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We present a decision theory which models and axiomatizes a decision-making procedure. This proce-
dure involves two steps: in the first step, for each action, some specific event which can bring about a
relatively high payoff with a relatively high probability or a relatively low payoff with a relatively high
probability is selected as the positive or negative focus, respectively; in the second step, based on the
foci of all actions, a decision maker chooses a most-preferred action. Our model handles decision making
with risk or under ambiguity or under ignorance within a unified framework. Our model resolves sev-
eral anomalies, including the St. Petersburg, Allais, and Ellsberg paradoxes, and violations of stochastic
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1. Introduction

The expected utility (EU) theory axiomatized by von Neumann
and Morgenstern (1944), and the subjective expected utility (SEU)
theory axiomatized by Savage (1954) are the foundation of deci-
sion under risk and uncertainty. However, the hypothetical experi-
mental findings reported by Allais (1953) and Ellsberg (1961) show
that people systematically violate the axioms proposed by von
Neumann and Morgenstern for the EU and by Savage for the SEU.

Since their discoveries, the Allais and Ellsberg paradoxes have
been a standard touchstone in decision science research. Over the
past three decades, a wave of new theories has been proposed
for remedying these problems (e.g., Cerreia-Vioglio, Dillenberger,
& Ortoleva, 2015; Dubois, Prade, & Sabbadin, 2001; Galaabaatar
& Karni, 2013; Giang & Shenoy, 2005; Gilboa, 1987; Gul & Pe-
sendorfer, 2014; Quiggin, 1982; Schmeidler, 1989; Strzalecki, 2011).
The birth of new theories usually triggers new empirical studies
to check their validity and generates new paradoxes accordingly.
Comprehensive reviews can be found in the literature (Etner, Jel-
eva, & Tallon, 2012; Starmer, 2000). In particular, the St. Peters-
burg paradox, which Daniel Bernoulli resolved by introducing a
utility function, has reoccurred to challenge cumulative prospect
theory (Blavatskyy, 2005). Rieger and Wang (2006) further prove
that even for a prospect with a finite expected value, cumulative
prospect theory may have an infinite subjective value.

In this paper, we propose and axiomatize the focus theory
of choice (FTC), which is a procedurally rational choice model
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that can account for several puzzling phenomena, including the
St. Petersburg, Allais, and Ellsberg paradoxes, and violations of
stochastic dominance.

In most normative and descriptive theories, when evaluating
a lottery, a decision maker (DM) is assumed to hold a holistic
viewpoint; that is, the lottery is evaluated by an aggregated multi-
plicative model, such as the SEU. In contrast, Simon (1979, p. 507)
argued, “It is not that people do not go through the calculations
that would be required to reach the SEU decision—neoclassic
thought has never claimed that they did. What has been shown
is that they do not even behave as if they had carried out those
calculations.” Recently, accumulated evidence gained by the re-
searches using eye-tracking and scanpath methods shows that a
risky decision is unlikely to be based on a weighting and summing
process (e.g., Glockner & Herbold, 2011; Stewart, Hermens, &
Matthews, 2016; Zhou et al., 2016). In the paper by Zhou et al.
(2016), an individual is asked to conduct two tasks: the proportion
task and the probability task. The scanpaths of the typical trials
showed that the information-processing sequence in the pro-
portion task appears to be more consistent with a weighting and
summing process whereas in the probability task, the scanpath did
not diagnostically show a pattern similar to that of the proportion
task. Hence, they claim “Our findings suggest that participants are
unlikely to employ a weighting and summing process to make
a decision in the probability task” (Zhou et al., 2016, p. 174).
Gigerenzer and Gaissmaier (2011, p. 451) argue, “Ignoring part
of the information can lead to more accurate judgement than
weighting and adding all information”.

Some studies have shown that individuals evaluate a lottery by
treating each outcome separately. Wedell and Bockenholt (1994,
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p. 499) draw such a conclusion from their experiments that “justi-
fication for single-play choices tended to focus on a single attribute
of the gamble” where a single attribution involves the amount
that can be won or lost, the chance of doing so, or other factors.
Brandstatter, Gigerenzer, and Hertwig (2006) suggest that individ-
uals make choices by using four attributes in the following order:
minimum payoff, probability of minimum payoff, maximum payoff,
and probability of maximum payoff. In addition, several studies
(e.g., Tversky & Kahneman, 1981) show that individuals evaluate a
lottery based on some specific event associated with this lottery;
that is, they consider a payoff and its probability. Based on the
above studies, FTC argues that a DM is boundedly rational and suf-
fers from bounded attention, so that instead of taking into account
all events of a lottery simultaneously, the DM considers the event
which is personally most salient due to its payoff and probability.
We call this event-based thinking. This is also the fundamental
argument of the one-shot decision theory proposed by Guo (2011).

Another key feature of FTC is the postulate that a DM is en-
dowed with two distinct evaluation systems: a positive evaluation
system (PES) and a negative evaluation system (NES). In the PES,
for each lottery, an event which brings about a relatively high pay-
off with a relatively high probability has a relatively high salience.
Such an event generates the individual’s overall impression of this
lottery, and so we call this the positive focus of this lottery. Then,
based on the positive foci of all lotteries, the best lottery is chosen.
On the other hand, in the NES an event which leads to a relatively
low payoff with a relatively high probability has a relatively high
salience. This event will generate the overall impression of the lot-
tery, and so we call this the negative focus of this lottery. Similar
to the above, the individual will choose the best lottery based on
the negative foci of all lotteries. For a DM, one system is apparent
and the other is latent. Which system is apparent is strongly re-
lated to the DM'’s personality traits. For example, the PES is usually
apparent for an optimistic DM, while the NES is often apparent for
a pessimistic DM. It can also be strongly influenced by the fram-
ing (Kahneman & Tversky, 1984): the NES becomes apparent when
the problem is negatively framed or the problem is critical or seri-
ous for the DM. It is possible that both systems are simultaneously
activated, which would result in hesitation or even an inability to
make a decision.

A growing body of evidence has shown that salience (attention-
grabbing information) plays a critical role in decision making
(Brandstdtter & Korner, 2014; Busse, Lacetera, Pope, Silva-Risso,
& Sydnor, 2013; Lacetera, Pope, & Sydnor, 2012). However, there
has been surprisingly little work on salience in the context of
choice under risk or uncertainty. Bordalo, Gennaioli, and Shleifer
(2012) propose the salience theory of choice under risk (STC). We
share the common psychological basis of attention with that re-
search. However, we treat the lottery choosing in radically differ-
ent ways. First, in STC “salience depends on payoffs, and not on
the probabilities of different states” (Bordalo et al., 2012, p. 1254).
In contrast, in FTC the focus (salient event) is independently de-
termined in each lottery while considering not only the payoff but
also the probability of each event. Generally, the most salient state
of a lottery in STC is not identical with the focus (salient event) of
this lottery in FTC. Second, STC uses a weighted utility when eval-
uating a lottery in which decision weights are distorted in favor of
salient payoffs, whereas FTC uses only its focus (salient event) to
evaluate a lottery.

