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Consideration on generalization of Tomoesen

Abstract : In this paper, we consider the generalization of Tomoesen, which is the
special case of Waldegrave’s problem. In the usual Tomoesen with three players,
we consider two probability models in which the winning probability of each player
changes from game to game, while three players have the same ability. For these
two models, we derive the winning probability of each player and the probability
distribution of the number of games until the winner decides. Further we derive the
probability generating function, expectation and variance of the number of games
until the winner decides. The results obtained in this paper contain existing results
and useful generalization for applications is made.

Keywords : Tomoesen, winning probability, probability generating function, ex-
pectation, variance

1. ELC®IC
EEEIL, KBB3RO RO —FET, A DR, HEDOHLH 3 ANBEEGEEDE
EBHREDDDSETH S, BARMIZIZRO R TERE 2D 5.

o H5EFIX A B, CD3A

o 1iIAAGHIZ A L BAHS

e n+ 1ikGHIE nilAHDOBE L n i EHITHFEL TOW AN S
o RHDFENIIFL

o MM 2HEPEL S ZTDANDPERL T — LT

éé@%ﬁﬁﬁbtmi:t#%,8@%@?%%&%@%9%%@%?%%%,%%tﬁ%?%

QAazﬁéanmr<5%@@@%%%@%ﬂ%n%¢%@,%mmakﬁﬁwfﬁa:a,i

7z, BREVRE D EFTORABOMMHHEIL3 THD I LAHSNT WD GRiN [4]) . FEEICKH
BBV TIE, NI TITHNTEEIC X D EBREBRITONZORXTHS D, EHERE X TOR
BEIE2AAA 3 E, 3RAM M, 4REN1EERoTWS (EE, Wikipedia [5]) .
EMOMEEZIERL T, r+ 1 AOFEUENZR o 7EFOPA r @ 2 £ TH S 7 — AT,
[TVF 7L —7O/E] LIREh, 7as, FVA N, H 25 (1], Hald [2], Kinney [3] T

* B E N K4 BB IR baba-yutaka-sv@ynu.ac.jp
PRI ST K E 24 yamamoto-ko-zf@ynu.ac.jp



INTED, BADOERSMERDERENRE S ETORABOYFHMEREVRBFSNTVWS., L1l
HEEOMBIEY T, ZNETHENINEZETIVERRGTLIZRETRBOWRN—ETH B
BDATHY, REEZRD TS OMENEDL > TWIGEZMRIT LS DX,

Z TR T, BEIZBEWT, 3ABHEUENTEHELEOD, REEZRLIZLIZL->TH
DIERNEDL > TV 2DDETIVIIDWVWTHERT 5. R TH S NIz FERITEEF O R % & A
T2 DRI T VS,

2. EFILEBRIT

ETNL: 1B LASRICERT 2HENp ERBETIV

BEORATIE, RAMERET 2 AN EbND Z L%z LD, 1RO > TEET 28T
OREEINE L RB L BBLEZLNG. ZOLSRBAITIE, MDA - 7 BT AR S O
$p%0<p<%@@z¢5:au;o,e%@%bmﬁ%m%%»&%zazzﬁﬁsé.it

ﬁmp%%<p<1@@a?5:tm?Mﬁ,1%btﬁﬁ%oa%%%7<mé%?»3bfﬁ
SZENHRETH B.
WE, Xy 2 XDBY IO 2EXTEDL T3, CHERETLIAX—1iT

ApCsCp, ApCaBcACACp, ABCaBcABCABcABCACB, - -

BaCpCa, BACgAcBACBCa, BACBAcBACBAcBACBCa,---

?%D,%WKAXBﬁ%i%ﬁﬁd%%%%ﬁ%ﬁ%%ﬁ%T%é:tﬂ&%?ék,%MB@
ki zhzn

Lo v Y ovay LNt
5(1 p)p,Q(l ) p,z(l P)' D,
v
1o Lo_va, Lo v
2(1 p)p72(1 D) p,2(1 P)'p,
Ths. A B, CHEBTBHREZNEN Py, Py, Po T 5L
_ 001 o \3n—-2_ _ 1-p
fb—22;2ﬂ P = e (1)
THY, P,=Pp &V
1 p? —2p+2
Pi=Pg—=-(1-Py)= 2 T~ 2

kA,

WIEBSEDPRE S ETOREROMERS A, HWRFERS L OCHHE, 2Bk DE—A Vb
PEHT S, WEREBX 2EBEPREIIEITORERLE TS, CHERBT LI X—V EFEKIZL
T, ADEBITLINZ—IF

BsCpAcAp, BACpAcBACpAcAp, BACBAcBACpAcBACBAcAB, -

ApCaBcApAc, ApCaBcApCaBcApAc, ApCaBcApCaBcApCaBcABAc, - -

10



T, ThoDMERZTENETN

1 1
51 =p)°p, 5(1=p)°, -

1
Z(1 = p)?
5(1=p)p: 5 5

Lo v Lo veo Lo veo
2(1 p)’°p, 51 ) p,2(1 p)°p,
TH%. BREHETZ 2 —2OMRZNSDOHBRIIAKTHZDS, CHEBHKT I 2—v e
EHHET, X OMERSAIT
PX=n)=(1-p)" % (n>2)

