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Abstract. We consider Bernoulli bond percolation on the product graph of a
regular tree and a line. We show the critical probability p. and the uniqueness
threshold p,, can be expressed by using a certain function a(p), which is defined
by an exponential decay rate of probability that two vertices of the same layer
are connected, and was originally introduced by Schonmann to show that there
are a.s. infinitely many infinite clusters at p = p,,.

1. Introduction

Let G = (V, E) be a connected, locally finite and infinite graph, where V is
the set of vertices, E is the set of edges. In Bernoulli bond percolation, each edge
will be open with probability p, and closed with probability 1 — p independently,
where p € [0,1] is a fixed parameter. Let Q = {0,1}¥ be the set of samples,
where w(e) = 1 means e is open. Each w € Q is regarded as a subgraph of G
consisting of all open edges. The connected components of w are referred to as
clusters. Let p. = p.(G) be the critical probability for Bernoulli bond percolation
on G, that is,

pe = inf {p € [0, 1] | there exists an infinite cluster P,-almost surely},

and let p, = p.(G) be the uniqueness threshold for Bernoulli bond percolation
on G, that is,

pu = inf {p € [0, 1] | there exists a unique infinite cluster P,-almost surely} .

One of the most popular graphs in the theory of percolation is the Euclidean
lattice Z¢. In 1980 Kesten [11] proved that p. = 1/2 in the case of two dimen-
sions. But in the case of three dimensions or more, as a numerical value, the
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critical probability is not quite clear. Regarding the uniqueness threshold of the
Euclidean lattice, in 1987 Aizenman, Kesten, and Newman [2] proved that there
exists at most one infinite cluster almost surely for all d > 1, that is, they showed
that p. = p, for all d > 1. The product graph of a d-regular tree and a line T,[17Z
was presented as a first example of a graph with p. < p, < 1 by Grimmett and
Newman [7] in 1990, where a product graph means a Cartesian product graph.
They showed that p. < p, holds when d is sufficiently large. After this article
had appeared, percolation on Ty[1Z has become a popular topic. However, the
critical probability of T;[JZ is, as a value, also not quite clear. In this paper
we study Bernoulli bond percolation on T,;[0Z. Our goal is to write the critical
probability and the uniqueness threshold by using a certain function a(p).

We denote the probability measure associated with Bernoulli percolation pro-
cess by IP, or ]P’pq Let (x < y) be an event that there exists an open path between
x and y for two vertices x,y € V. Similarly, Let (K < L) be an event that there
exists two vertices x € K,y € L and an open path between x and y for two
sets of vertices K, L C V. If either K or L is finite in addition, then an event
(K < L) is called a connection event. The function a(p), which was appeared
in [13], is defined by

3=

a(p) = ag(p) = lim P,(0 < (v,,0)),

n—oo

where v, is a vertex on T; with distance n from the origin o. From a homogeneity
of Ty, a(p) does not depend on a choice of v,,. We abbreviate v,, as n. We check
the existence of the above limit. From the FKG inequality, we have

Ppo = (n+1,0)) =2 Pp(o < (n,0))Py(0 < (1,0))

for all n,l > 0. By using Fekete’s subadditive lemma, the existence of the limit
is ensured, and we have

a(p) = lim Py(o < (n, O))% =supP,(o < (n, O))%

n—0o0 n>1

Letting B(k) be a k-ball of T;[0Z whose center is o, we have

3=

a(p) = supsup PE® (0 > (n, 0))7,
n>1 k>1
and observe that we are taking the supremum of a continuous function of p.
Therefore a(p) is lower semi-continuous and, since it is clearly non-decreasing, it
is also left-continuous. By using the function a(p), we have new characterizations
of p. and p, as in the following theorem.
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THEOREM 1.1. For all d > 3, we have
(T,07) = a™* L
Pc\Lq - d 1 )

pu(TOZ) = o7 (%) :

To prove this theorem, we require the following lemmas.
LEMMA 1.2. For all d > 3, we have
a(p(T,0Z)) = —

a(pu(T,0Z)) =

LEMMA 1.3. The function «(p) is strictly increasing in [0, p,].

From Lemma 1.3, the inverse function of o can be defined in {a(p) | p € [0, pu]}.
As for the critical probability p., Hutchcroft showed the following theorem.