Procedural rationality was first articulated by Simon to distin-
guish substantive rationality for normative economics: “Behavior
is procedurally rational when it is the outcome of appropriate
deliberation. Its procedural rationality depends on the process
that generated it” (Simon, 1976, p. 67). A well-known theory
for formulating the decision-making procedure is the similarity-
based theory (Rubinstein, 1988). Other models can be found in

Rubinstein (1998). FTC belongs to the class of procedural rational-
ity methods, because it delineates the decision-making procedure
according to how DMs choose the focus of a lottery and how they
choose the best lottery based on foci.

We cite several examples to provide an overview of how FTC
works prior to introducing its theoretical framework. The first
example is decision under ignorance. Due to ignorance, we think
that all events have the same probability. In PES, the event which
makes an action generate the highest payoff is the positive focus
of this action because it is the most attractive (salient) event for
this action; the DM then chooses such an action that produces
the highest payoff from among all positive foci. This procedure
is exactly the same as decision making under ignorance with
the maximax criterion. On the contrary, in NES, the event which
makes an action yield the lowest payoff is the negative focus of
this action because it is the most concerned (salient) event for this
action; the DM then chooses from the negative foci the one with
the highest payoff. This procedure is just the same as decision
making under ignorance with the maximin criterion. Interestingly,
the Hurwitz criterion corresponds to the case in which the PES
and NES are activated simultaneously, the optimistic coefficient
reflects the percentage of the time that the PES works.

The second example is the well-known Asian disease problem
(Tversky & Kahneman, 1981) given as follows: Imagine that the
U.S. is preparing for the outbreak of an unusual Asian disease,
which is estimated to kill 600 people. Two programs are pro-
posed to fight against this disease. The predicted results of the two
programs are as follows:

Problem I: If Program L1 is adopted, 200 people will be saved.
If Program L2 is adopted, there is a one-third chance that 600 peo-
ple will be saved, and a two-thirds chance that no people will be
saved. Which of the two programs would you favor?

Problem II: If Program L3 is adopted, 400 people will die. If Pro-
gram L4 is adopted, there is a one-third chance that nobody will
die, and a two-thirds chance that 600 people will die. Which of
the two programs would you favor?

Although Problems I and II are stochastically equivalent, the ex-
perimental results (Tversky & Kahneman, 1981) show that a sub-
stantial majority of respondents prefer L1 to L2 and prefer L4 to
L3. Kahneman and Tversky advocate that the framing effect leads
to risk aversion in Problem I and risk seeking in Problem II.

Let us analyze the above two problems with FTC. Since Problem
[ is positively described, the PES is activated when thinking about
this problem. The positive focus of Program L1 is the event that
200 people will be saved because it is a unique event for L1 while
the positive focus of Program L2 is the event that 600 people will
be saved with a one-third probability because it is more attractive
(salient) than the other for L2. Then the DM compares these two
foci and thinks that the event that 200 people will be saved is bet-
ter than the event that 600 people will be saved with a one-third
probability because the DM emphasizes certain effect. As a result,
the DM decides to choose L1.

Since Problem II is negatively described, the NES becomes ap-
parent when taking into account this problem. The negative focus
of Programs L3 is the event that 400 people will die because it is
a unique event for L3 while the negative focus of Programs L4 is
the event that 600 people will die with a two-thirds probability
because it is more concerned (salient) than the other for L4. Then
the DM compares these two foci and thinks that the certain death
of 400 people is less acceptable than the death of 600 people with
a two-thirds probability. So that the DM decides to choose L4. Such
explanations are exactly the same as the ones given by Tversky and
Kahneman (1981).

The third example is an example of violations of stochastic
dominance (Tversky & Kahneman 1986, p. 264) introduced as
follows: There are two lotteries, described by the percentages of
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marbles of different colors in each box and the amount of money
you win or lose depending on the color of a randomly drawn
marble. Which lottery do you prefer?

Lottery I:

90% white 6% red 1% green 3% yellow
$0 win $45 win $30 lose $15
Lottery II:

90% white 7% red 1% green 2% yellow
$0 win $45 lose $10 lose $15

Clearly, Lottery II stochastically dominates Lottery I. However,
the experiment conducted by Tversky and Kahneman (1986) shows
that a majority of subjects (58%) choose stochastically dominated
Lottery 1.

Let us analyze this problem by the PES. There are two actions: I
and II. The positive focus of I is winning $45 with a probability of
6% and the positive focus of II is winning $45 with a probability of
7% because these two events are the most attractive (salient) for I
and II. The DM compares these two foci of two actions and feels
that they are almost as good as each other. Then the DM further
considers the second most attractive (salient) events of I and II,
i.e. winning $30 with a probability of 1% and winning $0 with a
probability of 90%. Since a 1% chance of winning $30 is better than
a 90% chance of winning $0, the DM chooses Lottery L

The remainder of this paper is organized as follows. In
Section 2, we discuss how the positive focus of an action is se-
lected and how the optimal action is determined based on the pos-
itive foci. In Section 3, we show how PES resolves the St. Peters-
burg, Allais, and Ellsberg paradoxes. In Section 4, the concluding
remarks are given. In Appendix A, we summarize the mathemati-
cal symbols used in PES. In other appendices, we define and char-
acterize the NES, exhibit how framing affects the choice between
the PES and the NES in the context of the Asian disease problem,
resolve the example of violations of stochastic dominance given in
this section, and list the mathematical symbols used in NES. In ad-
dition, it should be emphasized that instead of conducting new ex-
periments, we utilize well-documented and reliable experimental
data.

2. Positive evaluation system (PES)
2.1. Positive foci of an action

Consider an action a; € A={ay,...,ay} associated with a set
of mutually exclusive events S'. Like S/, we use the superscript i
in the mathematical symbols to stand for the action g; through-
out the paper. The payoff function of a; is v/ : S'— R. That is,
an event s € S corresponds to a payoff v¥i(s) when taking an ac-
tion a;. s €S’ is an action-specific event and may consist of one
or more states. The objective probability of s € S or its subjec-
tive probability exogenously given is p'(s). Hence, an event s € S
can be characterized by (vi(s), p'(s)). An action a; with n(i) events
is represented as a lottery {(v'(s1), p'(s1)), ..., (W (Sniy) - D' (Sniy)) }-
Given a set of states of an action, how to construct the events is
completely dependent on a DM. For example, an action can yield
$100 or $100 or $200 when the state oy or o, or o3 occurs and
the probabilities of 0q, 05, and o3 are 0.1, 0.4, and 0.5, respec-
tively. It is possible for two DMs to have two different sets of
events: {(100,.1), (100, .4), (200, .5)} and {(100, .5), (200, .5)}, re-
spectively. Such information can be obtained by directly asking the
DM. It should be noted that splitting or coalescing events will gen-
erate an unidentical decision problem for FTC. We have the follow-
ing definition to characterize the events.

Definition 1. For 51,5, € S, if pi(sy) > pi(sy) and vi(sy) > vi(s7)
and at least p'(s;) > p'(sp) or vi(sq) > V'(sy), then it is said that
s1 positively dominates s, for a;, denoted as (sq,s2) € R;..

