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Abstract. In this paper, we consider discrete-time quantum walks with moving
shift (MS) and flip-flop shift (FF) on two-dimensional lattice Z? and torus 73, =
(Z/N)%. Weak limit theorems for the Grover walks on Z? with MS and FF
were given by Watabe et al. and Higuchi et al., respectively. The existence of
localization of the Grover walks on Z? with MS and FF was shown by Inui et al.
and Higuchi et al., respectively. Non-existence of localization of the Fourier walk
with MS on Z? was proved by Komatsu and Tate. Here our simple argument gave
non-existence of localization of the Fourier walk with both MS and FF. Moreover
we calculate eigenvalues and the corresponding eigenvectors of the (kq, k2)-space
of the Fourier walks on 7% with MS and FF for some special initial conditions.
The probability distributions are also obtained. Finally, we compute amplitudes
of the Grover and Fourier walks on 73.

1. Introduction

The notion of quantum walks (QWs) was introduced by Aharonov et al. [1]
as a quantum version of the usual random walks. QWs have been intensively
studied from various fields. For example, quantum algorithm [11], the topological
insulator [6], and radioactive waste reduction [10]. As for books and review
papers on QWs; see [2, 8, 12, 13].

In the present paper, we consider QWs on the two-dimensional lattice, Z?2,
and N x N torus, 7% with moving shift (MS) and flip-flop shift (FF).

The properties of QWs in the one dimension, e.g., ballistic spreading and lo-
calization, are well studied, see Konno [7]. On the other hand, the corresponding
properties of QWs in the two-dimensions have not been clarified. However, here
are some results for the Grover walk and Fourier walk on the two-dimensional
lattice. Weak limit theorems for the Grover walks on Z? with MS and FF were
obtained by Watabe et al. [14] and Higuchi et al. [3], respectively. Inui et al. [4]
and Higuchi et al. [3] showed that localization occurs for the Grover walks on Z?

2010 Mathematics Subject Classification: 60F05, 81P68
Key words and phrases: Fourier walk, Grover walk, localization



14 M. ASANO, T. KOMATSU, N. KONNO, AND A. NARIMATSU

with MS and FF, respectively. Komatsu and Tate [5] proved that localization
does not occur for the Fourier walk on Z? with MS. It is not known for any re-
sult on the Fourier walk on Z? with FF. Hence we proved that localization does
not occur for the Fourier walk on Z? with both MS and FF by using a simple
contradiction argument which is different from the method based on the Fourier
analysis given by [5]. Time-averaged limit measure of the Grover walk with FF
on 73, was obtained analytically by Marquezino et al. [9]. The expression of the
time averaged limit measure of the Grover walk on 7% with both MS and FF is
not known.

In this paper, we compute eigenvalues and the corresponding eigenvectors
of the (ky, ks)-space, which is equivalent to {0, 1, ..., N — 1}2, of the Fourier
walks on 7%, with both MS and FF for the special initial conditions, for examples,
ki = ko or ky + ko =0 (mod N). By using these results, we obtain the measures
at time n for the walks. Moreover, we calculate amplitudes of the Fourier walks
on 75 (i.e., N = 2) with MS and FF. We also compute amplitudes of the Grover
walks on 73 with MS and FF, and discuss a difference between the Fourier and
Grover walks.

The rest of the paper is organized as follows. Section 2 is devoted to the
definition of QWs on 7%,. In Section 3, we consider the Fourier walks on 7%, and
Z? with both MS and FF. Section 4 deals with the Fourier and Grover walks on
75. In Section 5, we summarize our results.

2. QWs on 7%,

This section presents the definition of QWs on 7%,. Let U be a 4 x 4 unitary
matrix which is the coin operator of QW. For a coin operator U, we introduce
U;=PFU (j =1,2,3,4), where

P1:

cCoo0co oo o~
1
co oo oo oo

Py =

O O O O O o o o
O =R OO OO o O
O O OO O o o o
O O OO O o o o
_ oo O oo O o o o

O OO o O o+ O

In this paper, we consider two types of shift operator, i.e., moving shift (MS)
and flip-flop shift (FF). First we introduce the time evolution of QW with MS
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as follows: for x1, x5 € 7T]2V,
\I’ﬁ)ﬂth) U0 (@1 + 1, @) + U002y — 1, 20)
+U3 \Ifm)(xl,x2+1)+U4 \Ijm)(xlv@_l)

where U™ = U. Next we introduce the time evolution of QW with FF as
follows:

\1]5321(‘@171'2) Ul \If (IL‘l + 1 1'2) + Uz(f)\ll(f)<l'1 — ]_,ZEQ)

n

+U3 \If (;El,:v2+1)+U4 \I’( (21,29 — 1).