THEOREM 1.4. ([8]) Let G be a quasi-transitive graph with exponential growth.
Then

fip.(n) = inf {7, (z,y) | z,y € V,d(z,y) <n} < gr(G)™"

for allm > 1, where 7,(z,y) = Py(z < y) and gr(G) = liminf | B(z, r)|"/".

The following lemma can be shown by using a similar argument of this theorem.

LEMMA 1.5. Let G =T;0Z. Then we have
alp.) < gr(G) " = ——.
On the other hand, when p > p., we have the following lemma.

LEMMA 1.6. For all p > p., we have

1
> —
o(p) 25—

To obtain a(p.) = 1/(d — 1), we require the following lemma.

LEMMA 1.7. The function a(p) is continuous at p € [0, p].
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Hence by using Lemmas 1.5 and 1.6, we have a(p.) = 1/(d — 1).

We turn to the uniqueness threshold p,. A part of Lemma 1.2 was already
obtained by Schonman[13], who showed there are a.s. infinitely many infinite
clusters at p = p,.

THEOREM 1.8. ([13]) Let p, be the uniqueness threshold. Then we have

1
u< .
a(pu) < —7—

To obtain a(p,) = 1/v/d — 1, we require the following lemma.

LEMMA 1.9. For all p > p,, we have

1
> .
op) 2 77—

We will show Lemma 1.5 and Lemma 1.6 in Section 2, and show Lemma 1.3

in Section 3. Section 4, Section 5 and Section 6 will be devoted to prove Lemma
1.7. In Section 7, we will show Lemma 1.9, and we will complete the proof of
Lemma 1.2.

2. Proof of Lemma 1.5 and Lemma 1.6
We require the following well-known theorem.

THEOREM 2.1. ([1], [3]) Let G be a quasi-transitive graph, and o be a fized
vertex of G. Then we have

Z (0, ) < 00

eV
for all p < p..

This theorem was proven in the transitive case by Aizenman and Barsky [1], and
in the quasi-transitive case by Antunovi¢ and Veselié¢ [3].

Proof of Lemma 1.5. Let S(n) be a set of vertices of T;; x {0} with distance n
from the origin. For all p € [0,1] and all n > 1, we have

TP(O’ (TL,O)) ) |S(n)| = Z TP(O7 (IL‘,O)) < Z Tp(07 I‘)
€Ty, |z|=n zeT, 07

By using Theorem 2.1, the right-hand side is finite when p < p.. We know
|S(n)| = d(d —1)""!. Then we have

(Bage)' - 2

lim 7,(o, (n, 0))% < lim

n—oo n—oo
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This means that a(p) < 1/(d — 1) for all p < p.. Since a(p) is left-continuous,
we have a(p.) < 1/(d — 1), which completes the proof of Lemma 1.5. O

We prepare some tools to show Lemma 1.6. Let G, = Ty0d[—m,m] for each
m > 0. Similarly to a(p), we define a,,(p) by
am(p) = lim Pf"m(o — (n,O))% = sup IP’I?"’”(O — (n, O))%
n—oo n>1

Schonmann proved the following lemma.

LEMMA 2.2. ([13]) The function a(p) is given by taking a limit of a,,,(p), that
18,

lim o, (p) = a(p)

m—00

for all p € [0,1].

Proof. 1t is clear that for all m > 0, (p) < ami1(p) < a(p). Thus we have
{@m(p)}m>o converges and lim a,(p) < a(p). On the other hand, by definition

of a(p), for any small € > 0, there is an n such that
a(p) — € < Py(0 = (n,0))n.
By the definition of «,,(p), for any n > 1, we have
B+ (0 < (n,0)) < am(p)".
From these two inequalities, we have

(a(p) ~ " < B0 < (n,0)) = lim S (0 < (1,0)) < lim oy (p)"

m m

Hence, we have a(p) — e < lim «,,(p), which completes the proof. O

Let 7 be a natural projection from T,0Z to Ty, and 7,(0, 7 (z)) = P,(0 <
7 1(x)) for z € V(Ty). We define functions o/(p), o, (p), similarly to a(p), a,,(p).