Like R, we use the superscript or subscript + in mathematical
symbols to stand for the positive evaluation system (PES) through-
out the paper. Clearly, R, satisfies transitivity. That is, if (s1,5;) €
R; and (s,,S3) € Ry then (sq,s3) € R;. Given Definition 1, we have
the set of the undominated events which is defined below.

Definition 2. Given U c §', the set of R,-maximal elements of U,
denoted as Fi(U, R, ), is as follows:

F(UR)={seUcS\VteU,(ts) ¢R,}. (1)

Fi(U,R,) stands for the set of the undominated events s € U €
St that have relatively high probabilities and make a; generate rel-
atively high payoffs. Fi(U,R,) is called the positive frontier of g;
over U c S'. It should be noted that (1) does not mean that chang-
ing the dominated events does not influence the positive frontier
of an action at all. The reason is as follows: changing the domi-
nated events may cause a reconstruction of events so that a new
event can become an undominated one. To facilitate the under-
standing of the above-mentioned symbols and the concepts, let us
consider the following numerical example.

Example 1. We set A = {a;, a;, a3}, S' = {s}, s} s} s}, §2 = {s3 52,
s2,52),  and  S3={s3,s3,s3,s3,s3}  where sl5 = (200, .10),
s} =(180, .40), sl =(160,.30), s}=(210,.20), s?=(150,.15),
sg = (240, .15), 53§ =(220,.30), s2=(80,.40), s% = (100, .15),
s3 = (90, .24), s3 = (235, .35), 53 = (230, .13), and s3 = (200, .13).

For ay,(s}.s}) eR, and (s],s}) eR, hold so that FI(S',R,) =
{s}.si}; for ay (s2,s2) eR; and (s2,s2) eR;, hold so that
F2(S2,Ry) = {s3,53,52}; for a3, we know F3($3,R;) = {s3}.

If we consider the subsets of S!, S and $3: S'—{sl} =
{sl.sl.sk}, S2—{s?} ={s2,53,53}, and S$°—{s3}={s3,s3,s3 53},
then we have F!(S'—{s]}.R,) ={sl.s}}, F2(S>—{s3}.Ry) =
{s3.52}, and F3(S® — {s3}.Ry) = {s.53.53}.

In the PES, for g; € A, the primitive of our analysis is a binary
preference relation =, over S, and we denote the symmetric and
asymmetric parts of >, as ~, and >, respectively. s;>,S, means
that the event s; is more attractive than the event s,. We have the
following axioms for > .

Axiom 1- Decidability: For each a;, a DM can choose the most
attractive event from S'.

Axiom 1 postulates that a DM is able to select the most at-
tractive event from among all events of each action. Meanwhile,
it implies that the most attractive event is not necessarily derived
from a pairwise comparison where completeness and transitivity
are needed.

Axiom 2- Dominance: For any s;,S, € St if (s1,S3) € Ry, then
S1>457.

Axiom 2 assumes that an event with a higher probability
and a not smaller payoff or with a not smaller probability and a
higher payoff will result in the DM feeling more attractive (having
higher salience of this event). This axiom is intuitively appealing
for describing the procedure of selecting events because it em-
ploys dominance relationship which is recognized as the most
widely acceptable principle and a compelling reason for choice
(Montgomery, 1983; Payne, Bettman, & Johnson, 1992). This axiom
represents an optimistic attitude in evaluating events.

It follows from Axioms 1 and 2 that the most attractive event of
an action g; over all s e U C S, denoted as ¢!, (U), satisfies ¢, (U) e
Fi(U,Ry). ¢, (U) is called the positive focus of a; over U C S'. C\ (U)
is used to represent the set of positive foci of g; over U € §' in the
case that multiple positive foci of a; exist.

In what follows, let us consider how to identify cﬂr (U). First, let
us introduce two basic concepts.

Definition 3. Given U c &', a function 7, :U — [0,1] is called
the relative likelihood function for a; over U C S' if it satisfies



P. Guo/European Journal of Operational Research 276 (2019) 1034-1043 1037

Vs1.5, € U, 7 (s1) > 7 (s2) when pi(sy) > pi(sy); 7} (s1) = 7, (s2)
when pi(s;) = pi(sy); max 7/, (s) = 1.

ng, (s) is exogenously given to represent the relative position of
the likelihood of an event s € U € Si. We call it the relative likeli-
hood degree of s. Definition 3 considers a general form of the rela-
tive likelihood function. For a DM, he has one specific relative like-
lihood function. We can give a simple relative likelihood function
as follows:

7 (s) = p'(s)/ max pl(t). (2)

Instead of directly using the probability of an event, we employ
the relative likelihood degree of an event in FTC mainly for the fol-
lowing three reasons. First, the relative likelihood is regarded as
a heuristic variable of probability with considering the heuristic
attribute substitution (Kahneman & Frederick, 2002) in the sense
that the relative likelihood comes more readily to mind than the
target attribute, i.e. probability. Second, probability might fit the
long-run perspective of a DM while the relative likelihood cap-
tures the feature of single-instant event (Gigerenzer, 1994; Wedell
& Bockenholt, 1990). Third, it is in accordance with the argument
of Bordalo et al. (2012): in the specific context of choice under risk,
the relative magnitude is itself a critical determinant of salience.

Definition 4. Denote the set of all payoffs resulted from an action
a;eAand all seU c S as Vi. A function u, : Vj — [0,1] is called
the satisfaction function for a; over U € §' if it satisfies Vv; > v, €
Vi, i (vq) > ul;(v,), and max uf;(v) = 1.

We abuse notion by writing ul;(s) in place of u (v(s)). ul;(s)
is exogenously given to represent the relative position of the pay-
off generated by s e U € S' and a; € A among all payoffs from the
upside standpoint in the sense that u}(max,y v(s)) =1 holds.
Definition 4 considers a general form of the satisfaction function.
For a DM, he has one specific satisfaction function. If vi(s) is a
bounded function, as an example, we can set the following linear
function

tly(s) = 1~ (max vi(©) - v/(5) ) /T1, (3)
€
where T1 is a predetermined positive constant satisfying

T1 > max v/(s) — min v/(s). (4)
seU selU
If mingy v1(s) > 0, we set T1 = max,y V' (s), then (3) becomes
1y (s) = v'(s)/max v'(r). (5)
€.

A wealth of evidence shows that although absolute well-being
and relative position seem to matter to people, the relative stand-
ing is nevertheless significantly important. For example, a study of
satisfaction among 257 professors, students and staffs at the Har-
vard School of Public Health conducted by Solnick and Hemenway
(1998, p. 381) shows, “Half of respondents said they would pre-
fer a world in which they have 50% less real income, so long as
they have high relative income.” In addition, Frank (1985) finds,
“Some whose close associates all earn $50,000 a year is likely to
feel actively dissatisfied with his material standard of living if his
own salary is only $40,000. Yet that same person would likely be
content if his closest associates earned not $50,000 but $30,000
a year” (cited by Solnick & Hemenway, 1998, p. 374). In line with
the above studies, we use the satisfaction function to represent the
relative position of a payoff in which the reference point is the
maximum payoff gained by an action.

