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Abstract. We consider first passage percolation with i.i.d. weights on edges of
the d-dimensional cubic lattice Z¢. Under the assumptions that a weight is equal
to zero with probability smaller than the critical probability of bond percolation
in Z%, and has the a-th moment for some a > 1, we investigate upper bounds
on the so-called non-random fluctuations of the model. In addition, we give
an application of our result to a lower bound for variance of the first passage
percolation in the case where the limit shape has flat edges.

1. Introduction

1.1 The model and the main result

First passage percolation was originally introduced in 1965 by Hammersley
and Welsh [5]. In this model, we place i.i.d. random weights on edges of the d-
dimensional cubic lattice Z?, and consider the minimum (random) traveling time
from a subset of Z¢ to another one. Let £ be the edge set of Z¢ and consider the
measurable space 2 := [0,00)¢ endowed with the canonical o-field G. Moreover,
for a given probability measure v on [0, 00), let P := v®¢ be the corresponding
product measure on (€2, G). For a nearest neighbor path v = (7o, ...,7) on Z<,
we define the passage time of v as

T(y) = : w({is Yis1})

with the convention Y7 w({7i,vir1}) := 0. Here we use the notation {z,y} to
denote the edge of Z? with endpoints = and y. For any two subsets A and B of
7% we define the first passage time from A to B as
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T(A, B) = inf{T(’y); v is a nearest nfeighbor path o.n Zd }
from some site in A to some site in B

In particular, write T'(z,y) = T'({z}, {y}) for x,y € Z?. We may extend the first
passage time over RY. For z € RY, let [z] be a lattice point such that

1
I[2] = #lloe = min{[lv — #flo;v € 27} < 7,

where |||/ is the foo-norm. If z and y are in R%, we rewrite T'(x, y) := T([z], [y]).
To shorten notation, given a vector & € RY, the first passage time from the origin
0 to né is denoted by

aon (&) :=T(0,nf).

It is well known from the standard subadditive ergodic theorem that if Elw(e)] <
0o, then for any & € Z4, P-a.s. and in L',

LD p6) = lim Saga() = lim ~Elaga(€)] = inf ~ Elaga(€))

n—oo N n—oo 1, n>1n

From [6, pages 158-160], such a limit also exists for a general £ € R? and we
call 1u(€) the time constant for £ € R%.

In this paper, we study rates of convergence to the time constant in the first
passage percolation. Kesten [7, (3.2), page 317| derived a bound on the so-called
non-random fluctuations in first passage percolation, i.e., there exists a constant
C > 0 such that

(1.2) Elag,n(§)] = nu(€) < On' =YD (logn) /(2 ¢ e R,
under the assumptions that

(1.3) v({0}) < p.

where p, is the critical probability of bond percolation in Z¢, and
(1.4) E[e®®)] < oo for some o > 0.

Alexander [1] improved (1.2) by a different method. On the other hand, Zhang [10]
studied the same problem under a weaker moment condition than (1.4): If

(1.5) My = Elw(e)?] < oo for some o > 1,
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then there exists a constant C' > 0 such that for each coordinate direction & of
R,

(1.6) Elaga(€')] = nu(€') < Cn'*(logn)".

For the proof of (1.6), he used symmetry properties of Z¢ with respect to the
coordinate axis. Therefore, his approach does not work for any direction except
coordinate axis, and we need a new method. The next theorem is our main
result.

THEOREM 1.1. Assume (1.3) and (1.5). Then, there exists a constant C > 0
such that for all {y-unit vector € € R,

(L.7) Elaon(€)] = npu(€) < Cn' =V (log n) /2,
1.2 Application of Theorem 1.1

In this subsection, we state an application of Theorem 1.1. Bound (1.7) may
not be optimal, but it is very useful that for all direction ¢ we can uniformly
take the exponent of the convergence rate strictly smaller than 1. Auffinger and
Damron [2, Theorem 2.5] established that the variance of the first passage time
has a lower bound with a logarithmic order in the case where the limit shape has
flat edges. For Theorem 2.5 of [2], they require not only (1.5) with a = 2 but also
a bound on the non-random fluctuations at that time. Thanks to Theorem 1.1,
we can check their condition whereas (1.5) holds for a = 2.