m
1

a'(p) =supP,(0 < 7t n))n,
n>1

3=

al(p) = lim PS> (0 71 (n))n = sup PS> (0 > 71 (n))x.
n— 00 n>1

We check the existence of a limit defining the function a,,(p). Let E, be an
event that all edges of 77(n) NG, , are open. By using the FKG inequality, we
have
PSem(o = (n+1)) = PSm(0 - n ' (n+1)NE,)
— PG ((0 o 7 (1) N By 01 (,0) > 7720+ 1))
> B (0 o0 7 ()BGm (0 o 7 (1)
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for all n,l > 0. By using Fekete’s subadditive lemma, the existence of the limit
is ensured, and we have

2m

0 (p) = suppF PG (0 0 77! ()% = sup PG+ (0 7 (m)) .
n>1 n>1

3=
3=

Similarly to Lemma 2.2, we can show lim o (p) = o/(p).

m—00

LEMMA 2.3. For all p € [0,1], we have a(p) = o/(p).
Proof. 1t is clear that a,,(p) < o/, (p). On the other hand, we have

B (0w (m) < 3 B0 () < (2m+ Dan(p)",

|k|<m

al(p) = lim P§*m (0 w1 (n))n < lim (2m + 1) % am(p) = am(p).

n—oo n—oo

Then a,,(p) = af,(p) holds for all m > 0. By taking the limit, we have a(p) =
o'(p). m

Proof of Lemma 1.6. We use another definition of the critical probability. Let
(0 < o0) be the event that there exists an infinite open path from the origin.
Then we have

pczsup{pe [071] |PP(O<_>OO) :0}

Let B(n) C Ty be a n-ball whose center is the origin, and we set G, o = B(n)0Z.
If (0 < o0) occurs on T,0Z, then (0 « 0B(n)0Z) or (0 «» o0) occur on G, .
It is clear that p.(G,.) = 1. Hence, by using Lemma 2.3, we have

Py(0 < 00) < Py(0 > 0B(n)DZ) + PS™* (0 + o0)

< Y Blooa @) <d(d—1)""a(p)"
x€0B(n)

for all p < 1. The right-hand side goes to 0 if a(p) < 1/(d — 1). Since Py(0 <
00) > 0 holds when p > p., Then we have a(p) > 1/(d — 1) for all p > p.. O

3. Extension of some theorems

In Bernoulli percolation, some theorems can only be applied to events which
depend on finitely many edges. For an edge subset F, let [w|r be a subset of Q
whose elements have the same configuration as w on F. An event A is said to
depend on (only) finitely many edges if there exists a finite edge set I’ such that
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[w]rp € A or [wlpNA =0 holds for all w € Q. For w,7 € Q, we write w < 7
if w(e) < 7(e) holds for all e € E. An event A is called increasing if 7 € A
whenever w € A and w < 7.

THEOREM 3.1. ([6] (2.39)) Let A be an increasing event which depends on
finitely many edges. Then we have

P, (A) < Py(A)
forall0 <p<1and~ > 1.

For two events A and B, A o B is defined as the event that A and B occur on
disjoint edge sets, formulated by

Ao B ={w € Q| HMnite disjoint K, L C E s.t. [w]x C A,[w]|, C B}.

THEOREM 3.2. (the BK inequality [5]) Let A, B be increasing events which
depends on finitely many edges. Then we have

P,(Ao B) <P,(A)P,(B).

We will extend these two theorems so that it can be applied to certain events
which depends on infinitely many edges. In section 1, we defined connection
events. It is clear that a connection event is an increasing event, and depends
on infinitely many edges in general. For example (0 «» x) and (0 «» 7~ !(z)) are
connection events which are depends on infinitely many edges.

LEMMA 3.3. Let A be a connection event. Then we have

Py (A) < Py(A)
forallO<p<1and~vy>1.

LEMMA 3.4. Let A, B be connection events. Then we have
P,(Ao B) < P,(A)P,(B).