Next, let us examine whether F/(U, R,) will change if pi(s) and
vi(s) become 7/, (s) and uj, (s), respectively. We have the following
lemma.

Lemma 1. (Invariance). Suppose 6 (-) and ¥ (-) are strictly increas-
ing functions. Given U C S, the positive frontier of a; with 8 (pi(s))
and ¥ (vi(s)) is the same as the one with pi(s) and vi(s).

It follows from Lemma 1 that for U c S' the positive frontier
of a; with pi(s) and vi(s) is the same as the one with 7/, (s) and
ul (s).

We have the following theorem for characterizing the positive
focus ¢ (S).

Theorem 1. (Representation theorem of positive foci).

‘Given Uc s, ch;r (U) e C.(U), there exists a function min
(7w (s), (1/9'(U)) * g (s)) satisfying
min (i (c\ (U)), (1/¢'(U)) % uj; (¢, (U)))

= max min(w}(s), (1/¢'(U)) * ul,(s)), (6)

se F(U.R,)
where ¢!(U) > 0.
Proof. For any s e F/(U,R,) # ¢\ (U), there are two cases:

) 72'{,(3) < nl‘:](c;(u)) and ui}(s) > ub(c;(U));
(IN) 7y (s) > )y (¢}, (U)) and uy;(s) < uy(cy (U)).

Setting
¢'U) = U{J(CL(U))/ﬂLiJ(CL(U))’ (7)
we have min(m} (c, (U)), (1/¢'(U)) = ul, (¢ (U))) = 7}, (c|_(U)).

Considering the above two cases, it is clear Vse Fi(U Ry) #
c (U),  min(z}(s). (1/¢'(U)) *ui,(s)) < ) (c\ (U)). Therefore,
(6) holds. O

Comments. It follows from Theorem 1 that ¢!(U) is endogenously
derived from choosing ci(U). Certainly, given a ¢!(U), the event
satisfying (6) is a positive focus of g; over U € §, i.e. ¢, (U). From
Fi(U,R;) and (7), we know that increasing ¢!(U) will lead to a
positive focus of a; with a relatively high satisfaction level (pay-
off) and a relatively low likelihood (probability). Choosing a pos-
itive focus of a; over U € St with a relatively high value ¢!(U)
means that the DM is willing to pursue a high payoff by sac-
rificing the probability of that payoff, so ¢!(U) is used to char-
acterize the degree of emphasizing possible payoff for choosing
a positive focus of a;. A higher value of ¢!(U) corresponds to a
higher degree of emphasizing possible payoff when choosing a
positive focus of a;. We name min(rt,(s). (1/¢'(U)) = ui,(s)) where
se F(U,R,) the attractiveness level of the undominated event of
a;. Thus, Theorem 1 states that the positive focus of an action is the
undominated event with the highest attractiveness level. It should
be noted that min(m};(s), (1/¢'(U)) * u};(s)) is only for seeking the
most attractive event. That is, we cannot claim that the event
having the second largest value of min(sj (s). (1/¢'(U)) * ul,(s))
is more attractive than the one having the third largest value of
min (s, (1/9' (U))  ul; (5)).

From the above introduction, we know that the positive focus
of an action is selected by two consecutive steps: in the first step,
the events of this action are selected on the basis of the Pareto cri-
terion, and the indecisive events form the positive frontier of this
action; in the second step, the tradeoff between payoff and proba-
bility is made, which is described in Theorem 1. This idea is closely
related to sequentially rationalizable choice (Manzini & Mariotti,
2007) in which at first the inferior alternatives are removed, then
a fairness criterion is used for choosing the best one from among
the alternatives left.

Let us go back to Example 1. Using (2) and (5), we
rewrite F'(S',R;) = {sl,s}} ={(.86,1.),(1.,.5)} and F?(S?,R;) =

{s3.52,52} ={(1.,.38), (.92,.75), (.33,1.)}.  Setting ¢!(SH) =1
in (6), we calculate the attractiveness levels of s; and
shas min(n;1 (sh, u}l (s})) =min(1., .86)=0.86 and min
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(71511 (s}l),u;1 (s})) =min(.5, 1.) = 0.5, respectively. Since the
attractiveness level of s; is larger than the one of s}l, it fol-
lows from (6) that c}r(51):s%, that is, the focus of a; over
S! is sl. Likewise, setting ¢?(S$?) =1, we obtain c2(5?)=s2.
Since F3($3,R;) = {s3} is a singleton, we have c3 ($%) _53 Then,
Clsh ={sl}, C2(s?)={s3}, and C3(s®) = {s3} L11<ew1se we
consider subsets st— {s }= {51,53,54} §2 —{s2} = {s3,s2,52},
and $3—{s3} ={s3.53.53.52}, and use (2), (5), and (6) with
P ST —{s]H) =* (2 - {5 =3P —{s3)) =1, we  have
CL(ST —{si)) = {s1}, Cﬁ(sz {s3) = {s3}, and C3 (% — {s3}) = {s3}.

2.2. Optimal action based on positive foci

We consider the relationships between two actions’ positive
foci. They are summarized as the following definitions.

Definition 5. For s; € S' and s, € S/, if pi(s;) > pi(sy) and vi(s;) >
vi(sy) and at least pi(s;) > pi(sy) or vi(s;) > ¥i(sy), then it is said
that s; dominates s, between g; and a; in the PES, denoted as
(s1,82) € Q4.

From Definition 5, we understand that (sq,sy) € Q+ means that
an event s; of g; can bring a payoff at least that of an event s, of
aj, and the occurrence probability of s; is at least that of s,.

Definition 6. For s; €St and s, €S/, set a =|pi(s1) — pi(sy)]
/max(p'(s1), pi(sy)) and n = |vi(sy) — ¥ (s3)|/V, with V, > 0. If o +
n < 8 then it is said that s; is identical with s, at the level §, de-
noted as (s1,5y) € =;5.

Here V, is a predetermined large positive constant representing
the tolerance level for the difference of two payoffs. If ¥i(s;) and
vi(sy) are positive, usually we can take V, = max(vi(s1), ¥/ (s2)).
Definition 6 is closely related to Rubinstein’s e-indifference sim-
ilarity (Rubinstein, 1988). (s1,s;) € =5 means that s; and s, are
equally preferred at the level &.

Definition 7. Given H CUj_; 254, the set of Q,-maximal ele-
ments of H, denoted as F(H, Q;), is as follows:

F(H,Q.) ={s e H[Vt e H, (t,s) ¢ Q.}. (8)

F(H, Q) is the set of the events undominated by the events of
the other actions. We set

Cy = Ujer,aCL(S). (9)

then F(C,, Q) stands for the set of the undominated foci (attrac-
tive events) with the relatively high probabilities and the relatively

high payoffs. Given G=U;_; _,G/ where G/ c S/ (j=1,...,n), we
have
D, (G) = {a; e A|3¢\ (G') e F(G.Qy)}. (10)

D, (G) stands for the set of actions whose positive foci belong
to F(G, Q).

