2.2 (ii), we obtain
[Na(y1) N V(Th)| + [Na(z) N V(Th)| = [(Ne(y) N V(T1)) | + [Ne(z) N V(T)| < |T4].

Therefore the claim is proved. ]

Subcase 3.2.2.1 B(T3) = 0.
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By Claim 3.2.2 (iii) and |Ss| =1,
[Ne(y1) N V(T2)| + [Na(2) N V(T2)| < [So] + 1o — {2, 42} = [T — 1.
The above inequality together with Claim 3.2.6 implies
degg(y1) + degg(2) < [Thf +[Ta| = 14 2[{zo}] = |G-
This contradicts degq (1) + degs(2) > |G| + 1.
Subcase 3.2.2.2 B(T3) # 0.

For any v € V(T3), we denote by S(v) the set of vertices ¢ in Sy such that Pr(v™,{)
contains v. In other words, S(v) is defined as the set of leaves in Sy which exist in the
direction away from v in 7" when v is not a leaf in T5; otherwise S(v) = {v}.

Claim 3.2.7 The following two statements hold for any vertex v € B(T3)™,
(1) 32 ¢ (Ne(y1) NV (12))” U Na(v) and
(i) (No(yn) N V(T2))™ 0 No(v) € S(v)

Proof. (i) By Claim 3.2.2 (ii), yo is not adjacent to v in G. Assume that there exists
w € Ng(y1) NV(Ty) with w™ = yo. By B(T3) # () and Claim 3.2.2 (iii), yo € B(T3). This
contradicts Claim 3.2.2 (i).

(il) Suppose that ((Ng(y1) NV (T2))” N Ng(v)) \ S(v)~ # 0. Let w € (Ng(y1) N
V(T3)) \ S(v) be a vertex such that vw~ € E(G). Then w € Sy because Claim 3.2.2
(iii) with y; implies Ng(y1) € S U V(T1). Note that Pr(w,v~) does not contain v by
v & S(v). By vv € B(Ty) and Claim 3.2.2 (ii), w~ # v~ and thus vw™ ¢ E(T).
Then 7" := T + wy; + vw™ — ww™ — vv~ is a spanning tree of G with L(T") = L(T),
Npi(xg) = Np(xp), and degp (y;) > 3. This yields 7" € T, which contradicts Claim 3.2.2
(). "

Define X as the set of vertices in the path components of 75 — z containing a vertex
in {z}". (In Fig.3.1, X consists of the black vertices.) Note that X N B(Tz) = () and it
might be X = 0. Let © € (Ng(y1) NV (Ty)) \ X. Since z is adjacent to y; in G, we obtain
x € S\ X by Claim 3.2.2 (iii). We define a function g from (Ng(y1) NV (73)) \ X to
V(T3) as follows. If x € S(z), then by ¢ X, Pr(z,z) contains a vertex in B(T3) and
define g(x) € B(Tz)* as a vertex such that |Pr(z, g(z))| is as small as possible; otherwise
g(x) :=x~ (see Fig.3.1). By Claim 3.2.2 (ii), g(z) ¢ X for each z € (Ng(y1) NV (T3))\ X.
Since z € Sy \ X, each pair of two vertices x and g(x) is a one-to-one correspondence.
Moreover, g(x) # z by the definition of X.

Choose a spanning tree T' € T so that

(T2) 3 cs\(woy [Pr(wo, )| is as small as possible subject to (T1).
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/

Figure 3.1: A tree T, where dotted lines are the edges not in 7', g(z) = 2/, and ¢g(y) = v/

Claim 3.2.8 zg(z) ¢ E(G) for each v € (Ng(y1) NV (T2)) \ X.

Proof. If (Ng(y1)NV(T2))\ X = 0, then Claim 3.2.8 holds. Thus we assume that there
exists a vertex © € (Ng(y1) NV (Ty)) \ X. Suppose first that ¢ S(z). Then B(T3) N
V(Pr(ye,27)) # 0. Since (V(Pr(y2,27)) \ {27 }) N B(Ty) = (), we obtain z= € B(T5).
Since z € B(Ty)" and g(x) = z~, it follows from Claim 3.2.7 (ii) that zg(z) ¢ E(G).