Proof of Lemma 3.3 and Lemma 3.4. Let A = (K < L), and I' be a set of all
paths between K and L. Then we have

A= U(q : open).
qel

Each event (g : open) is increasing and it depends on finitely many edges. For
any € > 0, there exists a finite subset I'' C I" such that

Py (A) —e <Py (U (q: 0pen)> :

qeI”
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The event in the right-hand side is increasing and it depends on finitely many
edges. Then by using Theorem 3.1, we have

P (A) —e <P, (U (q: open)) <P,(A)".

qel”’

It completes the proof of Lemma 3.3. Next we will show Lemma 3.4. Let
A = (K; < L), an) be a set of all paths between K; and L; with length n
or less, Ci(n) = U (q : open) for i = 1,2. Then we have
qEFEm
A=
n>1

If w € A; o Ay, then there exists finite disjoint subsets Fy, F5 C E such that
w]r, € A;. We take n = max{|F;|}, then we have [w|p C C’i(”), that is w €
™ o ¢{M. Hence, we have

Ao Ay | (0@ o c§">> .

n>1

Since K, K5 are finite, each of the events C’fn) and Cén) is increasing and depends
on finite edges. Then by using Theorem 3.2, we have

P,(A; 0 As)
e () < e ()1, () ~armicns

O]

At the end of this section, we show Lemma 1.3. By using Lemma 3.3, we have

= a(p)”.

a(p") = lim Py (0 < (n,0))7 < lim P,(0 < (n,0))=

n—oo n—oo

We know a(p) < 1 for all p < p, from Theorem 1.8. Then we have

a(p”) < a(p)” < a(p)

for all p < p, and v > 1. Therefore a(p) is a strictly increasing function on
[0, pul-
4. Connection event

In Section 3, we prepared some lemmas concerning connection events. In this
section, we prepare one more lemma concerning connection events. A graph G
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is called nonamenable if the Cheeger constant of GG, defined by

h(G):inf{%|SCV,|3|<oo},

is positive.
THEOREM 4.1. ([4]) Let G be a nonamenable Cayley graph. Then we have
P,.(0 < 00) = 0.

It is well-known that h(T,0Z) = d — 2, that is, T;JZ is a nonamenable graph
for all d > 3. Also, let S = {ay,...,aq4,b} be a generating set, and I' =
<ai,b|a;1 = q;,a;b = bai> be a group generated by S, then Ty[0Z is a Cayley
graph of (I',.S). Therefore, we can use this theorem for T,17Z.

LEMMA 4.2. Let G = T,0Z, and A be a connection event. Then P,(A) is
continuous at p € [0, p,].

Proof. 1t is clear that P,(A) is left-continuous similar to a(p), since

P,(A) = sup PEO)(4)

k>1

where B(k) is a k-ball. We will prove that IP,(A) is right-continuous at p € [0, p.|
in this section. We prepare another definition of P, which is found in [6]. Let
Q' = 10,1)%, p. be a uniform distribution on [0,1] for each ¢ € E, and p =
[1.cp ite be a probability measure on €2'. For any p € [0,1] and {X }.cp € €,
let w, be a configuration defined by

wp(e) = KFix.<p

for any e € E. We define a map f, from ' to Q = {0,1}¥, by f,({X.}) = w,.
Then the pushforward measure of y is the same as IP,, that is,

fp*(/"t) = ]P)p'
By using this equation, we have
P(A) = p(w, € A).
Fix po € [0, p.] arbitrarily. For any p > py, we have

Pp(A) = Ppy(A) = pwp € A, wy, € A).
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Hence, by taking the limit, we have

}zil%(l) (Pp(A) = Py (A)) = pu(Vp > po,wy € A, wp, & A).

Let A = (K < L), and suppose that (w,, € A) occurs. By Theorem 4.1, there
exists no infinite path from x on w,, almost surely for any x € K and any
po € [0,p.]. Hence, connected components containing elements in K are finite.
Let H be a finite subgraph which contains all of these connected components. If
w, € A holds, then there exists at least one edge e on H such that w,,(e) = 0
and w,(e) = 1. If w, € A holds for all p > py, then there exists at least one edge
e on H such that X, = py. Hence, we have

lim (P,(A) = Pp(4) < > pu(Xe = py) <0,

plpo B (H)

which completes the proof. O

5. Another function (3(p)

In this section, we prove Lemma 1.7. We prepare another function (3(p)
similar to «(p), defined by

s

B(p) = lim P,(0 < (0,m))m = supP,(0 < (0,m)).

m—o0 m>1
By using the FKG inequality and the homogeneity of T;0J7Z, we have
Py(0 < (2n,0)) = P, ((0 < (n,m)) N ((n,m) < (21,0))) = Py(o < (n,m))*.

Hence, we have

N

B,(0 = (n.m)) < By(o = (2n,0))} < a(p)"

for each (n,m). Similarly, we have
Pp(o < (n,m)) < 5(p)™.