Here UY) is given by

Uy — Um.

S O = O
S O O =
o O O
o = O O

Put Ky ={0,1,..., N — 1}, we define the Fourier transform by

n . 1 i
T (ky, ko) = N Z w etk g ) () 30) (5 = m, f),

(w1,22)€m,

where (ky, ks) € K% and w = exp(27i/N). The time evolution of QW on (k, k»)-
space is written as

‘1’5311(%1,%2) = U (ky, ko) U (K1, ko) (5 =m, f),

where
wh 0 0 0
A 0 whk 0 0 j
) _ U (5=
U9 (ky, ky) 0 o0 o o [TV G=m])
0 0 0 wh
Remark that
W (ko) = (U9, k)" 95 (v, k) (5= m ). 1)

Since UY(ky, ko) is unitary, we have the following spectral decomposition as
follows:

3
klakQ Z)\EJ kl,kQ \’U (k1>k2)><vz-(j)(k1,k2)’ (j:maf)' (2)
1=0
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where )\Z(-j)(k‘l, ky) is eigenvalue of U (ky, ky) and |Ui(j)(k‘1, ks)) is the correspond-
ing eigenvector for i = 0,1,2,3. Therefore, combining Eq.(1) with Eq.(2), we
obtain

3
VECNEDY A (R, o) [0l (ky, o) Y (0 (o, o) (9 (R K) - (G = m, f)-
=0

3. The Fourier walk on 7%

In this section, we present the definition of the Fourier walks with moving

and flip-flop shifts on 7%;.

3.1 The Fourier walk with MS

This subsection deals with the Fourier walk with MS whose coin operator is

defined by

1 1 1 1
111 ¢ -1 —3
Uym — —
211 -1 1 -1
1 — =1
Then U™ (ky, ky) for k1, ks € Ky = {0,1,...,N — 1} is given by
wh whk wh wh
m 1 |w™ ™ R R
U( )(kjl,k’Q) = 5 ka _wkZ ka _ka
wke R ke R

Moreover we can compute the characteristic polynomial as follows.

det( Ay — U™ (ky, ky))
L+ig o b+ sind 1 by — k
i (cos i+ sin by - cos Fy & sin k2> A3 5 <1 + cos (kl - kz)))@

+1

1 . . . .
+ (COS k1 + sin ky + cos ky + sin k2> A—1, (3)
with k; = 2rk;/N. Since A # 0, dividing both sides of Eq.(3) by A, we have

det(\y — U™ (ky, ks))

)2
1+i/ - - - - 1—i -
=\ — +Z(cosk:1+sink1—|—cosk:2+sink:2>/\—Tz(l+cos<k1—k2>>
1+Z 7 .7 7 -7 -1 =2
+ 5 (cosk:l—i—smk:l—i-cosk;g—i-ska)/\ . (4)
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Let 7 = R(A\) and y = $(A), where ) is an eigenvalue of U™ (ky, k). Here R(z)
is the real part of z and (z) is the imaginary part of z € C. We should remark
that Eq.(4) implies that x and y satisfy the following equation.

v? —y? — 22y + Ay — B =0, (5)

where A = cosk, + sink; + cosks + sinky and B = {1+ cos(/%l — /%2)}/2 It
would be difficult to get an explicit form of A\ = x + iy for any (ki, ko) € K5
by using Eq.(5). Therefore we consider the proper subsets A of K%. In this
model, we deal with the following two cases; (a) A = {(k1,k2) = (0,0)} and
(b) A = {(ki,ks) € K% : k1 = ko}. Let A (ki ky) denote the eigenvalues of
U™ (ky, k) and v](.m)(kzl, k2) be the corresponding eigenvectors for j = 0,1,2, 3.
We should note that case (a) related to a QW starting from uniform initial state
given by Eq.(10), and case (b) is related to a QW starting from restricted uniform
initial state (z1 + 22 = N) given by Eq.(11).