We next consider the case when x € S(z). If zg(z) € E(G), then T" := T + zg(z) —
g(x)g(z)~ is a spanning tree of G such that L(7") = L(T), Np(z9) = Nr(zg), and
> ves\ oy 1P (0, T)| < 3 1es (o) [ Pr (20, )| This contradicts (T2).

Hence Claim 3.2.8 holds. i
By Claim 3.2.8, we obtain

|(Na(y1) NV (T2)) \ X[+ [(Na(2) N V(T2) \ X| < [To] = [X] = [{y, 2}|
=T — | X] — 2. (3.4)

We shall show that |Ng(y1) N X| + |Na(z) N X| < |X|+ 1. To prove it, we need the
following three claims.

Claim 3.2.9 For any v € B(Ty)", deg(v) < (|G| +1)/2 if |S(v)| = 1.

Proof.  Suppose that there exists a vertex v € B(T)" such that |S(v)] = 1 and
degi(v) > (|G| + 1)/2. Let £ be the unique vertex in S(v). We distinguish two cases.

We first consider the case v ¢ (Ng(y1) NV (Ty))~. If v = £, then by v € B(T3)" and
Claim 3.2.2 (ii), we obtain y,¢ ¢ E(G). Hence

0 ifo=/¢

2  otherwise.

[Na(y1) N {6} + [Na(v) N {6} < {
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Claim 3.2.2 (ii) asserts that |Ng(y1) N (V(T) \ {¢})] = [(Na(y1) N (V(T2) \ {¢}))"| and
Claims 3.2.7 (i) and (ii) yield
[Na(yr) 0 (V(T2) \ {1)] + [Ne(v) 0 (V(T2) \ {£})]
=[(Ne(y) 0 (V(T2) \{£3)" |+ [Na(v) 0 (V(T2) \ {})]
{|T2|—|{y2,e}\+\s<v>-|=\T2\—1 if v =¢;
|15 — {y2} — {l, v} = |To] — 3 otherwise.

<

Hence we obtain
|Ne(y1) N V(T2)| + |[Ng(v) N V(1) < |Ty| — 1. (3.5)

Since v € B(Ty)™, it follows from Claim 3.2.2 (iv) that (Ng(y.) N V(T1))™ N Ng(v) = 0.
By Claim 3.2.2 (ii), |Ng(y1) N V(T1)| = |(Na(y1) N V(T1))~|. Hence

[Na(yr) NV(Th)] + [Ne(v) NV (Th)

=|(Ne(y1) N V(T1))"[ + [Ne(v) N V(Th)| < |Tl. (3.6)

By (3.5) and (3.6),
degg(y1) + degg(v) < [Th| + |To| = 1+ 2[{zo}| = |G].

On the other hand, degq(y1) + degs(v) > |G| + 1. This is a contradiction.

Next, we consider the case v € (Ng(y1) NV (T3))~. Note that v = ¢~ and |Ng(y1) N
{6} + INo(0) 0 {€}] = 2. By Claim 3.2.2 (i), |(Na(y) 1 V(T) \ {&}] = [((Ne(s) N
V(Ty)) \ {¢})"] and by Claims 3.2.7 (i) and (ii),

[(Ne(y1) N V(T2)) \ {03 + [(Na(v) N V(T2)) \ {¢}]
=[((Na(y) N V() \{3) |+ |(Na(v) N V(T2)) \ {¢}|
<ITo| = Hya, £, 03[+ [S(0)"| = |T2| = 2.

Hence we obtain
ING(y1) N V(Ta)| + [Na(v) N V(To)] < T3 (3.7)

Suppose that v is adjacent to a vertex z; € V(11) \ Si. Note that v¢ € E(T). Then
T =T+ yl + vz) — vl — xpy; is a spanning tree of G with L(7") = S. Hence T" is a
required tree, a contradiction. Hence (Ng(v) NV (171)) C S;. By Claim 3.2.5,

[Ne(yr) N V(T)| + [Na(v) N V(T1)| = Ti] = [Si] = 14 [51] = [Ta| = 1. (3.8)
By (3.7) and (3.8),
degg(y1) + degg(v) < [Th| = 1+ [T5] + 2[{zo}| = |G].