Let d = 2 and write supp(v’) for the support of the probability measure
V. Moreover, let p, be the critical parameter for oriented percolation on Z2.
Furthermore, denote by ¢, the unique angle such that the line segment connecting
0 and the point N, := (1/2 + a,/v2,1/2 — a,/v/2) € R? has angle 6, with the
x-axis, where o is the asymptotic speed of oriented percolation with parameter
q. For details of oriented percolation, we refer the reader to [3]. For ¢ > p., M,
is defined by the set of probability measures v/ satisfying conditions

(C1) supp(v) C [1,00),
(C2) V({1}) = ¢
Note that if v € M, (in particular, (C1) holds for v), then we have v({0}) =
0 < pe, i.e., (1.3) is satisfied.
We now assume that (1.5) holds for a = 2 and the law v satisfies one of

conditions

(a) infsupp(v) =0 and v({0}) < p.,

(b) A :=infsupp(r) > 0 and v({\}) < p..
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In [8, Theorem 2], under the above assumptions Newman and Piza showed that
there is a constant C' > 0 such that for all n > 1 and 6 € [0, 27),

(1.8) Var(7T(0,n&)) > C'logn,

where & := (cosf,sinf) € R?. This means that the variance of the first passage
time diverges as n — oo in these cases. On page 980 of [8], they also state that
the variance does not diverge for 6 € (6,, 7/2—6,) in the case v € M, with ¢ > p..
We are now concerned with the divergence of Var(7'(0,n&p)) for § € [0,6,) in the
same situation. If & is a coordinate direction, then Zhang [9, Theorem 2| proved
(1.8) under assumption (1.4). After that, Auffinger and Damron [2, Theorem 2.5
improved it as follows.

THEOREM 1.2. (Auffinger and Damron) For a given q € [p., 1), let v € M,
and 6 € [0,0,). Suppose that (1.5) holds with a« = 2 and there exists f < 1 such
that for all large n,

(1.9) E[T(0,n&)] < nu(&) + n”,

where & = (cosf,sinf) € R?. Then, there exists a positive constant C' = C(6)
such that (1.8) holds for all n.

If we assume (1.4), then (1.2) yields (1.9) for all angles 6, and (1.8) holds for
all 0 € [0,6,). Under the assumption of Theorem 1.2, (1.6) only guarantees the
validity of (1.9) for each coordinate direction &. We use Theorem 1.1 to obtain

(1.9) for all angles #. With these observations, the whole picture of divergence
for Var(T(0,n&p)) is completed under (1.5) with a = 2.

COROLLARY 1.3. For a given q € [p., 1), let v € M, and 0 € [0,6,). Suppose
that (1.5) holds with o = 2. Then, (1.8) holds for all n.

1.3 Organization of the paper

Let us describe how the present article is organized. In Section 2, we introduce
truncated weights following the method of Zhang [10]. Since the argument of
Sections 2 and 3 in [10] contains an oversight, we will present one of ways to
fix this (see Lemma 2.1 below). In addition, we give a method to compare the
expectation of the first passage time for the truncated weights with that for the
original weights.

In Section 3, we give the proof of Theorem 1.1. To do this, we improve the
approach taken in [7, Section 3, page 317] under our assumption (1.5). This
section is divided into two subsections. In Subsection 3.1, for the reader’s con-
venience, we explain the outline of Kesten’s approach under (1.4), and clarify
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differences between his and ours. In Subsection 3.2, we present a new method to
derive the convergence rate for all directions under low moment conditions.