(a) (k1,k2) = (0,0) case
The eigenvalues of U™ (0,0) are

26" (0,0) = A (0,0) = 1, A§™(0,0) = —1, A{™(0,0) =4, (6)
and the corresponding eigenvectors are
(m) 1 (m) L7
vy (0,0)== [1 1 -1 1], »,""(0,0)=—= [1 0 1 0],
P.0=3 | 0.0 = | |
17 I
vg’”’(o,O):5 1 -1 -1 —1},v§m)(0,0):—2 0 1 0 —1]. (7)

(b) (k1,k2) = (k, k) case

The eigenvalues are
A k) =1, Xk k) = o, Ak k) = =1, Ak k) = iw ", (8)

and the corresponding eigenvectors are

vém)(k,k):%T[w’“ 1 -k 1},v§m)(k,k):%T[1 0 1 0],
T
vém)(k,k)zé [ -1 -t —1},v§m)(kz,k):%T[0 10 —1]. (9

From now on, we calculate \I/%m)(xl, xo) for two cases. Specific initial states by
Eqs.(6), (7), (8) and (9).
(i) Here we consider with uniform initial state \Ilém) (x1,22), ie.,

1

\Ifém)(xl,@) =5 T [al oy o a4} (21, 72) € T%), (10)
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where |aq |2 + |aa|? + |as|* + s = 1 with a; € C (j = 1,2, 3,4). By the Fourier
transform, we see that the initial state of (k1, ko)-space becomes

1 T
A N [041 Qo Q3 044] (k?l,ké):((),o)
U™ (ky, ko) =

T@o oﬂ (K1, k2) # (0,0)

Thus we have

3
1
U (21, 3,) = N Z whimtkaes Z)\i(klyk2)n|vi(k17k2)><vi(kla k2)|o)

_ %ZAim,o)nm(o,o»wi(o,o>r¢>,

where ¢ = T[a; ay az ay). From Egs.(6) and (7), we obtain the desired result as
follows.

U™ (21, 75)
B+ (D" + (1 - (=1)" )az+(1—( D"+ (1= (=1)") ey
LA =EDMar+ (T4 (D" +2i")az + (=14 (=1)™)ag + (1 + (=1)" — 2i") oy
AN U—PWMﬁG+H4H%+((1ﬂ%+(-H1Wm
(1= (D" + (1+ (=1)" = 2i")ag + (=1 + (—D)")as + (1 + (=1)" + 2i") oy

for (z1,15) € 7%. Hence we find that the amplitude \I/Sil(ml, T9) = ol (1, x2)
for (z1,2,) € 7% and n € Zs. That is to say, the Fourier walk with MS starting

from uniform initial state has the period 4.

(m) (

(ii) We consider a QW with restricted uniform initial state Wy’ (21, z9) given by

1 T
—F |:051 Qo Q3 044:| (1’1 + Ty = N)

\I/(()m)<l’1,l'2> = \/N ) (11>

T@o 0@ (z1 4 29 # N)

where |aq|* + |ag|* + |as|* + |as|? = 1. The Fourier transform implies that the
initial state of (k, k2)-space becomes

L,— T [041 Qg Q3 044] (/ﬁ = k2)
A~ ( N
U™ (ky, k) =

T@ 000} (ky # k»)
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Therefore we have
3

U 1,m) = g 3 WS A K k) kR, (12)

k€K i=0

where ¢ = T [a; a» a3 au]. Combining Eq.(8) with Eq.(12), we get

U™ (2, 2)
1 N—-1

= D WL (Il ™ (k1) + w0 o™ (O, ) @)™ (b, )

(=) ™k, R) )™ (k1) + "™ o™ (k, ) @)™ (k) . (13)
From Eq.(9), we see that

k. )16) = £ { (o — )~ + s + ), ><k,k>\¢>=%<a1+a3>,
(570,16 = (e — aao™ =z — an, (0 IO} = (e — ).
(14)

Inserting Eq.(14) to Eq.(13) gives
1 N-1
CE1+I2 k

o — ag + (042 + a4)w + 2(a1 +az)w™ + (=1)" (a1 — az) — (=1)"* (g + ay)w”