This contradicts degq (1) + degs(v) > |G| + 1. ]
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Claim 3.2.10 z ¢ (Ng(y1) N X)~.

Proof. Suppose that z € (Ng(y1) N X)~. Take £ € Ng(y1) N X with £~ = z. By the
assumption of Subcase 3.2.2.2 and Claim 3.2.2 (ii), 2~ € B(T,). Hence z € B(T3)*. By
the definition of X, we obtain z,¢ ¢ B(T3). Hence |S(z)| = 1. Therefore, by Claim 3.2.9,
degs(2) < (|G| + 1)/2. This contradicts deg(z) > (|G| +1)/2. ]

Claim 3.2.11 |(Ng(y1) N X)~ N Ne(2)] < 1.

Proof. Suppose that [(Ng(y1)NX)"NNg(z)| > 2. Then there exist two distinct vertices
ar,ay € X such that (Ng(y1) N{a;})™ N Ng(2) # 0 for each i = 1,2. Since ay,as € Sy by
Claim 3.2.2 (iii), we have z € B(T3). Furthermore, ay,ay ¢ {z}* by Claim 3.2.2 (ii). Let
w; € {2z} NV (Pr(z,a;)) for each ¢ = 1,2. By Claim 3.2.9, deg.(w;) < (|G| +1)/2 for
each ¢ = 1,2. This together with the assumption of the theorem implies wjwy € E(G).
Note that a; # w; for each i = 1,2. Then 7" := T+ a1y, + ay 2z +wwy — aya] — 2wy — 2Ws
is a spanning tree of G with L(T") = L(T), Np(z¢) = Nr(z¢), and degy (y1) > 3. This
contradicts Claim 3.2.2 (i). [

By Claim 3.2.2 (ii), |[Ng(y1) N X| = |(Ne(y1) N X)~|. By Claims 3.2.10 and 3.2.11, we
obtain

[Ne(y1) N X[+ [Na(2) N X[ = [(Na(y1) N X)7| + [Na(2) N X[ < | X]+ 1.
By (3.4), Claim 3.2.6, and the above inequality, we obtain
degq(y1) + dega(z) < |Ti| + | T2 — 1+ 2{zo}| = |G|.

This contradicts degq(y1) + degq(z) > |G| + 1. The proof of Subcase 3.2.2.2 is shown.
This completes the proof of Theorem 3.9. ]
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Chapter 4

Long paths in bipartite graphs

4.1 A Hamilton path in bipartite graphs

In 1963, Moon and Moser obtained a degree condition for bipartite graphs to have a
Hamiton cycle (resp. path). For a bipartite graph G' with bipartition (A, B), we define

011(G) = min { degq(x) +degs(y) v € Ay € Byxy ¢ E(G)}
if G is a complete bipartite, then oy 1(G) = co.

Theorem 4.1 (Moon and Moser [44]) Let G be a connected bipartite graph with
bipartition (A, B).

(i) If |A| < |B| <|A|+1 and 03(G) > |B|, then G has a Hamilton path.
(i) If|A| = |B|=n>2 and 011(G) > n+1, then G has a Hamilton cycle.

Note that the conditions |A| < |B| < |A| + 1 and |A| = |B] are necessary conditions for
bipartite graphs to have a Hamilton path and a Hamilton cycle, respectively.

4.2 Long paths in bipartite graphs and path-bistar
bipartite Ramsey numbers

To find a long path in graphs is one of generalizations of finding a Hamilton path. Inspired
by Theorems 4.1, we study a Fan-type condition for long paths in bipartite graphs in this
section.