We have the following axioms for characterizing the optimal ac-
tion in the PES.

Axiom 3- Decidability: A DM can choose the most preferred ac-
tion a;+ from A.

We relax the assumptions of completeness and transitivity in
standard economic theory and replace them by decidability. It
means that a DM can determine his most-preferred action but
there is no need to judge between any pair of actions. This as-
sumption is intuitively appealing because in the real world the
observable and observed action is usually the optimal action itself.

Axiom 4- Focus lexicographical dominance:

(1) 35 € CV' (S") NF(C1. Q1)
or

(2) 350y € CI'(S™) and Ity € CL(SH)NF(Cy,Qy) satisfying
(50)- L)) €=6 9,

35(1) € Ci (S'* — {'5(0).,5(]) ..... S(l_])}) and Elt(,) € Ci (S] — {f(o),
tay .- tg-ny}) satisfying (s, t)) € =50 I=1,...,m—1 when
m>1;

HS(m) S CL: (Sl* — {5(0), 5(1), C ,S(m,])}) n F(B+, Q+), m > ],

where B+ = Cﬂ: (S'* - {S(O), S(]), e, S(m_])}) UCi(SJ - {t(o), t(l)* ey
tan-1)}). We call s¢y the Ith order positive focus of a;:. Axiom 4
links the selection of an action to the choosing of a positive focus.
In other words, which action is chosen as the most preferred de-
pends on which action’s positive focus is the most attractive to the
DM. Axiom 4(1) means that a positive focus of the most preferred
action a;« belongs to F(C;, Q) and it is the most attractive to the
DM. Axiom 4(2) means that although the positive foci of a; do
not belong to F(C,, Q. ), one positive focus of a;« is identical with
a positive focus of another action a; belonging to F(C;, Q) at the
level §g), the Ith order positive focus of a; is identical with the
one of a; at the level §(;, for [=1,...,m -1, and a mth order pos-
itive focus of a;. is more attractive than the one of a;. For the sake
of simplicity, we have confined ourselves to the cases in which the
positive foci of two actions are equally attractive at some level; the
theory can be easily extended to multiple actions. In order to know
which positive focus is the most attractive among F(C,, Q. ), let us
consider the following definitions.

Definition 8. Given H C Uj_; _,S/, denote the probability of s e
F(H,Q,) as p(s). The function 7/} : F(H,Q;) — [0,1] is called the
readjusted likelihood function in the PES if it satisfies Vsl Sy €
F(H, Q4), 7 (s1) > 7 (s2) for p(Sl) > p(s2); 7 (s1) = 7 (s2) for
p(s1) = p(sp); maxmy(s) =1. mf(s) is called the read]usted
likelihood degree of s in the PES.

We can give a simple readjusted likelihood function as follows:

p(s)/, max p(t). (11)

(s
) = teF(H,Q.)

Definition 9. Given H C U;_ denote the set of the pay-
offs resulted from all q; € DJr (H) and their positive foci lying on
F(H,Q.) as V;}. The function ugy) : V;f — [0, 1] is called the read-
justed satisfaction function in the PES if it satisfies Vv > v, e VI,
Uy (V1) > Uy (v2), and max ugy (V) = 1.

We abuse notion by writing u (s, a;) in place of uy, Vi (s))
where s €S NF(H,Qy) and a; € D.(H). We can give a simple
readjusted satisfaction function as follows:

Umy(s.a) =1- (max = vi(s)>/T2, (12)
veVy
where T2 is a predetermined positive constant satisfying
T2 > max v — min V. (13)
veVy veV;

If minvgvg vz 0, we set T2 = max,y; V. then (12) becomes
Uy (S, a;) = V' (s)/max v. (14)
veVy;

We have the following theorem for characterizing the optimal
action in the PES.
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Theorem 2. (Representation theorem for an optimal action in the
PES).

(1) If a; satisfies Axiom 4(1), then there exists a function
min(7rc++ (), (/) x uic,y (s, a;)) satisfying

min(rrd (¢4 (S")), (i), (¢ (S7). ai))

— y +

= SE]%E)&)mln(ﬂa (), (1/Kk)x(c,) (s, ag)) (15)
for ¢ (S™) e F(Cy4, Q1) where « > 0, and qg is the action satisfying
s e C5(S8).

(2) If a; sqtisﬁes Axiom 4(2), 3ty = CZr (89) e F(Cy, QJY) ?.Hd
HS(O) € Cﬂr (S' ) Satisfying (5(0), t(o)) € 25(0); 35(1) € Ci# (SI —

{5(0), .. .,5(17‘1)}) and Elf(l) € Ci(Sf — {t(o), ey t(171)})

satisfying (s, tgy) € =50 I=1,....,m-1 when m>1;

Iw=c(S" —{s).....Sm_1)}) € F(B+. Q) satisfying

min(tg, (W), (1/km )=, ) (W, ;.))

= max min(se. (), (1/km )*t, ) (S. aq)), (16)

where k¢, > 0, By is given in Axiom 4 and aq is the action a;: or

aj if se Cf(S’* — {5(0), e ’S(m—l)}) or s e Ci(SJ - {t(o), ey t(m71)})
holds.

Proof. Setting
K =uc,(c ("), al-*)/yrg’+ (c(5")). (17)

it is easy to prove (15) by taking the same procedure as used for
proving Theorem 1. Similarly, we can prove Theorem 2(2). O

It follows from Theorem 2 (1) that « is endogenously derived
from the observed optimal action and its positive foci. Certainly,
setting a value of «, we can obtain a; and ¢ (S") € F(C;, Q).
From F(C;, Q;) and (17), we know that increasing x will lead to
an optimal action whose positive focus has a relatively high read-
justed satisfaction level (payoff) and a relatively low readjusted
likelihood degree (probability). Hence, setting « to a high value
means that the DM is willing to pursue a high payoff by sacrific-
ing its probability (so-called possible effect), whereas a low value
for k means that the DM chooses the high probability while sac-
rificing the payoff (so-called certain effect). In other words, in-
creasing k represents that the DM tends to pursue possible effect
(emphasizing payoff); decreasing x represents that the DM tends
to pursue certain effect (emphasizing probability). Following the
same logic as used for Theorem 2 (1), we can explain the cases for
Theorem 2 (2).

We name min(ﬁg+ (), (1/k) xuc,y(s,a;)) where s eF(Cy, Q)
and a; € D, (C;) the attractiveness level of g;. Thus, Theorem 2 (1)
states that the optimal action in the PES is the one with the
highest attractiveness level. Likewise, we can explain the cases
for Theorem 2 (2) where min(ngl(s),(1/K(m))*u(3+)(s, ag)) is
the mth order attractiveness level of aq. It should be noted that
min(nct (8), (/) x u(c, (s, a;)) is only for seeking the most attrac-
tive action. In other words, it does not make sense that the action
having the second largest value of min(ng’+ (), (1/K) xu(c,)(s, a;))

is more attractive than the one having the third largest value of
min(rrct (s), (1/K) xu(c,y(s, ).