(1 —az)w™ +ag +ay — (=1)" {(al—ag) F— oy —ay} + 2"y — ay)w (15)
—a1 + o3 — (a2+a4)wk+2(a1 +055> ( 1) {Oél — Q3 — ((12+O(4) k} |
(a1 —az)w ™ +ag + oy — (=1)"{(a; — az3)w™ — ap — ay} — 2i"(ay — ag)w ™"
Then Eq.(15) can be rewritten as
a1 — (3
1 Qo+ oy
g(m) = ° 14 (=1)"}8;_,
n (x17x2) 4\/N{ —(&1—043) { +( ) } Js ](xl?xQ)
Qo + Oy
i Qo + Oy 0
0 n a1 — Q3 n
T (o + o) (D) g e2)+ | )7 L= (1)1 (21, 22)
L 0 ap — as
_CY1 + a3 0
O Qg — Oy . .
+ o + s 2(5] —j— n(ml,l‘g) + 0 21 j7_j+n(£L‘1,ZE2)} (] - KN),
L 0 —(042 — 064)
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where

1 o) = (a, b
Oap(T1,22) = ((331 z2) = (a ))
0 ((x1,22) # (a,b))
The first, second and third terms of the equation mean that the walker is trapped

around z; + 9 = 0 (modN). The forth and fifth terms of the equation mean
that the walker keeps on moving straightly.

3.2 The Fourier walk with FF

In this subsection, we consider the Fourier walk with FF whose coin operator
is defined by

1
v =

— s
—_
-y
—

Then UY)(ky, ky) for ki, ks € Ky = {0,1,..., N — 1} is given by

Wk jwh —wk ik

) 1 |wh Tk wk wk
U (klakZ):_ k -k k .
2 | w* —w =™ w2

wk TR yTRe R

The eigenvalues of UY)(ky, ky) are the roots of the following polynomial:

det(A\y — U(f)(kl, ko)) = At — <cos k, — cos /2:2) 3+ % (1 — cos(/%l — ké)))\Q

+ i(cos ki — cos /;;2>/\ — 1. (16)

We put z = R(\) and y = $(\), where A is an eigenvalue of U (ky, k). We
should remark that Eq.(16) implies that = and y satisfy the following equation:

x2—y2—2:vy—0($—y)+D:O,

where C' = cos ky — cos ky and D = {1 — cos(k; — k3)}/2. It would be hard to get
solution for any (ki, ko) € K%, so we consider suitable proper subsets B C K%,
as in the case of MS model. In this model, we deal with the following two cases:
(@) B = {(ki,ko) € K% : ki = ko} and (b) B = {(ky,k2) € K% : k1 + ko =
0 (modN)}. Let A;f)(kl,ka) be the eigenvalues of UY)(ky, k) and Uj(f)(l{?l,kg)
be the corresponding eigenvectors for j = 0,1, 2, 3.
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(a) (k1, ko) = (k, k) case

The eigenvalues are
)\(()f)(k;, k:) _ 67ri/8’ )\gf)(k:, k:) _ e5m‘/87 )\gf)(k, k) _ 697ri/8’ )\gf)(k, k:) _ 6137ri/8’
and the corresponding eigenvectors are
£ 2 ok k
(k, k) +iw™ ") (N (k, k) + w"®)
2
)+ WAk k) +w7F)

)Z i) (k, k) — oF)
) + W) Ak k) —wh)

N

—~

-

2y

~—

|

&

ko
~ T

>

=
~—~ N
> ™ =
> T

where Z;(k, k) is a normalized constant.

(b) (i1, ke) = (k, N — k) case
The eigenvalues A satisfy the following equation with fourth order;

M4 (1—i)sin?kX? —i=0.

Thus we get

\/2—8111 kE+ V2 —sin*k +z\/2+smk: \/Z—Sm

A (k, N — k)

N \/2—sm2/'%—\/2—sm412;—z'\/2+sin21%+\/2—sin4l%
2 )

and corresponding eigenvectors are

o (k,N — k)
M> +isin k)(1 +A(”(k; N — k)wh)
.t ()\Jf( — k) +isink)(1+ ( N — k)w ")
Zi(k, N = k) | AP (k,N — k) +isink)(1 = X (k, N — k)w*) |’