For each n > 1, we define I,,(p) by

L(p) =Y _Py(o < (n,k)).

kEZ

Since Py(0 <> (n,m)) < B(p)™, it is well-defined when 3(p) < 1.
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LEMMA 5.1. For any p < p,, we have

B(p) < 1.

This lemma will be shown in the next section. We assume Lemma 5.1 holds, and
only consider when p < p,.

LEMMA 5.2. For any n,l > 1, we have

Ii(p) < L,(p)Li(p).

Proof. By using Lemma 3.4, we have

In+l(p>

=Y Poo(nt+lLk)=) P, <U (n,t)) o ((n,t)H(nJrl,k)))
keZ kEZ teZ

<D ) Pylow (n,t)Pyo < (I, k 1)) < L(p)Li(p).

Therefore, we define the function 7(p) by

n(p) = lim I(p)* = inf I,(p)=.

n—o00 n>1

LEMMA 5.3. The function n(p) is right-continuous at p € [0, p.].

Proof. We define I.™ (p) by

for all n > 1,m > 0. By Lemma 4.2, 1™ (p) is continuous at p € [0, p.]. For any
Do € (pcapu)a we have

L(p) = I (p) = > Pylo— (k) <2> Bp)

|k|>m k>m

B(p)™tt B(po)™
T 680) = T- B

Since [(po) < 1, the right-hand side goes to 0 as m — oo. Then {L(Lm) (P) }m>0
uniformly converges to I,,(p) on [0, pg]. Hence, I,,(p) is continuous at p € [0, p.].

—=2.

The function 7(p) is defined as the pointwise infimum of continuous functions.
Therefore, n(p) is right-continuous at p € [0, p]. O
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Now we know that «(p) is left-continuous on [0, 1] and 7(p) is right-continuous
at p € [0, pe]-

LEMMA 5.4. For any p € [0,p,), we have a(p) = n(p). In particular, o(p) is
continuous at p € [0, p,].

Proof. We define n,,(p) by

N (p) = liminf I{™ (p)=

for all m > 0,n > 1,p € [0,p,). It is clear that L(lm)(p)l/” < Lsmﬂ)(p)l/” <
I,(p)Y™ holds. Then {n,,(p)}mso converges and we have lim 7,,(p) < 7(p).
First, we show that lim 7,,(p) = n(p). By the deﬁnitiorT g? Nm(p), for any
€ > 0,m >0, there ex%?sooan n > 1 such that

1

II(p)v — € < nu(p).
By the definition of n(p), for all n > 1, we have
np)" < L(p) = lim Y Py(o— (n,k)) = lim (I,Qm><p)%)",
Jk<m

n(p) < lim 1™ (p).

m—0o0

Therefore, we have

n(p) —e < lim 7, (p)

for any € > 0. It completes the proof of lim 7,,(p) = n(p). Next, for all n > 1,

it is clear that P,(o > (n,0))/™ < I,,(p)*/™. Then we have a(p) < n(p). For any
€ > 0, there exists m such that

I (p) < (2m + Da(p)".
Therefore, from above three inequalities, we have

n(p) — e < (2m + 1)=a(p)

for any € > 0. The right-hand side goes to a(p) as n — oo, which completes the
proof. O



CRITICAL PROBABILITY AND THE UNIQUENESS THRESHOLD FOR THE PRODUCT GRAPH 45

6. Proof of Lemma 5.1

It is left to prove Lemma 5.1 to show Lemma 1.7. Our proof is an adaption
of the method in [12], which is about contact process, to percolation process.

LEMMA 6.1. For any p € [0,p,), we have

glngIP’p(o — (0,m)) = 0.

Proof. We recall G,,o is a subgraph defined by G, . = B(n)OZ, where B(n) is
an n-ball whose center is the origin. Since p.(G,.e) = 1, we have

inf ]P’G"'(o — (0,m))=0

m>0

for any p < 1. If (0 <> (0,m)) occurs on G, then (0 < (0,m)) occurs on G, o or
there exists x € dB(n) such that (o < 7~!(z)) and ((0,m) < 7 !(z)) occur on
disjoint edge subsets. The latter occurs when there exists an open path between
o and (0, m) which is not contained G,, . Then we have

Pp(0 < (0,m))

<SPS (0= (00m)+P, [ | (0o (2)0((0,m) 7} (x))
2€8B(n)

for all n > 1. By Lemma 2.3 and Lemma 3.4, we have

P U (0=7@)o((0,m) = ()
x€0B(n)
< D Blowa (@)By((0,m) = 1 (x)
x€0B(n)

<d(d—1)""ta(p)*.