If a DM prefers multiple actions in the PES, then these preferred
actions are called equally optimal actions in the PES. If a com-
mon « does not exist in the case of multiple optimal actions, we
say that the DM has inconsistent attitudes for purchasing possible
effect.

In the PES, k represents the weight which a DM is willing to
put on the satisfaction level over the relative likelihood degree.
The parameter x« does not take a unique value when determining
one positive focus. This is not a shortcoming of FTC, because what
matters is which focus is ultimately chosen.

The maximin criterion was criticized by Harsanyi (1975) be-
cause it requires the DM to evaluate every available action only
in terms of the worst case. Although FTC utilizes the maximin
operator, it also incorporates the relative likelihood, and so it
simply eliminates the possibility of obtaining extreme results.
Furthermore, changing the value of the parameter « corresponds
to different behaviors of a DM.

It is correct that Theorems 1 and 2 can be reformulated directly
in terms of probabilities pi(s) and payoffs vi(s). However, ¢!(U)
in Theorem 1 and « in Theorem 2 have a clear meaning if using
the satisfaction function and the relative likelihood function. For
example, on the one hand, setting ¢!(U) =1 means that the DM
wants to seek a focus while thinking that payoff and probability
are equally important; on the other hand, the derived ¢i(U) =1
from choosing the focus shows that the DM puts the same weight
on payoff and probability. Another reason why the relative likeli-
hood function and the satisfaction function are used is that they
are strongly supported by the psychological evidences.

Let us go back to Example 1. Since CL(S")={sl}, C2(S?)
={s?}, and C3($®) ={s3} hold, considering (9) we have C, =
{s}.s2.s3}. Based on (8) and (10), we have F(Ci,Q.) = {s}.s3}
and D, (C,) ={ay,a3}. Using (11) and (14) and setting « =1,
we calculate the attractiveness levels of a; and a3 as min(yrct (s%),
U, )(s3.ay)) = min(1.,.77)=0.77 and min(ng+ (s3). uic,)(s3.a3)) =
min(.88, 1.) = 0.88, respectively. It follows from (15) that a; = a3
and ¢ (") = s3 because 0.88 > 0.77, that is, the optimal action is
as and its positive focus is sg.

We postulate that in general the positively framed problem
activates the PES, while the negatively framed problem usually
makes the NES apparent. In the NES, for each action a specific
event which generates a relatively low payoff with a relatively
high probability is the negative focus (the most salient event) of
this action. Then, based on the negative foci of all actions, the
action whose negative focus is the most acceptable is chosen as
the most preferred. The theoretical framework of the NES is given
in Appendix B. In the next section, we resolve the St. Petersburg,
Allais, and Ellsberg paradoxes with the PES. We use L1 > L2
(L1 = L2) to stand for that the action L1 is preferred to the action
L2 (L1 and L2 are equally preferred) throughout the paper.

3. Resolving the St. Petersburg, Allais, and Ellsberg paradoxes
3.1. The St. Petersburg paradox

The St. Petersburg paradox was proposed by Nicolas Bernoulli
in 1713 as follows. A fair coin is tossed at each stage. Once a tail
appears, the game ends and the player obtains 2™ dollars where m
equals the number of tosses. How much is a player willing to pay
for this game?

We analyze this problem by the PES. In this problem, the set
of actions is {PLAY, NOT PLAY}. For NOT PLAY, its positive focus
denoted as E is (y, 1) where y is the price paid for this game. Since
at least two dollars can be won for PLAY, y should satisfy y > 2. For
PLAY, the set of events is an infinite set S = {T, HT, HHT, HHHT, .. .}
where T and H stand for tail and head, respectively. The payoff
corresponding to m tosses is 2™ and the probability of m tosses is
1/2™. Considering the payoff is unbounded, as an example, we set
a satisfaction function for PLAY as follows:

u=2m/(2™ +2000). (18)
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Clearly, when m — +o0, we have u — 1. It follows from (1) that
the positive frontier of PLAY is S. Based on Axiom 1, we assume
that a player chooses the most attractive event from S as HHHHHT,
that is the positive focus of PLAY. Using (2) and (18), we find that
there exists ¢ (S) = 1 which makes (6) hold as follows.

min((1/2°)/(1/2), (1/¢(S)) * (2°/(2° +2000)))
= max, min((1/2™)/(1/2). (1/¢(S)) * (2"/(2™ + 2000)))

(19)

On the other hand, if we set ¢(S) =1, using (2), (18) and
(6), we know that the positive focus of PLAY is HHHHHT be-
cause min(1,/2m-1, 2Mm/(2M 4+ 2000)) reaches its maximum when
m=6. Then, from (9) we know C, ={E,HHHHHT}. It fol-
lows from (8) and (10) that F(C,, Q.) ={E,HHHHHT} and
D, (C;) = {PLAY, NOT PLAY} hold. Using (11) and (14), we cal-
culate the attractiveness levels of PLAY and NOT PLAY as
min((1/28)/1, (1/k) = (26/26)) and min(1/1, (1/k) * (y/25)), re-
spectively. For deciding y, PLAY and NOT PLAY should be equally
optimal. It follows from (15) that

min(1/2%, 1/k) = min(1, (1/«) * (y/2%)), (20)
where

2<y<25 (21)
(20) implies

y=K. (22)

It follows from (22) and (21) that y can take the value from
(2,26) with the different value of «; the bigger the value of «,
the larger the value of y. This means that if one is more willing to
pursue the possible effect, one is more willing to pay more.

Next, let us discuss the parameter ¢(S). Increasing ¢(S) in
(6) from 1 to, for example, 10 will change the positive focus of
PLAY from HHHHHT to HHHHHHHT. Likewise, we know that y can
take the value from (2, 28). It means that the player who focuses
on the event with the higher payoff is willing to pay more for
PLAY.

It can be easily understood that increasing the payoffs, for ex-
ample, from 2 to 3%, can make a DM more aggregative, that is,
increasing ¢ and «. Using the same logic as shown above, we can
argue that increasing the payoffs of the game will make the player
willing to pay more.

Although the St. Petersburg paradox has been resolved by
Daniel Bernoulli by introducing a utility function, it reoccurs to
challenge cumulative prospect theory. Blavatskyy (2005) proves
that cumulative prospect theory (CPT) cannot avoid the St. Pe-
tersburg paradox without the condition that the power coeffi-
cient of the utility function is lower than the power coefficient of
the probability weighting function. In addition, Rieger and Wang
(2006) point out that in cumulative prospect theory, a prospect
with a finite expected value may have an infinite subjective value.
On the contrary, FTC can resolve all types of the St. Petersburg
problems because instead of taking a weighted sum, FTC focuses
on only a single event.

3.2. The Allais paradox

The Allais paradox (Allais, 1953) is described as follows: A sub-
ject is asked to choose one between the following two gambles:

Gamble L1: 100% chance of receiving $100 million;

Gamble [2: 10% chance of receiving $500 million, 89% chance
of receiving $100 million, 1% chance of receiving nothing.