~OA\P (b, N — k) +isink)(1 )\(f)(kN k)wh)

where Z;(k, N — k) is a normalized constant.
3.3 Non-existence of localization

In this subsection, we prove that localization does not occur for the Fourier
walks on Z? with both MS and FF. According to Komatsu and Tate [5], if a
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QW has localization, then the characteristic polynomial of the quantum coin
in (ky, k2)-space has greater than one constant roots. Assume that the Fourier
walk with MS has a constant root A with |[A\| = 1. In a similar way, by using
characteristic polynomial (3), we have

1—1

— 1 +i<cosk:1 + sin by + cos ko +Sink‘2>)\3 — T<1 +cos<k:1 — k‘z))/\2

)\4

+1

(cos ki + sin k; + cos ky + sin k‘2>)\ —i=0, (17)

where (kq, ko) € (—m, 7|2 Since the constant root A does not depend on k;, we
obtain the following equation by differentiating Eq.(17) with respect to k;.

! ; ! (sin<k1 — k’2>>>\2
4 %(— sin k1 + cos /ﬁ)/\ = 0. (18)

141
2

(— sin k; + cos k:1> A+

Hence Eq.(18) can be rewritten as

(— sin &y + cos kl) (v . 1) _ Asin (k1 _ kz)
+@{< —sink, +cosk:1) (V _ 1) + Asin(kl _ /@)} — 0.

Therefore we have )\sin(/ﬁ — kg) = 0 for any (ky, ko) € (—m,7]%. This contradicts
|A| = 1. Thus we conclude that Eq.(17) does not have any constant root, so non-
existence of localization for the Fourier walk with MS is shown.

In a similar fashion, we can prove that localization does not occur for the
Fourier walk with FF. Eq.(16) gives the characteristic polynomial for this model
is as follows.

A — (cos ki — cos k’g) A3 4 % (1 — CoS (k;l - k‘g)))\2
+ i(cos ky — cos kfg))\ —i=0, (19)

where (ky, ko) € (—m, ]2, By differentiating Eq.(19) with respect to ki, we have

; ! <sin <k1 - k2>>)\2 - z’(sin /21>>\ =0. (20)

1
(sin ko )% +
Therefore Eq.(20) becomes

2% sin ky + Asm<k;1 _ k:2> _ z’{QSinkl + )\sin(k:l _ k:2>} —0.
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Then we obtain 2sin k; + sin(k:l — k‘g) = 0 for any (ky,ks) € (—m,7]?, this is
contradiction. Hence we show non-existence of localization for the Fourier walk
with FF.

4. 75 case

In this section, we compute W, (x1, z5) of the Fourier and Grover walks with
both MS and FF when N = 2, for all n € Zs and (z1,75) € 7. As the initial
state, we take

g [041 Qg Qg 044} (@1,372) = (an))
U (a1, x2) = (j=m. )
™o 0 0 0] ((z,m)#(0,0)

for |ay|? + |ao]? + |az|* + |au|? = 1 with ap € C (£ = 1,2, 3,4).
4.1 The Fourier walk on 73
This subsection deals with ¥’ (x1,22) (j =m, f) of the Fourier walk.

(a) MS case
By Eq.(17), we get the eigenvalues of U™ (ky, k) as follows.

A 0,0y =1, A"0,0) = -1, A™(0,0) =1, A"(0,0) =14,

A =1, A0 = -1, A ) = -1, AMa, 1) = =

AT (0,1) = €78, AT (0,1) = €7/5, ATV(0,1) = 25, AL (0,1) = etTE,
AT (1,0) = €78, AT (1,0) = €5/8, ATV(1,0) = 278, A (1,0) = et

vgm>(o,0)_%T[1 1 -1 1],v§m)(0,0):§T[1 -1 -1 —1],
v§m>(0,0)=%7’[1 0 1 0],1;37”’(0,0):%T[0 10 —1],
vém>(1,1):—%T[1 -1 -1 —1], o™, = %T[l 1 -1 1],
vém)(l,l):%T[l 0 1 0},@“(1,1):%7’[0 10 —1],
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), 30m) [ O +1) ]
(m) V22 + X7+ X A
vy (0,1) = (m) /+ (m) (m) (y (m) ’
A 1) A (A% —1)
A -
(m) _ 30m) Agm)(Ag? ~ 1
- V2 =2 | ety
vy (1,0) = )\ (m) (m) [y (m)
AT 1) AT )
—(AT 1)

Then we obtain U™ (21, 25) for all n € Zs and (21, 3) € 72.