By Theorem 1.8 and Lemma 1.3, we have

op) < —=—

for all p € [0, p,). Therefore, we have

inf P,(0 < (0,m)) < d(d—1)""a(p)** — 0

m>0

as n — 0o, which completes the proof. O
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Liggett used the level function. We define the level difference function L(z,y)
from T, x T, to Z, which is used by Hutcheroft [10]. Let £ be a fixed end of Tj.
The parent of a vertex z € T} is the unique neighbor of x that is closer to £ than
x is. We call the other vertices of x its children. If y is a parent of z, then we
define L(z,y) = 1. If y is a child of x, then we define L(z,y) = —1. In general
cases, for any z,y, there exists a unique geodesic {z;}, such that zo = = and

rn, =y, then we define

= Z L((L’i_l, JTZ)
i=1

Note that L(z,z) = L(z,y) + L(y, 2) and L(y,x) = —L(z,y) for any z,y,z €
V(Ty). For n >0,z € R.g, we define a,(z) by

an(z) = Z ZLlom),

CEEV(Td)
|z|=n

Stacey [14] has computed the number of vertices x € Ty satisfying || =
L(o,x) =2t —n as

b" (t =0),
b—1p1 (1<t<n-—1),
1 (t =n),

where b = d — 1. By using this formula, Liggett [12] showed the following
equations.

an( _ —1n+z bnt12tn+zn
{bn lw( b‘_;)“ == (22 #b),
WV (1) = b (n—1) (2=1),
a,(1/bz) = a,(2).

For r > 0 and z > 0 we define J(r, z) by

J(r,z) = Z plel o) — Zrnan(z).

J?EV(Td) n>0

LEMMA 6.2. For anyr < 1/vb and z € (br,1/r), we have J(r, z) < co.
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Proof. If z = v/b, then we have

J(r,z) = Zr”an(z)

n>0
-1 1 n
— —b - Vb 4 —— b+ Zr”\/g
n>0 n>0
Cb—1 Vb b+1 1

b (1—7“\/5)2+ b r\/g<oo

If z € (br,1/r) and z # /b, then we have

J(r,z) < Z r"an,(z)

n>0
8 — 2
b_zz Z?" ) e
n>0
b? — 22 1 n 1— 22 1 -

pr— . . CX)

b(b—22) 1—rbz=t  b—22 1—rz ’

which completes the proof. O

For m > 0, we define J,,,(p, z) by

Ta.2) = ) Pylo = (2,m))z"0") =3 Byl < (2a,m))an(2),

€V (Ty) n>0

where z,, € V(T}y) such that |z,| = n. From Lemma 6.2, if a(p) < 1/vb and
€ (ba(p),1/a(p)), we have

2 < Y al)an(z) = J(ap),2) < .

n>0
Therefore, J,,(p, 2) is well-defined for a(p) < 1/v/b and z € (ba(p), 1/a(p)).
LEMMA 6.3. For any m,l > 0, we have Jy,11(p, 2) < Jn(p, 2)Ji(p, 2).

Proof. By a homogeneity of T,;[1Z, we can write

ZIP’ (y,m) < (z,m + 1)) 22,

€Ty
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By Lemma 3.4, we have

Jmsa(p, 2 Z P, ( U — (y,m)) o ((y,m) < (x,m + [))) LL(o)

xeTy yeTy

<Z]P) 0 < (y,m))zeY) ZIP’ y,m) < (z,m + 1))

y€eTy z€Ty

= Jm(pa Z)Jl(p7 Z))
which completes the proof. O

From this lemma, we can define ¢(p, z) by

3=
I
3=

o(p, z) = lim J,(p, 2) inf Jo(p, 2)