Then, once more this subject is asked to choose one between
the following two gambles:

Gamble L3: 11% chance of receiving 100 million, 89% chance of
receiving nothing;

Gamble L4: 10% chance of receiving 500 million, 90% chance of
receiving nothing.

Empirical studies show that most subjects choose L1 > L2 but
L4 > L3; it violates the independence axiom.

Let us analyze this paradox with the PES. In the first prob-
lem, the positive focus of L1 is (100, 1.) because it is a unique
event of L1. According to (1) we know that the positive fron-
tier of L2 is {(100, .89), (500, .1)}. Hence, the positive focus of L2
is (100, .89) or (500, .1). Suppose (100,.89) is the positive fo-
cus of L2. From (9), we know C, = {(100, 1.), (100, .89)}. Consider-
ing (8) and (10), because ((100, 1.), (100, .89)) € Q. holds we have
F(C:, Q1) ={(100,1.)} and D, (C;) = {L1}. It follows from Axiom
4(1) that L1 > L2 holds. If (500, .1) is the positive focus of L2, then
we have C; = {(100, 1.), (500, .1)}. Based on (8) and (10), we know
F(C;, Q) =Cy and D4 (C;) = {L1, L2}. Using (11) and (14), the at-
tractiveness levels of L1 and L2 are min(1., (1/«) % (100/500)) and
min(0.1, (1/x) x (500/500)), respectively. It follows from (15) that
taking x = 2 leads to L1 = L2 while taking ¥ < 2 we have L1 > [2.
Since decreasing « (k < 2) reflects the attitude of pursuing certain
effect, i.e. emphasizing probability, we argue that the DMs who
prefer L1 to L2 should emphasize certain effect.

In the second problem, according to (1) we know
that the positive frontier of L3 is {(100,.11), (0,.89)}. Us-
ing (2) and (5), we obtain the attractiveness levels of
(100,.11) and (0,.89) as min(.11/.89, (1/¢) = (100/100)) and
min(.89/.89, (1/¢) * (0/100)) =0, respectively. Clearly, V¢ >0
the attractiveness level of (100,.11) is larger than the one of
(0,.89). Considering (6), we know that the positive focus of
L3 is (100,.11). Similarly, since the positive frontier of L4 is
{(500, .1), (0,.90)}, it is easy to understand that the attractiveness
level of (500,.1) is always larger than the one of (0,.90) so
that the positive focus of L4 is (500,.10). From (9), we know
C, ={(100, .11), (500, .1)}. Considering (8) and (10), we have
F(Cy, Q.) =C, and D, (C,) = {L3, L4}. Using (11) and (14), the at-
tractiveness levels of L3 and L4 are min(.11/.11, (1/k) % (100/500))
and min(.1/.11, (1/«) % (500/500)), respectively. It follows from
(15) that taking « = 0.22 we have L3 = L4 while taking x > 0.22
we have L4 > L3. Since increasing k (k > 0.22) reflects the attitude
of emphasizing the possible effect, i.e. emphasizing payoff, we
argue that the DMs who prefer L4 to L3 should emphasize payoff.
Considering « in the first and second problems, we know that
taking Vi € (.22,2) will lead to L1 > L2 but L4 > L3.

Allais (1953) expects that people faced with these choices
might opt for L1 in the first problem, lured by the certainty of be-
coming a millionaire, and select L4 in the second problem in which
the odds of winning seem very similar, but the prizes are very dif-
ferent. Clearly, FTC's explanations are similar to Allais’s (1953).

3.3. The Ellsberg paradox

We examine the Ellsberg paradox (Ellsberg, 1961) with the PES
where the numbers of balls are reduced to 10 percent of the orig-
inal ones for simplicity.

Subjects confront two urns containing well mixed red and black
balls. Urn I contains exactly 5 red and 5 black balls. Urn II contains
10 red and black balls, but in an entirely unknown ratio. You have
to choose one urn and draw a ball at random from it. Please decide
which you prefer, Urn I or Urn II in the following two games.

Game A: If you draw a red ball, you will receive $100 and if you
draw a black one, you will receive nothing.

Game B: If you draw a black ball, you will receive $100 and if
you draw a red one, you will receive nothing.

Empirical evidence shows that most subjects choose Urn I in
both Game A and Game B; it violates Savage axioms.

Let us analyze Game A. The set of actions is {choosing Urn I,
choosing Urn II}. For choosing Urn I, the set of events is {Black,
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Table 1

The probabilities and payoffs of the evens of choosing Urn II in Game A.
Events B1 R1 B2 R2 B3
Probabilities 0 0.091 0.009 0.082 0.018
Payoffs 0 100 0 100 0
Events R6 B7 R7 B8 R8
Probabilities 0.045 0.055 0.036 0.064 0.027
Payoffs 100 0 100 0 100

R3 B4 R4 B5 R5 B6
0.073 0.027 0.064 0.036 0.055 0.045
100 0 100 0 100 0

B9 R9 B10 R10 B11 R11
0.073 0.018 0.082 0.009 0.091 0

0 100 0 100 0 100

Red}, and clearly its positive focus is (100, 0.5). Since we do not
know the ratio of red balls to black balls in Urn II, choosing Urn II
in Game A is equivalent to a two-stage procedure as follows. In
Step I, choose one type of urn from 11 types of uniformly dis-
tributed urns. They are Type 1 {BlackO, Red10}, Type 2 {Blackl,
Red9}, ..., Type 11 {Black10, Red0} where Blackl means that there
is 1 black ball in the urn while Red9 means that there are 9 red
balls in the urn. In Step II, draw one ball from the chosen urn.
Hence, the set of the events of choosing Urn Il in Game A is {B1,
R1, B2, R2, ..., B11, R11} where B1 stands for drawing a black ball
from a Type 1 Urn while R2 stands for drawing a red ball from a
Type 2 urn. The payoffs and probabilities of these events are listed
in Table 1. From Table 1, we know that the positive focus of choos-
ing Urn Il in Game A is (100, 0.091) because it dominates the oth-
ers. From (9), we know C, = {(100,.091), (100, .5)}. Considering
(8) and (10), because ((100,.5), (100,.091)) € Q, holds we have
F(Cy, Q+) ={(100,.5)} and D, (C;) = {choosing Urn I}. It follows
from Axiom 4(1) that choosing Urn I is preferred to choosing Urn
II. Likewise, the same result as in Game A can be obtained in Game
B. In short, FTC explains the Ellsberg paradox as follows: the most
favorite event of the risk gamble (drawing a ball in Urn I) domi-
nates the most favorite event of the ambiguity gamble (drawing a
ball in Urn II).

In FTC, the action-specific event is equipped with two necessary
components: payoff and probability which are exogenously given.
For the action of choosing Urn II, we are unable to directly assign
the probabilities to Red and Black so that we utilize the two-stage
procedure to determine the probabilities. This idea is not new. To
accommodate ambiguity aversion in choice behaviors, second or-
der probabilities have been used in the literature (e.g., Segal, 1987,
1990) where horse lotteries and roulette lotteries are taken into ac-
count. The model based on FTC shares the same roulette lotteries
as the models based on second order probabilities. However, sub-
jective second order probabilities are endogenously derived from
choice behaviors in the models based on second order probabili-
ties while in the model based on FTC second order probabilities
are exogenously set as a uniform distribution.