In the following sections, C;, ¢ = 1,2,..., are always positive constants de-
pending on d, v and «.

2. Preliminaries

In this section, we shall introduce truncated weights, following basically the
strategy taken in [10]. By assumptions (1.3) and (1.5), we can take x € (0,1)
such that

P(w(e) < k) V P(w(e) > k1) < p,.

From now on, we fix x as above. Then, an edge e € £ is said to be bad if w(e) < &,
and a site z € Z? is said to be unhealthy if some weights of 2d adjacent edges of
x are larger than x~!. Let us now introduce two connectivities of paths on Z¢.
We say that a path v = (7o, ...,7) is Z% or *-connected if for all i € [0,1 — 1],
Ivie1 — Vill2 or ||[7i+1 — 7illo €quals 1, respectively. Here|| - ||2 is the f3-norm. A
Z4-connected path v = (Yo,...,7:) is called bad if each edge {7;,7is1} is bad.
Furthermore, a *-connected path v = (7o, ...,7;) is called unhealthy if each site
7; is unhealthy. Let C_(x) be a bad Z?-connected cluster containing a site z, i.e.,
the set of all sites connected to = by a bad Z?connected path. We also denote
by Cy(x) an unhealthy x-connected cluster containing a site x, i.e., the set of all
sites connected to x by an unhealthy x-connected path.

Fix § < 1/d. We now define a truncated weight o(e) as follows. If one of the

following conditions 1-3 holds, then we set o(e) := w(e), otherwise o(e) := 1:
1. k <w(e) <k
2. w(e) < K, and e is connected to a bad Z%-connected cluster with less than
n? vertices,
3. w(e) > k!, and e is connected to an unhealthy x-connected cluster with

less than n? vertices.

Then, let T,, be the first passage time on the truncated weights . Moreover, for
r € R*and n > 1, let

D,(z) ==z + [-3%"'n’, 3dﬁ_1n5}d

We now consider the first passage time T'(D,(0), D,,(n&)) for each fs-unit vector
¢ € R Note that for all z € D,,(0) and y € D,,(n),

(2.1)  T(Dn(0), Dn(nf)) < T(x,y) < T(Dn(0), Dn(nf)) + Jn(§,w),
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where J,,(§,w) is the sum of w(e) over all edges included in D,,(0) U D,,(n).
The following lemma is a minor modification of Lemma 8 and (3.23) in [10].

LEMMA 2.1. We can choose k satisfying that, for each lo-unit vector & € RY,
there exist constants C’l, Cy >0 (which depend only on the law v, d, a, ¢ and k)
such that

(2.2) P(T(Dn(0), D(n€)) # To(Dn(0), Dn(n))) < Cyexp{—Cyn’},
and, for all u > 0,

P(|T,(D,(0), Dy (n€)) — E[T,(D,(0), Dy, (n€))]] > un/?+3)

2.3 ~ ~
(23) < C exp{—Cyu?n’}.

Proof. We replace the component (logn)'*™ appearing in (1.10) of [10] with n?.

Then, the proofs of (2.2) and (2.3) follow from the same strategy taken in [10,
Sections 2 and 3|, and we do not repeat it here. As mentioned in Subsection 1.3,
an oversight is contained in the proof of Lemma 8 in [10] and let us present a
way to fix it. In the beginning of its proof, the following claim is stated:

By Proposition 5.8 in [6], with a probability larger than 1—C} exp(—Can),
there exists an optimal path « for T'(D,,(0), D, (nu)) with #vy < Ln.

Because we now only assume m,, < oo, this does not directly follow from
Proposition 5.8 in [6]. To fix this problem, we replace the phrase “#vy < Ln”
with “#v < exp{Ln°}”. Let

A, := {any optimal path v for T(D,(0), D,(n&)) satisfies #7 > exp{Ln’}}.