By definition of ¢(p, z), we have

o(p,2)™ < Ji(p; 2)-

Since L(o,0) = 0, we have P,(0 < (0,m)) < J,(p,2). Then B(p) < o(p, 2).
Therefore, if there exists z such that igfo Jm(p, z) < 1, then ¢(p, z) < 1. Hence,

we obtain (p) < 1. The next lemma completes the proof of Lemma 5.1.
LEMMA 6.4. For any z € (ba(p),1/a(p)), we have

rlnnzfo Im(p, 2) = 0.
Proof. Since a,(1/bz) = an(z), we have J,,(p,1/bz) = J(p,z). Then we only

consider z € [v/b,1/a(p)). For z # v/b and any z; € (2, 1/a(p)), we have

an(2) _b—zf VTR0 -2 4+ 2"(1 - 27

Gl
an(z0)  b—2% b 12 (b2—zo)+zo(
2

1—232)
_b—sf /) -2 + (1 -2
b— 22 lrl(b/z:z:o)"(b2 - zo) (20/2)™(1 = 25)
— 0 as n — oo.

Similarly, a,, (\/5) Jan(z0) goes to 0 as n — oo for zg # Vb. Therefore, for any
€ (ba(p),1/a(p)) and € > 0, there exist zy and N € N such that

an(2) €
an(0) = T(a(p), 20)
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for all n > N, where J(a(p), z) is a constant which does not depend on m such
that J,,,(p, 20) < J(a(p), z0). Then we have

Zan — (T,,m))

-y ;‘ (20)Pp(0 = (20, m)) + Y an(2)Pp(0 < (2, m))
S J(Of(p) p: ZO + Zan (In’m))a

n<N
where x,, € V(T}) such that |z,| = n. From Lemma 6.1 we have
1nf Im(p,2) < e+ Z an(z mf P, ( (O,Zm))% =€,
n<N

which completes the proof. O

7. Proof of Lemma 1.9

It is left to prove Lemma 1.9. The level difference function L can be extended
to Ty1Z naturally. Let m be a natural projection from Ty[1Z to Ty, and Ly
be the traditional level difference function on 7;. Then we extend the level
difference function as L(z,y) = Ly(n(z),7(y)). Similarly, we have L(x,z) =
L(z,y) + L(y,2) and L(y,x) = —L(z,y) for any x,y,z € V(T,0Z). We define
A(z,y) by

Ae,y) = (@~ 1)
for all z,y € V(T,0Z). Note that A(x,z) = A(z,y)A(y,z) and A(y,z) =
A(x,y)~!for any z,y, z € V(1) because L(x, z) = L(z,y)+L(y, z) and L(y, ) =
—L(x,y). Our method is based on [9]. The tilted susceptibility is defined by

Xp1/2(0) = Z P,(0 < z)A(o, x)l/Q,

2V (T,07)
For detail on this quantity, see [9]. Hutchcroft showed the following theorem.
THEOREM 7.1. ([9]) The set {p € [0,1] | xp,1/2(0) < 00} is open in [0,1].
By using this theorem, we show the following lemma.

LEMMA 7.2. We have xp,1/2(0) = 0.
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Proof. When p > p,, there exists a.s. only one infinite cluster. Hence, if both
(x <> o0) and (y <> 00) occur, then (z <> y) must occur. Thus, we have

Pp(z < y) > Py (2 > 00) N (y = 00)) > Py(z > 00)* > 0

for all z,y € V. Therefore, P,(x < y) has a uniform bound. Then we have

Xp1/2(0) 2 Pyl0 = 00)* 30 Af0,) 2 =Pyf0 o 00)2 > a (VA1) = o0,

n>0

On the other hand, when p < p,, we have a(p) < 1/v/d — 1. Then we obtain

Xpal/Q(O) = Z A(O’ $)1/2 Z Tp(ov (l‘, m))

Z‘EV(Td) meZ

= 3 vi-1T"L)

Z‘EV(Td)

= Z L., (p)a, <\/dT1>

n>0

where x,, € V(1) such that |x,| = n. By using the Cauchy root test, x,1/2(0) <

oo because
1
lim <Ixn(p)an ( d— 1>>n =a(p)vVd—1< 1.
Therefore, from Theorem 7.1, we have x,, 1/2(0) = c0. O

Proof of Lemma 1.9. Similarly to the proof of Lemma 7.2, if a(p,) < 1/v/d — 1,
then we have x,,1/2(0) < oco. It is contrary to Lemma 7.2. Thus we have

a(p,) > 1/v/d— 1. ]
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