The Ellsberg problem has been regarded as the typical problem
which highlights the difference between risk and ambiguity. How-
ever, from the above analysis, we know that FTC provides a unified
framework to handle decision making under risk and ambiguity.

4. Concluding remarks

According to the definition given by Simon (1976), there are
two kinds of theories for modelling rationality: one is substan-
tively rational theory and the other is procedurally rational theory.
Except a few models, such as Rubinstein (1988), the existing ratio-
nal theories are substantively rational ones. The basic idea of these
theories is to replace or relax the part of axioms of the expected
utility theory or the subjective expected utility theory. However,
the empirical studies show that the new theories generate new
paradoxes. This paper provides a fundamental theory with a few
intuitively appealing axioms for modelling procedural rationality
and demonstrates that the focus theory of choice accounts for
several empirical phenomena and handles decision making with

risk or under ambiguity or under ignorance within a unified
framework.

The core argument of FTC is that the most salient event cor-
responds to the most-preferred action. The process of seeking the
most salient event involves two steps: first, the salient event (fo-
cus) of each action is chosen; then the most salient event is se-
lected from among foci of all actions. Interestingly, we have found
out several psychological evidences in the paper by Stewart et al.
(2016), for example, the findings of very little systematic variation
in eye movements over the time course of a choice or across the
different choices; more eye movements when choice options were
similar; people choosing the gamble they look at more often, etc.
Considering the two-step decision process and the roles of foci in
FTC, it is easily understood that the above-mentioned evidences
consist with the basic assumptions of FTC.

Prospect theory (Kahneman & Tversky, 1979) uses a concave
function to evaluate the gain and a convex function to evaluate the
loss, and these reflect risk aversion and risk seeking, respectively,
within the framework of a weighted average. We use the PES and
NES to correspond to gain and loss, respectively; that is, in the PES,
the reference point is the highest payoff, while in the NES, it is the
largest loss, assuming that the others are normalized by them.

Shafir, Simonson, and Tversky (1993) classify decision models
into two classes: formal (value-based) models and reason-based
models. A formal model “typically associates a numerical value
with each alternative, and characterizes choice as the maximiza-
tion of value,” while a reason-based model “identifies various rea-
sons and arguments that are purported to enter into and influence
decision, and explains choice in terms of the balance of reasons
for and against the various alternatives” (Shafir et al., 1993, p.12).
There have been some studies of reason-based choices with mul-
tiple attributes (e.g., de Clippel & Eliaz, 2012; Shafir et al., 1993).
However, there has been little consideration of how this applies to
lottery choices. In FTC, we postulate that the revealed focus of the
optimal action is the reason of choice. Although a DM is sometimes
unaware of the precise factor that determines his optimal action
(Nisbett & Wilson, 1977), the focus of the chosen action can never-
theless play three roles: we can gain insight into a DM’s behavior,
we can clarify the reason behind our own decisions, and we can
assist a DM to determine the “right” decision. Since the focus of
the optimal action captures significant aspects of a DM’s deliber-
ation, we believe that FTC can be applied to complex, real-world
decisions of the type that might be difficult for some existing
models.

FTC provides a rigorous formal underpinning for model-
ing procedural rationality in management-related disciplines.
Although it is well-known that the behavior factors are very
important in operational research (Becker, 2016; Brocklesby,
2016; Franco & Hdamadldinen, 2016; Villa & Castafieda, 2018;
White, 2016), it is still difficult to incorporate personality traits
of players into the mathematical models due to the lack of
appropriate theories. FTC provides a theoretical base to build
the behavioral models in operational research; as a special case
of FTC, one-shot decision theory (Guo, 2011) has been applied to
auction problems (Wang & Guo, 2017), newsvendor problems for
innovative products (Guo & Ma, 2014), multistage decision making
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(Guo & Li, 2014; Li & Guo, 2015), duopoly markets of innovative
products (Guo, 2010a; Guo, Yan, & Wang, 2010) and private real
estate investment (Guo, 2010b). Using FTC, we can build the
models for supply chain management while considering players’
behavioral features in designing customized contracts. Further, FTC
provides a possible theoretical base to analyze the newsvendor
anomalies (e.g., Schweitzer & Cachon, 2000; Gavirneni & Isen
2010), the bullwhip effect (e.g., Lee et al., 1997; Croson & Dono-
hue, 2006; Chen et al., 2017), and information share strategies
from behavior perspectives.

The FTC-based decision problem is mathematically a bilevel
programming problem in which the upper level program is for de-
termining the optimal alternative while the lower level program is
for seeking the foci of alternatives. These bilevel problems are fun-
damental, interesting and challenging (Zhu & Guo, 2017). In addi-
tion, FTC provides a completely new theoretical base for dealing
with the uncertainty in stochastic optimization problems. It can
help researchers to build scenario-based decision models (Zhu &
Guo, 2016).

There are several limitations of this research. Although FTC has
succeeded in accounting for several well observed anomalies, con-
ducting psychological experiments to verify the proposed axioms
is still unfinished. It will be our research work in the near future.
Since the relative likelihood and the satisfaction are exogenously
given, it requires more demanding of cognitive effort. However,
the increased burden could be remarkably reduced by using linear
normalization functions, such as (2) and (5).
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Appendix A. Notations in the positive evaluation system

Al. Common notations in the positive and negative evaluation
systems

A={ay,...,ap}: the set of an action q;.

Si: a set of mutually exclusive events associated with a;.

vi(s): the payoff generated by s € S' and a;.

(Vi(s), p'(s)): the event s € S' which make a; generate the payoff
vi(s) with the probability pi(s).

7t} (s): the relative likelihood of an event s e U C S'.

(s1.52) € =5: $1 € S is identical with s, € S/ at the level §.

B1. Notations in the positive evaluation system

PES:positive evaluation system.

(s1.52) € Ry: sq € St positively dominates s, € Si.

Fi(U,R.): the set of the undominated events s e U < S' with
regard to R,.

si>=4Sy: the event sy € S' is more attractive than the event
Sy € Si.

cl (U): the positive focus of a; over U C S.

Ci_(U): the set of the positive foci of a; over U C S.

ul, (s) :the satisfaction function for a; over U c S,

(s1,53) € Q4: the dominance relation between s; €S’ and
Sy € Si.

Cy = Uiy oCL(S): the set of the positive foci of all actions.

F(H, Q.): the set of the undominated events chosen from H c
U;S! with regard to Q.

D, (H): the set of actions g; € A whose positive foci belong to
F(H,Q,), Hc uS.

a;<: the most preferred action amongst A.

na (s): the readjusted likelihood degree of s € F(C,, Q. ).

Uc,)(-): the readjusted satisfaction function for s € F(Cy, Q4).

ci*(§™): the positive focus of a;. over Si".
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