Proposition 5.8 in [6] then shows that there are constants Cj, Cy and C5 such
that

P(H a path v from 0 with #v > exp{Ln°} but T(y) < C} exp{Ln5}>
< Coexp{—Cjzexp{Ln’}}.

Chebyshev’s inequality hence implies

P(A,) < Co(#D,(0)) exp{—Cs exp{Ln’}}
+ P(T(D, 0, D106 > G exp{ L))
< Co(#D,(0)) exp{ —Cs exp{Ln’}} + Oy 'm, 1n exp{—Ln’}
< Cyexp{~Con)

(2.4)
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for some constants C; and Cs. If

T(Dn(0), Dyp(nf)) # 15(Dn(0), Dy(nf)),

then we have an edge e € v satisfying that #C_(v.) > n® or #C, (v.) > n°, where
v, is an endpoint of the edge e. Note that if e € v with #v < exp{Ln°}, then
v, € [—exp{Ln’}, exp{Ln°}]? holds. Therefore, we have

P(T(D,(0), Dy(n€)) # Ty(Dy(0), Dy(né)))
< P(A,) + Z P(#C_(ve) > n® or #Co(ve) > n’).

e€[— exp{Ln®},exp{Lnd}]d

By the choice of k, Theorem 6.1 of [4] implies that there are constants Cg and
C7 such that the second term on the right-hand side is bounded above by

Z 2exp{—Csn’} < Crexp{dLn® — Cgn°}.

e€[— exp{Ln®},exp{Lns}]?
This, together with (2.4), gives (2.2) for sufficiently small L. O

We need the following lemma to estimate the difference between the expec-
tations of T" and Ty.

LEMMA 2.2. For each ly-unit vector & € R there exist constants 53, 64 >0
(which depend only on v, d, a, § and k) such that

| E[T(D3(0), D(n€))] = E[Ty(Da(0), Du(né))]| < Conexp{~Cyn’}.
Proof. Let I' := {T'(D,(0), D,(n€)) # T,(D,(0), D,(n&))}, and set
Cg = \/c_lé£a_1)/amll,’/§‘, Cy := Co(a —1)/a.

Using Holder’s inequality and (2.2), we have

E [T (D,(0), D,(né))1r] < VdC* Ve mlen exp{—n’Cy(a — 1)/a}

v,a

— Csnexp{—Cyn’}.
Therefore,
E[T,(Dy(0), Dy (n€))] + Csnexp{~Cyn’} > E[T(Dy(0), Dy(n€))].
Similarly, since o(¢) < w(e) + 1 holds for all ¢ € £,
E[T(Dy(0), Du(n€))] + Cronexp{~Crin’} > E[T;(Dy(0), D (n))]

for some constants Cio and Cy;. Thus, Lemma 2.2 follows by choosing 53 =
Cg V ClO and 04 = 09 A CH. ]



48 N. KUBOTA

In the next section, @’s are always constants appearing in this section.

3. Proof of Theorem 1.1

3.1 Kesten’s approach

Let us first prepare some notations. Fix an fy-unit vector ¢ € R? and for
M € Nlet Uy, ..., Uk be all the vectors with integer components and ||Uy||o =
M, 1<k < K. Define

A ) = wind S p(BELT0. 0] | - o),

k=1
where the minimum is over all choices of p(k) € Ny such that

K

> p(k)Uy —né

k=1

(3.1) < M.

e}

In [7, pages 317-327], the proof of (1.2) is composed of three steps. The
main parts are Steps 1 and 2 of [7, pages 317-326], so that we will explain only
these steps here. Step 3 in [7, pages 326-327] will be explained in the proof of
Theorem 1.1.

In Step 1 of [7, page 317], Kesten shows that there exists a constant C} > m,,
such that for M € [p'/(@+1) n] and 1 > 1,

(3.2) IN(M,n) — CLIMYp@=D/d < A(M, In) < Cyln.