In Graph Theory, many types of degree conditions were studied for some important
properties. We explain it with the Hamiltonicity of graphs as an example. Dirac [20]
proved that if a graph G of order n > 3 satisfies deg,(z) > 5 for all z € V(G), then G has a
Hamilton cycle. This result influenced sufficient conditions for the existence of a Hamilton
cycle with many extensions, for example, degree-sum condition, neighborhood-union
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condition, and so on (see a survey [37]). One of important extensions is a Fan-type
degree condition that we introduce in Chapter 2. In Graph Theory, similar situations
occur, i.e., a minimum degree condition is frequently replaced by a Fan-type condition,
that is a condition concerning max{deg.(x),deg,(y)} for non-adjacent vertices = and y
(see, for example, [40, 43, 57]). We carry the concept to bipartite graphs. The following
is one of our main results.

Theorem 4.2 Let m and n be positive integers with n > m. Let G be a bipartite graph
having partite sets X; and Xy with | X1| = |Xo| = n. If

(D1) max{degs(x;),degs(z2)} > m or
(D2) min{degg(x1), degg(x2)} = "5

for all vertices x1 € Xy and xo € Xy with v129 ¢ E(G), then G contains a path P with
|V (P)| > 2m.

The condition (D1) in Theorem 4.2 is best possible because G = K, ,, — E(K,—1m-1U
Ky mt1n—m+1) satisfies max{degq(x1),degs(x2)} > m — 1 for all vertices 21 € X; and
x9 € Xy with z129 ¢ E(G), and any paths of G have at most 2m — 1 vertices.

One of our main targets in this section is the bipartite Ramsey number. Let H"
and H® be bipartite graphs. The following fact is obtained by similar argument in the
original Ramsey’s theorem: there exists a positive integer N such that for any edge-disjoint
spanning subgraphs G" and G® of Ky y with E(G")UE(G®) = E(Ky ), H" C G" or H® C
G®. The smallest value of N satisfying the above property is called the bipartite Ramsey
number with respect to H" and H® and denoted by b(H", H?). Note that b(H", H®) =
b(H®, H™). If H® is a star, then the determination problem of b(H", H") is reduced to
a problem of finding H" under a high minimum degree condition. Thus the bipartite
Ramsey numbers involving stars tend to be simply determined. For example, Harary et
al. [29] proved that b(K; s, K1) = s +t — 1 and Hattingh and Henning [30] completely
determined the value b(Ps, K1) for s > 2 and ¢ > 2. Further results for the bipartite
Ramsey number related to stars were given in [17, 53]. As we mentioned above, some
bipartite Ramsey numbers involving stars are determined using a high minimum degree
condition problem. We will later show that a Fan-type condition gives manageable objects
which can be replaced by stars.

Let n; and ny be non-negative integers, and let S; and S5 be two vertex-disjoint stars
having n; + 1 vertices and ng + 1 vertices, respectively. The (ny, ng)-bistar, denoted by
B, n,, is the graph obtained from S; and Sy by joining their centers. Note that the
(n1,0)-bistar is the star having n; + 2 vertices and the (0, 0)-bistar is the connected graph
of order two. Recently, Hattingh and Joubert [31] proved that b(Bss, Biy) = s+t + 1,
and Alm et al. [2] extended the result as b(Bs, s,, Bt,1,) = s1 +t1 + 1 for sy > sy and
ty > to. In particular, we obtain b(K; s, K1) = b(Bs—1s-1, Bi—14-1). Hence the bipartite
Ramsey number involving bistars seems to be related to one involving stars.
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Recall that b(Ps, K1 441) (= b(Ps, Btg)) was determined by Hattingh and Henning [30].
In this paper, using Theorem 4.2, we extend their result and determine the value
b(Ps, B, +,) as following.

Theorem 4.3 Let s, t; and ty be integers with s > 2 and t; >ty > 0. Then the following
hold.

