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Abstract. In this paper we consider a quantum open system and treat the
master equation with some restricted dissipator which consists of a set of projec-
tion operators (projectors). The exact solution is given under the commutable
approximation (in our terminology). This is the first step for constructing the
general solution.

Quantum Computation (Computer) is one of main subjects in Quantum
Physics. To realize it we must overcome severe problems arising from Deco-
herence, so we need to study Quantum Open System to control decoherence (if
possible).

In this paper we revisit dynamics of a quantum open system as a test case.
See [1] as a general introduction to this subject. First we explain the purpose
and strategy within our necessity.

We consider a quantum open system S coupled to the environment £. Then
the total system S + E is described by the Hamiltonian

Hs p=Hs®1g+1s® Hg + H;

where Hg, Hg are respectively the Hamiltonians of the system and environment,
and H; is the Hamiltonian of the interaction.

Then under several assumptions (see [1]) the reduced dynamics of the system
(which is not unitary) is given by the Master Equation

0

5P = ~ilHs, p] = D(p) (1)

with the dissipator being the usual Lindblad form

1
Dip) =35> (A}Ajp +pAlA; - zAij;) . (2)
{5}
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Here p = p(t) is the density operator (matrix) of the system.

It is not easy to solve the equation (1) with the dissipator (2), so we make
a simple and convenient assumption. Namely, the generators {A;} are given by
A; = \/X;P; with projectors {P;} ; P] = P;, P? = P;, PjP, = 0;xP. Note
that we don’t assume the rank P; =1 (extended models). Then the dissipator
becomes

1
Dlp) =5 > A (Pip+ pP; — 2P;pP) 3)
{3}

where {\;} are decoherence parameters to determine the strength of the inter-
action. See [2], [3] (in [3] there is a very compact description on this subject). It
is interesting to rewrite (3) as

D(p) = %%/\j {Pjp(1 = Pj) + (1 - Pj)pP;} = %%/\j (PjpQ; + Q;pPFj).
(4)

Note that {Q;} are also projectors satisfying P;Q,; = Q;P; =0 for j € {j}.
As a result we have only to solve the equation

1
5iP = —i(Hp—pH) — 5 D X (PipQ; + Q;pP)) (5)
{5}

where we have set H = Hg for simplicity.

In order to study the equation (5) let us make some mathematical prelimi-
naries. For a matrix X = (z;;) € M(n; C) we correspond to the vector X € c”’
as

X = (zy5) — X = (T11, T12, -+ s Tany v Tl Tnzs s Tan)T (6)
where T means the transpose. Then the following formula is well-known
AXB = (A® BN)X (7)
for A, B, X € M(n;C). Since the proof is easy we leave it to readers.

By use of the formula the equation (5) can be rewritten as

. 1 .
0= _Z(H®1_1®HT)_§ZAj(Pj®QJT+Qj®PjT) B, (8)
{5}



therefore the formal solution is given by

p(t) =exp{ —it(H®1 -1 H') =t (3;/2) (P;@ Q] +Q; ® P]') » 50).
{3}
9)

To calculate exp(---) explicitly is almost impossible, so we must appeal to
some approximation method. For that let us remind the Baker—Campbell-
Hausdorff (B-C-H) formula. For A, B € M(n;C) we want to decompose as

e

A+B — eAe[(A,B)eB. (10)

The “interaction” term I(A, B) is given by

I(A,B) = —5[A, B| + % {[[4, B, B + [A, [A, B]]} +-- - . (11)

1

2
The proof is easy. In fact, e!(45) = e=4eA+Be=B by (10) and we have only to
apply the B-C-H formula ([4] and see also [5] as an interesting topic)

eXe¥ = XHYTU/DXYIHAD{XYLYIHX XY+ for XY € M(n; C)

two times.
For

A=-it(H®1-19H"), B=-tY (,/2)(PeQf +Q;®P)
)

there is no method to calculate e/ (45 explicitly as far as we know. Therefore

we ignore this term, namely let us call it the “commutable approximation”®.