His proof works under assumption (1.5).
In Step 2 of [7, page 321], it is proved that there are constants ¢, ¢, C,C" > 0
such that for large n and M as above and for [ > 2,

z
P((a0n(©) < Inpu(©) + LA, )
(3.3) ( 2 >

2
<o 4 exp{cfl_” log M + CLM -0/ (d-1/d _ C/M}'
= M

nM1/2

We have to modify this estimate under assumption (1.5). In particular, (1.4) is
required for bounds (3.12) and (3.11) below. Thus, if (1.5) is assumed instead
of (1.4), then we must get a bound similar to (3.3) without (3.11) and (3.12).
In fact, this is possible by replacing (3.13) with Lemma 3.1, which is proved in
Subsection 3.2.
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Let us give a sketch of Kesten’s proof of (3.3). Let v := (vg,v1,...,v,) be
any self-avoiding nearest neighbor path from vy = 0 to v, = [In] with passage
time T'(y) < Inu(§) + (I/2)A(M,n). In addition, define the indices 75 := 0 and

Tiy1 := min{k € (75, p]; ||vg — V5, || = M}, 1> 0,

with the convention min() = co. Set @ := max{i > 0;7; < oo} and a; := v,, for

i € [0,Q]. By definition of @), we have

vk — vrglle <M, 7 <k <p,
and in particular,
(3.4) [vrg = In€llc0 < ([vrg = Vplloo + [|[In€] — Inglloe < M.
Moreover,
(3.5) la = aitlloo = lon = Vil = M, 1<i<Q,

so that a; —a;_ is one of the Uy’s (which appear in the beginning of this section).
It holds from [7, pages 322-323] that there exists constants Cy, C'3 such that

(3.6) P(Q > Cyln/M) < Cse™'™.

We now fix @ < Cyln/M and ay, ..., aq satisfying (3.4) and (3.5). We denote
by p(k) the number of i € [1,Q] with a; — a;—1 = Ug. The p(k)’s are fixed at
the moment. Then, (3.28)—(3.32) of [7, page 323] enable us to show that for any
B =0,

3 a self-avoiding path v with v, = a;, 1 <17 < Q,
and satisfying (3.4) and T'(y) < Inu(§) + (1/2)A(M,n)

pl e
X HE[exp{—ﬁ(T(O, Uy) — E[T(0, Uk)])}}p(k).
k=1

It remains to estimate the product in (3.7). Note that S_r | p(k) = Q, which is
the number of (a; — a;—1)’s, and

E[exp{—B(T(0,Ux) — E[T(0,U)])}]

(38) = eXP{C4%A(M, n)}

+ exp{BE[T(0, Ukn}P(T(o, ) - BIT0,0] < - A, n>),
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where Cy4 will be chosen such that for large M and for n > M and [ > 2d,

l d 1
(3.9) CULLA(J\/[, n) < §Mmy71 and Cy < -—.

The argument below (3.34) of [7] guarantees the existence of such a Cy. In
particular, for n > M and [ > 2d,

=~

In In
1 >——-1>—.
(3.10) @= dM — 2dM
We shall estimate the last probability in (3.8). Set n := U/||Uk||2 and m :=
LIUkl|l2] € [M,dM]. Note that ||[mn] — Uk||eo < 2. Assumption (1.4) guarantees
that there exist constants ¢, C,C’ > 0 such that for ¢t > 0,

(3.11) P(|7(0, [mn]) — E[T(0, [mn))]] = ty/m) < Ce™",
and for t < em,
(3.12) P(|T(0, [mn]) — E[T(0, [mn])] = T(0,Uy) + E[T(0,Ux)]] > t) < Ce™ ",

which are (2.49) and (3.36) of [7], respectively. By choosing t suitably (see
(3.37) of [7, page 325] for details), these estimates show that for some constants
Cs,Cs > 0,

P(T(O, )~ FIT0, 0] < -2 A, n>)

(3.13) .