Oél al

1+ lk Q2 (m) 1— Zk a9

4k (0,0) 2 as ) 4k ( ) ) 2 as )
0[4 a4
w0(0,1) = w§(1,00="[0 0 0 0],
[1—i"  1-4d  1-d 11— ] o]
\Ijz(Lk)1<Oa 1) =7 Zk ! ! L +Z it & 2
" 411+ —1—1 1+ —1—1 o3
R R A I L RO Lol B Fe%)
[1+iF 14+ 1+ 14 ] ]
v 0= | T FA i ML
4 (1= —1+1 1—4 B s
(1 —iF —id T 1k =R |y
o (0,00 =0 (1,1)="[0 0 0 0],

[ 2 *(1+14) 0 —*(=1+1)]

(m) B 1 i"(—141) 0 —iF(—1 4 1) 2

Parra(0,0) = 7 0 i*(—1+1) 2 —i*(1+1)
(=1 +4) 2 —ik(1 +14) 0 |
[ 2 —i*(1+14) 0 F(—=141)]
U —i*(=1+14) 0 i*(—1+ 1) 2
(m) 1
] I —if(=1+d) 2 (14 4)

_—ik(—l-i-i) 2 ik(1+i) 0 |
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o), (0,1) =

1 — l‘kJrl
m 1— Z’k-i—l
‘I’iki:a(o 1) =7 1 — jk+1
_1 _ ik+1
(1 + k!
m 1+ ¢+t
\Ijz(lkJ)rZS(laO) =7 1+ k1
_1 + Z’k+1
\114(17:—?-3(07 0) =
where k € Z.
(b) FF case
The eigenvalues are
)\éf)(0,0) m/8 f)(o 0) —
A (01) =
A 1,0)= -1, AV (1,0) =

f>(0 1) =1, )\(f (0,1) =
_17 )\2

and the corresponding eigenvectors are

202+ AP+ 2
v(0,0) = \/ L

4(

1+ A7)

Dy - V222D
v (1,1) = RSV
J

V2

1 + Ay
—in

12— A
T
1A

1—|—>\

—1 0], v\(0,1) =

7rz/4, )\gf)(o, 1) —e
(170) ==

P+ /\(f )

v
. 2

A1 - e

| AP (14 A

v (1,00="[0 0 0 0],
1— Z‘k+1 1 + Z‘k+1 1 + ik+1 T
—i—ifF =1 — gkt i— ik
-1 T Z'k-‘rl 1 + ’ik+1 -1 — Z’k-i—l
i+ ik —1 — k1 —i 4k ]
I A
—i 4" =14kt i+ ik
-1 - Z-Ichl 1— ik+1 -1 + Z‘k+1
i— ik —1 4 ¢kt1 —i — gk ]
v ="f0 0 o 0],
5m'/87 )\gf)(0,0) _ 69m’/87 )\éf)(0,0) _
e5mil8, )\(f)(l 1) = eImi/8. )\:())f)(L 1) =

e, A (1,0) =

\_/

&IH

&3]
Qo
a3
| (V4

a;
(&%)
(6%}

5mi/4
)

T[o 1 0 1],

[ (g

_ 6137rz/8,

_657”/47

6137r2/87

25
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1 , . 1 4 .
véf)(o,l) =5 Tl it 1 —emmil], véf)((),l) — NG T[1 e3mi/t 1 —dnifd],
Thus we have U, (x1,z2) as below.
31 (0,0)
2" +1+ (-1)F 0 —1 4 (~1)F 0 a
_1 0 2+ 1+ (-1 0 1—(=1)F | |as
4 =14 (1) 0 2 + 14 (=1)* 0 agl|’
0 1—(—1)* 0 20" + 1+ (=1)k] Loy
vy (11
2iF —(1+ (—=1)%) 0 —(=1+(=1)%) 0 y
1 0 2iF —(1+(—=1)%) 0 —(1—=(=1)%) g
4 =(=1+(=1)F) 0 2iF — (1+(—1)) 0 as
0 —(1=(=1)%) 0 2ik — (14+(=1)%)] Loy
w01 =w(1,00="0 0 0 0],
(Y
-1+ ik (_1)k’+12~ 4 Z'k-i-l 1— Z’k (_1)/%- o ik+1 oy
_ L (=nFt 4t —1 4+ (—1)F+1 4k 1 4k y
— 1 1+ Zk (_1)k+1i _ Z‘k+1 —1— Zk (_1)192 + ik+1 a3 5
(—1)F 4 4" —1 -k (—1)F 4 4* —1— ik ay
14" (=DFi4F =1 = (=1)F =R Tay
R I G Vi 1+ (—1)F + " 1+ s
I S e N G DL A 1— gk (—1)k+0 4 b1 | [ g
(—1)FFL 4 g* 1—* (—1)k+1 4 gk 1— " uy
v, 0,0) =0 (1,1)="0 0 0 0],
7,2(0,0)
14 (—1)% 2ik 1 —1+ (=1)~ 0 a
_1p 2 L+ (=1) 0 L= (=1 | |
IR R RS W 0 14+ (=1)% =20 | |ag|”