(i) If ty =ta, then b(Py, By, 1) = [55+] + t1 + 1.
(ii) Assume that t; > ts.
(ii-a) Ifty > [551], then

|52+t 41 (s is even, or s is odd and t; = 0 (mod 531))
|55+ 6 (otherwise).

b(P57 Btl,tz) = {

(ii-b) If t1 < |55 ], then

|52 +ta+ 1 (otherwise).

b(PS7Bt1,t2) = {

4.2.1 Proof of Theorem 4.2
We start with two lemmas. The following lemma is well-known (see, for example, [30]).

Lemma 4.4 Let m be a positive integer, and let G be a bipartite graph. If degs(z) > m
for all x € V(G), then G contains a path P such that |V (P)| > 2m.

Lemma 4.5 Let m be a positive integer. Let G be a connected bipartite graph having
partite sets X1 and Xy with | X1| > | Xs|, and let vy € X;. If degg(z) > m for all x € X7,
then G contains a path P such that xq is an end-vertex of P and |V (P)| > 2m.

Proof. We proceed by induction on m. It is clear that the theorem holds for m = 1.
Thus we may assume that m > 2.

Let Hy = G — {x1,y : y € Ng(x1), degs(y) = 1}. Since |V (Hyp)| > | X1 — {x1}] >
| Xo| —1>degn(z1) —1>m—12>1, Hyis non-empty. Since |V (Hy) N X;| = |X1|—1>
| Xo| —1 > |V (Hp) N Xsy| — 1, there exists a component Hy of Hy such that |V (H;)NX,| >
|V(H1) N Xs5| — 1. Since G is connected, it follows from the definition of H, that there
exists a vertex xo € Ng(z1) NV (H;) and |V (H;)| > 2.

Since |V (Hy—z2)NXy| = |[V(H)NX,| > [V(H)NXa|—1 = ([V(H—22)NXa|+1)—1,
there exists a component Hy of H; — x5 such that |V (Hy) N X;y| > |V(Hz) N Xs|. Since
degy(zy) > 2, there exists a vertex x3 € Ng(z2) N V(Hsy). Note that z3 € X; and
degy, (v) = degg () —|Ng(x) =V (Hz)| > m—|Ng(x)N{x2}| > m—1forallz € V(H;)NX;.
By the induction hypothesis, Hy contains a path ) such that x3 is an end-vertex of @
and |V(Q)] > 2(m — 1). Then the path P = zyz23Q is a desired path. ]
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Proof of Theorem 4.2. Let m, n, G, X; and X, be as in Theorem 4.2. By way of
contradiction, suppose that every path of G has at most 2m—1 vertices. Let P = y1y2-- -y
be a longest path of G. Then ! < 2m—1. Note that V(G)—V (P) # 0 because |V (G)| = 2n.
Without loss of generality, we may assume that y; € X;.

Since P is a longest path, all neighbors of y; are contained in V(P) N X5. So, if
degg(y1) = m, then [V(P)| = |V(P) N Xu| + [V(P) N Xa| = 2V(P) N Xs| = 2degg(y) >
2m, a contradiction. Thus, we have degq(y;) < m — 1.

Suppose that there exists a vertex w € Xy, — V(P) such that (D2)
min{deg,(y1),degg(v)} > = holds. Let I; = {1 < i < L : y1yo; € E(G)} and
L ={1<i<Ll:uy € E(G)}. Notethat |I,| = degy(y1) > “ and since y; is

2 2
not a neighbor of u, || = degg(u) — degg_y(py(u) > "3+ — | Xy — V(P)|. Thus,

l
n—|X;-=V(P)| = |[XinV(P)|>

This implies Iy NIy # 0, say i € Iy N Iy. Then yy;_1 - y2:y1y2 - - - Yai—1u is a path longer
than P, a contradiction.

Therefore, for u € Xy — V(P), (D1) max{deg.(y1),degs(u)} > m holds. Since
dega(y1) < m — 1, we have deg,(u) > m for u € Xy — V(P). Since |X;| = |X3|
and |[V(P) N X;| > |[V(P) N Xy|, there exists a component Hy of G — V(P) such that
\V(Ho) N Xs| > |V(Ho) N Xy|. Let h = max {|Ng(u) NV (P)| : u € V(Hp) N X}. Take
a vertex u* € V(Ho) N X5 so that [Ng(u*) NV(P)| = h. Since [V(P)NX;| < B < 2
and u*y; ¢ E(G), we have 0 < h < m — 1. For u € V(H,) N Xy, since deg,(u) > m,

degy, (u) = degg(u) — [Ng(u) NV(P)| > m —h (> 1).