Under the commutable approximation we have only to calculate

p(t) mexp{—it(H®1-1® H )} exp{—t > (3;/2) (P @ Q] +Q; @ P) 3 5(0)
{}

- (e,m ® eitHT) exp{ —t > (X;/2) (P;® QT +Q; @ PF) 3 5(0)
{5}

— (e,m ® (eitH)T) exp{ —tY (A;/2) (P ® QT +Q; ® PT) ¢ p(0). (12)
{5}

LIf [A, B] = 0 then our calculation in the following is exact
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Next let us calculate the second term in (12), which is not so difficult as

follows.

(#) = exp {—t > (/2) (B Q] +Q;® PJT)}

{7}
= [[exp{(-Nt/2) (P2 Q] +Q; © Pf)}
{7}
:H{1®1+(e_’\jt/2—1> (Pj®QjT+Qj®PjT)} (13)
{5}

where we have used facts
(a) {Pj ® QJT +Q; ® PjT | j € {]}} are projectors commuting with each other.

(b) e*® =1+ (e* —1) R if R is a projector.
Here we set R; = P; ® QJT +Q;® PjT. For i < j < k it is easy to see
(c) RiRj = (P,®Qf + Qi@ P) (P Q] +Q;® Pl') = e Pl + P PT.
(d) RiRjRy = (P,®@ P/ + P;@ P') (Pr @ Q{ + Qx ® P') = 0.
From (13) and (c), (d)

) = H{l@ 1+ (e—*f’f/2 - 1) Rj}

)

=11+ e M2 _1)R; + e Nt2 1) (e /2 _1)R,R
() ) )
=101+ (eM2-1) (ReQl +Q;e Pf)+
J
3 (e—*ﬁ/2 - 1) (e_’\’“t/Q - 1) (Pj® Pl + P, o PF). (14)
i<k
Therefore

p(t) z(e*“H ® (e“H)T> {1 ®1+ ) (e**ﬂ/z — 1) (P®Qf +Q;® P+
i

3 (ewtﬂ _ 1) (e**kt/2 - 1) (P; ® PF + P, ® PF) } p(0). (15)

i<k



By restoring to matrix form by use of (7) we finally obtain

p(t) ~ e 3 p(0) + 37 (M2~ 1) (Pp(0)Q; + Qsp(0)F) +

—Nt/2 “Aet/2 , 3\ gitH
)3 (2= 1) (e 1) (Byp(0)P + Pip(0) ;) (16)

or

p(t) ~ e 3 p(0) + 37 (M2~ 1) (Pp(0)Q; + Qsp(0)B) +

%Z (e*m/z _ 1) (e*/\ktm _ 1) (Pjp(0)Py + Prp(0)P;)) oitH (17)
J#k

for 4,k € {j}. This is the main result.

A comment is in order. In [2] and [3] the master equation like (5) in the two
qubit system is treated. A general density matrix in the case is written as

1
o(t) = 1 (12®124+pi(t)oi @12+ ¢ ()12 @0 +1r45(t)o; ®0j), 1<4,j<3

where the usual Einstein’s notation on summation is used. Using this expression
one can study the equation coming from pure decoherence term

0 1 1
%= 3 YA (Pip+pP; = 2P;pP;) = —3 D A (PipQj + QpP) .
{i} {5}
The equation is then reduced to a set of (relatively simple) equations of {p},
{¢} and {r} and one can solve them. However, such a (restricted) method is

irrelevant as shown in the paper. Our method is quite general !

In this paper we considered the master equation with the dissipative being
a set of projectors and constructed the exact solution under the commutable
approximation. This is just the first step for constructing the general solution
for the equation.

In order to take one step forward we must take the “interaction” term I(A, B)
in (11) into consideration. However, such a method to calculate it has not been
known as far as we know. Therefore it may be reasonable to restrict our target
to some simple models. Further work will be needed and we will report it in the
near future, [6].
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On the other hand we are studying some related topics, see [7] and [8]. How-
ever, we make no comment on them in the paper.

Lastly, we conclude the paper by stating our motivation. We are studying a
model of quantum computation (computer) based on Cavity QED (see [9] and
[10]), so to construct a more realistic model of (robust) quantum computer we
have to study severe problems arising from decoherence. This is our future task.
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