0 1—(=1)k —2* 1+ (=1 lay
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i ,1,1)

—1 —(=1)% La 1— (=1)% 0
1 2" —1—(=1)% 0 —1+(-1)k
41— (=1)k 0 —1— (=) 24k
0 —1+ (=1)% —2i* —1—(=1)ki

v, 0.1 =i ,1,0="[0 0 0 0,

|: _1+Z'k+1 (—1)k+ik+1 1+7:k+1 (—1)k+1+ik+1

L (=1)Fi4dd =140 (DM - -1 —
Z 1 — jkt1 (_1)k; 4 gkt —1 — jkt1 (_1)k+1 4 k1
O AL G DA —1 — it
Wil 4(1,0)

L (A s AR I L G DL
1| (=1)k 4k 1+ ¢+ Ht (—1)ki — ik 1 — g+t
! —1 — jkt1 (_1)k+1 4 gktl 1 — k1 (_1)k 4kl

(—1)k+17: o Zk 1 + Z'kJrl (—1)k+1i + Zk 1— Z‘k+1

Wi 5(0,0) =W, ="[0 0 0 0].
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an
Qo
a3
Oy

Qg
&%)
a3
Qg

aq
&%)
a3
Qy

Then we see that the Fourier walks with MS and FF on 75 have period 16 i.e.,

for all V)

n+1
at time n.

4.2 The Grover walk on 73

6= o (j =m,f) for n € Z>. Where U$) is the state of the walk

In this subsection, we will check the probability amplitudes of the Grover
walk to compare with that of the Fourier walk for the following same initial

state:

T[Oq Qz QO3 0é4} (@1,962):(0’0))

‘I'(()j)($17$2) = (j =m, )

™o 0 0 0] ((z,m)#(0,0)
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for [a|* + |aa]® + |as]? + |au|?* = 1 with ay € C (¢ = 1,2, 3,4).
Here, the coin operators of the Grover walk with MS and FF are given by

1 1 1 1
11 -1 1 1
(my _ 1
v 211 1 -1 1]’
1 1 -1
and
01 0 0
1 00 0
) (m)
v 000 1Y
0010
(a) MS case
A 0,0) =1, A"(0,0) = AI™(0,0) = AT (0,0) = —1,
A D =AM =A a0 =1, A1) = -1,
A0, 1) =1, A"0,1) = =1, Al™0,1) =4, A{™(0,1) = —i,
A(10) =1, A™(1,0) = =1, AY(1,0) =4, AY(1,0) = —,

vgm>(o,0):%T[1 11 1], «™(0,0) %Tﬁ -1 0 0],
M 0,0)=—T70 0 1 —1], of0,0)=~T[1 1 -1 -1
Vg (7 ) \/é [ ]71}3 (a ) 2 [ }7
o™ (1 1)=LT[1 -1 0 0], o™ 1):iT[0 0 1 —1]
0 ’ \/5 ’ ) \/§ )
vgm)(1,1)—%T1 1 -1 —1},v§m’(1,1)—%T1 11 1],
vém)(o,l)z%T[o 0 1 1],v(m)(0,1)=i2T[1 -1 0 0],
m 1 m 1

vé )(0,1):§T1 1 i z},vé )(0,1)—§T[1 1—i —i],
vém)(l,O)z%Tﬁ -1 0 o],v§m)(1,0)=%T[o 0 1 -1],
vém)(l,O)—%T[l 1 —i —z],vém)(l,O)—lT[l 1 i
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Then we get
" +3 =1 0 0 o
1+ (=D [i"n—=1 i"+3 0 0 s
Tim(0,0) = ————~

a(0,0) 8 0 0 m+3 =1 |as
0 0 =1 " +3] Loy

1 1 0 O (075]