Then by Lemma 4.5, there exists a path P’ of Hy such that u* is an end-vertex of P’ and
|[V(P")| > 2(m — h). If h =0, then |V(P’")| > 2m, which is a contradiction. Thus A > 1.

Note that Ng(u®) NV(P) € V(P) N (X1 —{yi}) (= {yz-1 : j = 2}). Let j be
the maximum integer satisfying u*ys;_1 € E(G). Since |Ng(u*) N V(P)| = h, we have
j > h+1. Let P” be the path as P" = y; Pys;_u*P’. Then |V (P")| > (2j—1)+2(m—h) >
(2(h+1) — 1) + 2(m — h) > 2m, which is a contradiction. This completes the proof of
Theorem 4.2. |

4.2.2 Proof of Theorem 4.3

In this section, we prove Theorem 4.3.

Lemma 4.6 Let N be a positive integer, and let t; and ty be non-negative integers with
N >t > ty. Let Xy and Xy be the partite sets of K. Let G" and G® be edge-disjoint
spanning subgraphs of Kn y with E(G")U E(G®) = E(Kyn). If By, 1, ¢ G°, then
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(N1) max{deg..(x1),degsr(x2)} > N —t3 or
(N2) min{degqr(z1),deger(22)} > N — 14

for all vertices 1 € Xy and x4 € Xy such that v1x9 ¢ E(G").

Proof. Let z; € X; and x3 € X5 be vertices such that xyzo ¢ E(G"). Since By, 4, ¢ GY,
degen (1) < tj or degen(ws) < t3_; for each j € {1,2}. Since degqr(;) + degen(z;) = N,
this implies that

deger (1) > N —t; or deggr(z2) > N —t3_; for each j € {1,2}. (4.1)

If deger(z1) > N —ty or deggr(2) > N —to, then (N1) holds. Thus we may assume that
deger(21) < N —ty and deggr(z9) < N —to. Then by (4.1), we have deggr (1) > N — ¢4
and degg. (z2) > N — t1, which implies (N2). |

Lemma 4.7 Let s be an integer with s > 2, and let t; and ty be non-negative integers
with ty > ty. Then b(Py, By, 1) < |5+] 4+t + 1.

Proof. Let N = L%j + ¢, + 1. Let X; and X, be the partite sets of Ky . Let G"
and G° be edge-disjoint spanning subgraphs of Ky y with E(G") U E(G®) = E(Kx.y).
Suppose that By, 1, ¢ G?. Tt suffices to show that P, C G". Since t; > t, it follows from
Lemma 4.6 that max{degg- (1), degg-(z2)} > N —t; = [*51] +1 for all vertices z; € X,
and xo € Xy with z129 ¢ F(G"). Since N > [%J + 1, applying Theorem 4.2 with n = N
and m = [*51] 4 1, we obtain a path P in G" with

IV(P)|Z2QS;1J+1> 22(%4&):37

as desired. |

Lemma 4.8 Let s be an odd integer with s > 3, and let t; and ty be non-negative integers
such that t; >ty and t; Z 0 (mod %) Then b(Ps, By, 1,) < % + 1.

Proof. Let N = % +t;. Let Xy and X, be the partite sets of K . Let G" and G
be edge-disjoint spanning subgraphs of Ky with E(G") U E(G®) = E(Ky ). By way
of contradiction, suppose that P; ¢ G" and By, 4+, ¢ G’. Since t; > to, it follows from
Lemma 4.6 that max{degq. (1), degg-(22)} > N —t; = 55+ for all vertices z; € X; and
x9 € Xy with xy29 ¢ E(G").