Y7n%. o, REBX ORRRERE Gi(2) = EY) (<) r¥T5Y,

oo 2
_ _ n—2 n _ bz
LB, Thbb, WYV MITNOSLIBMHTHS. £oT, X OWIRHHE, HEEENhTH
1
E(X)=G’1(1)=1+§ (4)
1-p
V(X)=GY(1) +Gi(1) - {Gi(1)}* = e (5)
kb,
Y
E(X)
~~~~~~ ",
1: PA:PB ZBJ:U‘PC 21 E(X)BJZUV(X)
(&1)p:%@a%u@ﬁ@e%f%m
Py =P, *E P, *i EX)=3, V(X)=2
A = B*14a 0*147 — 9 -
Ths. -,
lim EF(X) =00 lim E(X)=2
p——+0 p—1-0
lim V(X) =00 lim V(X)=0
p—+0 p—1-0

11



R AN

ETIN2: IBIEICRIDN ¢ BERDZETIV

ZBTFORAIDOMIIT 1L THY, 1T OMWS ZL I DRI ARIEDRED ¢ 5122 >TWLET
WIZDOWTEZD. 0<qg<1DEEFIRAETLITFHL BTV ETNEEZIDIENTE, ¢> 1
DEEF1IRET LIRS BTV ETNEEFEZDZZENTES., KFRBIIBVWTHT 5ETFD
EOMERIZ, TORETORIIZHAITIEDE TS, LORBITBVWTENET S 2 ANINnET
m%otﬁéﬁuﬁﬁfﬁéﬁ(E%%%kﬁét?é),Ezaﬁﬁlﬁé%w#ﬁ%éjkﬁéa
Mdﬁé&Té):tmﬁﬁiét,ﬁéﬁﬁﬁﬁfﬁé%éﬁ,8%6ﬁ%0%$%agaﬁ=%f
BY, TbEm 1 RASVEAE, ThEAsoRRE L _ 1 v _

’ ANV S, T T T I gt 14g
ERBEMS, TNETICHZHAERIZ LSRN, INS5DZ L E2EFERBLT, ETNLV1DGEELHED
%175, A, B, C DMERST AHEREZZNTN, Qa, Qp, Qc T 5. CHEHTE A AX—IF

ApCasCp, ApCyBcApCaCp, ApCaBcACaBcApC4Ch, - -

B4CpCa, BACBAcBACBC4, BACBAcBACBAcBACBC4, -

T%D,%EKAKBﬁ%5ﬁﬁﬁd%m%mﬁ%0%$ﬁ%T%é:tﬂ&%?ék,%MB@
ki zhzn

[ S NS U U A S N A
2 14q 2°\2 1+q 2) "\2 14q 2}~
b
O S O S U S A A U I A
2 14+q 2°\2 1+q 2) '\2 1+4q 2)°
ThHIH,
> 1 2
2 = 6
Qe 224M1+@n 4 +3 ()
4q+1

LB, R, HERERY 2EBEBEVPRELETOREGHET . ADVERT L2 -1

BaCpAcAp, BACBAcBACBAcAp, BACpAcBACBAcBACBACAB, -

ApCaBcApAc, ApCaBcApCyBcApAc, ApCyaBcApCaBcApCyBcABAc, - --

T, T oDMERITTNEN

12



1

1

TH5. BWEBTIZINZ—VOMRLFAKTH L5, ¥V OMERDMIX

P(YzSn)zﬁ (n>1)
p(yzgn_n:m (n>1)
P(Y =3n+1) = T (n>1)

1 g 1 1 1\ ¢ 1 1 1\* ¢
2 1+q 2 1+q¢ \2 1+4+q 2 1+¢"\2 14+q 2 144’

Y%, E7e, EHEEDE S E TOREAMY OHEREENE Gy(z) = E(ZY) (2] <1) 2 ¥ 52,

oo

2 oo

q Zn—1 = ,3n+1
G _ 3n
2(2) ;4n(1+q)nz +Z4n 1+ q)m Z:: 1+q

22(22 4+ 22 + 4q)

BT )
b, KoT, Y OfHE, aBUizhEN
8q+ 13 2(30g + 19)
EY) = VY)= ——F= 9
(¥) 49+ 3 (¥) (49 + 3)? )
A
13
% 5, N E(Y)
040 2
L
0 % ol 1 H
& 3: QA:QB BJ:U‘QC X 4: E(Y)EBJZU‘V(Y)
GE2) ¢=1DHBEITBREOEKTHY,
5 4
QA_QB_ﬂa Qc—ﬁa E<Y)_37 V(Y>_2
Thb. ¥z,
. 13 .
lim E(Y)=— lim E(Y) =2
q—+0 3 q—ro0
lim V(YV) = 38 lim V(Y)
q——+0 B 9 q—0o0

13



Y.
(E3)&m(ﬂi00<q<2®t%,QA:QB<@;q>%®k%,QA:QB>QC?%6
ZEehbnb.

3. #5ER

AT, E¥O—BLe RG22 I > T OHENEDL > TV 2D2DEFEFIVIZ
DWTERL, IWHEEHERMEREBZ. 5% BROBARIERE T VEE X TT 2175 &
o r+1 ATrEBETEETEKS (VLT ZL—T7OME] 2L T, KX THfko7z & 5 e —fik
LD EITVIZWEEZ TS,

S 3R

1] 78, G, FIVAN L, ¥ 7, D. &, HER (2005). HERH~NES>ZZ., a7V V-
7177 — KK

[2] Hald, A. (1990). A History of Probability & Statistics and Their Applications before 1750.
Wiley, New York.

[3] Kinney, J. J. (2015), Probability : An Introduction with Statistical Applications, 2nd Edition.
Wiley, New York.

[4] BRASEHL (1084). HEH (PUBUE Y ) — X B 5). SEar .

[5] EHk, Wikipedia (https://ja.wikipedia.org/wiki/%E5%B7%B4%E6%88%A6).

14