1—imA+ (=" [1 1 0 0| |as

wim(1,1) =
a1 1) 8 0 0 1 1| |ag|’

0 0 1 1 iy
r 0 0 1+ Z'n-ﬁ-l 1+ in-i—l'
1+ (=1)mt! 0 0 1+44mH 14 gt

(m) -\ 7

0.1 8 I L e L 2
_1 —gntl 1 —yntl 2 -9 ]
T 9 2 1— ,L'n+1 1 Z’n+1‘
1 -1 n+1 o _ s n+l1 _ o n+l

w0 = T2 e

8 L4t 144"t 0 0
|14 gntl 14 gt 0 0 |

(b) FF case
257(0,0) = A{(0,0) = A{(0,0) = 1, A (0,0) = —1,

and the corresponding eigenvectors are

CAV0,1) = =1, A(0,1) =4, AY(0,1) = 4,

A
— 1, A0, =21, =2\, 1) = -1,
1 1
1, /\gf)(l,()) = -1, /\éf)(l,O) — Z"Agf)(l,o) =

vgf)(o,O):%T[l ~1 0 o],ﬁ”(o,@:%if[o 0 1 —1],
u§f>(o,0):%T[1 11 1],v§f>(o,0):%T[1 1 -1 —1],
véf)(l,l):%T[l 1 -1 —1],@”(1,1):%“1 -1 0 0],
@”(1,1):%%0 0 1 —1],v§f>(1,1):%T[1 11 1],
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u§700,1) = ?j%i Tt -1 0 0], o/”(0,1)
wgf)(0,1)=%T 11 i z},vgf)(o,l)zé
o§(1,0) = :;5 o o 1 —1], «”(1,0)
o$(1,0) = % T 1 —i —i], o(1,0) =

Thus we have

"+3 " =1
I+ (=" |i"—1 i"+3
g ) —
D(0,0) = = R
0 0
1
1—i")(1+ (—1)"
0
0
0 0
1+ (—1)"+ 0 0
(f) - I
\Ijn (07 1) 8 1 — Z‘n—‘rl 1— Z‘n—i—l
1— Z‘n+1 1— ,L'nJrl
2 -2
1+ (=1)"*+ —2 2
vW1o)= 7
n ( 70) 8 1+2'n+1 1+in+1

1 +Z’n+1 1 +Z’n+1

ap
&%)
a3
Qly

aq
Qg
s

T [1 1—2 —z] ,
1 T
1
-7 [1 1 1 z}
0 0 aq
0 0 (6]
3 =1 |ay
=1 "+ 3] Loy
1 0 0 aq
1 0 0 (0]
0 1 1 Q3 ’
0 1 1 iy
L4amth 1 4gnt
14"t 14
2 —2
—2 2
1 — in+1 1— Z'n—i-l
1 — Z'n-‘rl 1— ,L'n—I—l
0 0
0 0

Qg

Compared with the Fourier walks, we see that the Grover walks with both
MS and FF on 73 have period 4, i.e., ¥,,,y = U, for n € Z>. Where ¥, is the

state of the walk at time n.

5. Summary

In this paper we considered discrete-time QWs with MS and FF on Z? and
7%.. We showed that localization does not occur for the Fourier walk on Z? with
MS and FF by using our contradiction argument which is different from the
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method based on the Fourier analysis by Komatsu and Tate [5]. Moreover we
computed eigenvalues and the corresponding eigenvectors of the (ky, ko)-space
of the Fourier walks on 7%, with MS and FF for some special initial conditions,
for instance, k; = kg or ky + ko = 0 (modN). We derived the measure at time
n from these results. In addition, we calculated amplitudes of the Grover and
Fourier walks on 73 and clarified the difference between both walks, for example,
the Grover walks with MS and FF have period 4, and the Fourier walks with
MS and FF have period 16. One of the interesting future problems would be to
obtain the measure at time n of the Fourier walks on Z? and 7% for any initial
state.
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