Claim 4.2.1 If a component H of G" contains a path of order s—1, then |V(H)| = s—1.
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Proof. Suppose that H contains a path P = yyys---ys_1. Without loss of generality,
we may assume that y; € X;. Note that ys 1 € X5. Since H contains no path of
order s, Ny(y1) € V(P)N Xy and Ny(ys—1) C V(P)N Xy, If yiys—1 ¢ E(H), then
degy(y1) < [V(P) N (X2 = {ys—1 D] = 57, degy(ys—1) < [V(P) N (X1 = {m})] = F°
which contradicts the fact that max{degy (y1),degy (ys—1)} > 5*. Thus y1y,—1 € E(H).
In particular, y1ys---ys_1y1 is a cycle of H. Since G" contains no path of order s, it
follows that Ny (y;) C V(P) for all i (1 <i <s—1). In particular, H[V(P)] = H. |

Since N = % + t; > 5=, applying Theorem 4.2 with n = N and m = 551, we
obtain a path P in G" with |V( )| > 2551 =s—1. It follows from Claim 4.2.1 that
G"[V(P)] is a component of G". In particular, deggrypy(z) < 55t = N —t; < N —ty
for all € V(P). This together with Lemma 4.6 implies that deggq-(u) > N — ¢; for all
ueV(G")—V(P).

Since N — =5t = ¢, > 1, V(G") — V(P) # 0. Let H be a component of G" other
than G"[V(P)]. Since deggr(u) > N —¢; = 52 for every u € V(H), it follows from
Lemma 4.4 that H Contains a path of order s — 1. Then by Claim 4.2.1, |V(H)| =s—1
(i.e., [V(H) N X,| = =51). Since H is arbitrary, N (= |X;|) is a multiple of 51, which
contradicts the assumptlon that ¢; # 0 (mod *31). |

Lemma 4.9 Let s be an integer with s > 2, and let t, and ty be non-negative integers
with [55%] >t > ty. Then

2t + 1 (21 —to > [551])

b(Ps, Bty 1) <
( ht2) {L%J +ty+1 (otherwise).

Proof. Let N = [53}]| 4+ {5 4+ 1 + max{2t; — t» — [*5+],0}. Let X; and X, be the
partite sets of Ky . Let G" and G® be edge-disjoint spanning subgraphs of Ky x with
E(G")U E(G®) = E(Ky.x). Suppose that By, ;, ¢ G as a subgraph. It suffices to show
that P, C G". Note that N —t5 > (|55 +ta+1) —to = [52] +land N — ¢ > &H
because

AN —t;) = (N+1)=N—2t; —1

1 -1
{52 J—l—tQ—l—maX{%l—tQ—f J }—Qtl
_{0 (2t — ty >

|52 ] = (2t — 1) > 0 (otherw1se).

This together with Lemma 4.6 implies that, for all vertices z; € X; and 25 € X, with
T1T2 ¢ E(GT),

o max{deg.(z1),deggr(2)} > N —ty > [S;QIJ +1or
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e min{deg.(z1),deggr(x9)} > N —t; > %

Since N = |52 |+t + 14+ max{2t; —t, — [ 5*],0} > |51 | + 1, applying Theorem 4.2
with n = N and m = [*5*| + 1, we obtain a path P in G" with

|V(P)|22Q$;1J+1> ZQ(%%—l):s,

as desired. |

Proof of Theorem 4.3. Let s, t; and t5 be as in Theorem 4.3. We first prove the theorem
for the case where s = 2, i.e., b(Ps, By, 1,) = t1+ 1. By Lemma 4.7, we have b(Pa, By, 1,) <
t1 + 1. Now we prove that b(Ps, By, +,) > t1 + 1. Let X; and X, be the partite sets of
Ky, 4, Let G" be the graph obtained from Kj, ;, by deleting all edges, and let G* = K, 4,.
Then it is clear that P» ¢ G™ and By, 4, ¢ G®, and so b(Ps, By, +,) > t; + 1. Thus we may
assume that s > 3. Let ¢ € NU{0} and r (0 <7 < [#51] — 1) be the integers satisfying
ty = L%J q+r.

(i) Suppose that ¢; =t5. Let N = |51 | +¢;+1. By Lemma 4.7, we have b(Ps, By, 4,) <
N. Now we prove that b(Ps, By, +,) > N. Let X; and X, be the partite sets of
Kx_1.n-1. We partition X; into ¢ + 2 sets X2, X}, ..., X/ with |X?| = |X}| =
o= |X{] = [%5%] and | X = r. Note that X{™' = 0 if and only if ¢; =
0 (mod [*51]). Let G be the spanning subgraph of Ky_; y_1 such that

E(GT) = U {xle 1T € Xf, Ty € Xg},

0<j<q+1

and let G Kn_1n-1 — E(G"). Then the order of longest paths of G” is at

most 2[£%| (< s — 1). Furthermore, since min{degg (1), deggs(22)} < (N — 1) —

|52 =t1 (= ty) for every edge z172 € E(GP), we see that By, ;, ¢ G°. Therefore

b(Ps, B, t,) > N.
(ii-a) Suppose that t; > ¢y and t; > L%J Note that ¢ > 1. Let
_ |52 ] +t14+1 (siseven, or sisodd and ¢; = 0 (mod =)
|52+ 6 (otherwise).

By Lemmas 4.7 and 4.8, we have b(Ps, By, +,) < N. Now we prove that b(Ps, By, +,) >
N. Let X; and X5 be the partite sets of Kn_1 y_1.

If s is even, or s is odd and ¢t; = 0 (mod %), we partition X; into ¢ + 2 sets
X0, XL X with | X?| = (X = = | XY = |52 and [ X = 7; otherwise,
we partition X, into ¢ 4 2 sets X0, X!, ..., X7 with

° |Xf| = % for i € {1,2} and j (0 < j < q) with (4,7) ¢ {(1,0),(2,1)},
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(ii-b)

o IX{| = |X}] = 552 and

o [ XTT|=|x5" =
Note that X?™" = () if and only if t; = 0 (mod [55%]). Let G" be the spanning
subgraph of Ky_; y_; obtained by

e joining all vertices in X9 to all vertices in X9 U XJ™,

e joining all vertices in X} to all vertices in X! U X" and

e for each j (2 < j < q), joining all vertices in X7 to all vertices in X3,

and let G* = Ky 1 n_1 — E(G").

If s is even, then the order of longest paths of G” is at most 2|55+ | +1 = 2.2 +1 =
s —1;if s is odd and ¢; = 0 (mod %), then the order of longest paths of G" is
255 =25 =s—1;if sis odd and ¢; # 0 (mod *51), then the order of longest
paths of G” is at most

-1 -3
maX{Q-S ,2-82 -l—l}:s—l.

Furthermore, since we easily check that deggs(z) <ty for all z € V(G®), By, 4, ¢ G°.
Therefore b(Ps, By, +,) > N.

Suppose that t; >ty and t; < [55+]. Let N = |55+ |+to+1+max{2t; —to— | 55+, 0}.
By Lemma 4.9, we have b(Ps, By, +,) < N. Now we prove that b(Ps, By, +,) > N. Let
X; and Xj be the partite sets of Ky_1 n_1.

If 2t —ty > [551] (ie., N —1 = 2t;), we partition X; into two sets X} and X? with
| X}| = |X2| = t1; otherwise (i.e., N = [*1] + #5), we partition X; into two sets
X} and X? with |X}| = [25] and |X?| = t,. Let G" be the spanning subgraph of
Kyn_1 n-1 such that

E(Gr) = U {xle A € X{? T2 € X%}’

Jje{1,2}

and let Gb = KNflnyl - E(Gr)

Since ty <ty < |%5+], the order of longest paths of G™ is at most 2[$54] (< 2- 251 =
s —1). Furthermore, if 2t; — ¢ > [*51], then deggu(z) = (N — 1) — ¢; = ¢; for all
z € V(GP); if 2t — to < [551], then min{degq (1), deggs (22)} = to for every edge
T119 € E(G?). In either case, By, 4, ¢ G°. Therefore b(P;, By, 4,) > N.

This completes the proof of Theorem 4.3. ]
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