S 05 exp{—WlA(M, n)}
Therefore, the right-hand side of (3.8) is at most

pl Cs
exp {046A(M, TL) -+ C7 exXp ﬂde%l — WZA(M, 77,) .
for some constant C;. Choose (3 such that the two exponents become equal, so
that the left-hand side of (3.8) is smaller than

2 2
g exp{CglM‘S_(d_2)/(2d)n(d—1)/d _ CIOM}

Q M3/

for some constants Cg, Cy, C19. Hence (3.3) follows by summing the left-hand
side of (3.7) over all possible values of ) and ay, ..., aqg. (See the first paragraph
of [7, page 326] for details.)

With these observations, under (1.5) we must estimate the last probability
in (3.8) without (3.11) and (3.12). In fact, this is possible as follows. (See
Subsection 3.2 for the proof.)
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LEMMA 3.1. Assume (1.3) and (1.5). For§ < 1/6 there ezist constants Chy, Ci2
> 0 such that, for all large n, if A(M,n) > C;ynM =079 and Q < Cyin/M,
then

P(T(O, Uy) — E[T(0,U,)] < —%A(M, n))
<20, exp{—cmM—<2—5> (é) 2A(M, n)2}.

3.2 Proofs of Lemma 3.1 and Theorem 1.1

Let us first give the proof of Lemma 3.1.

Proof of Lemma 3.1. Recall that n := Uy/||Ux||2 and m := |||Ukll2] € [M,dM].
Note that ||mn — Uglloc < 1 and 0 € D,,,(0) and Uy € D,,,(mn) hold for large m.
By (2.1),

T (D (0), D (mn)) < T(0,Ux) < T (D (0), D (mn)) + Jm (&, w).
This, together with Lemma 2.2, gives
E[T(0,U})] < E[To(Dm(0), Dyn(mn))] + Csmexp{—Cim’} + Czm™

for some constant C43. Therefore,
Cyl
P T(0,U;) — E[T(0,Uy)] < _HA(M’ n)

(3.14) < P(T<Dm<o>, D)) — EITy (D (0), Do ()]

< - S0 ) + Camexp{~Cun') + G

Take C1q:= 4dd502(53\/013)/04. Since we have assumed A (M, n) > CpynM~(1=4)
and @ < Cyln/M, the choice of n, M and m implies for all large n,
C,yl

@A(M, n) > Cam exp{—@lmé} + Cy3m®.

It follows that the right-hand side of (3.14) is smaller than

P(T<Dm<0>, Do) = BT, (D (0), D)) < ~SEAM, n>).
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Thanks to (2.2) and (2.3), this is bounded from above by

51 exp{—égma}

; P(ITU(Dm(O), Do) ~ BIT (D 0), D)} = S5 A0 n))

By (3.9) and 0 < 1/6, there exists a constant Cj5 > 0 such that the right-hand
side is smaller than

2
251 exp{ —CyM~(2=9) (é) A(M,n)? }

Hence the proof is complete. (]
Finally, we prove Theorem 1.1.

Proof of Theorem 1.1. Let us first show that there exist constants C'4, C15, Cig >
0 such that, for all large n, if A(M,n) > CyynM 179 then

(3.15)
P(ao,ln(ﬁ) S ln[ll(f) + éA(M, n))

[ IA(M,n)?
< 0146—ln + exp{cwﬂn 10gM + 015ZM5—(d—1)/dn(d—1)/d _ OlGM}v

2 M1-5
which is the counterpart of (3.3) under (1.5). From Lemma 3.1, the right-hand
side of (3.8) is at most

2
exp {04%/\(]\4, n)} +20, exp{ﬁdeV,l — Cyp M~ 279 (é) A(M, n)z}.

Finally, we choose 3 such that the two exponents above here become equal, i.e.,

2 -1
B = CiyM~279) (é) A(M,n)? (de,,,l - %A(M, n)) :

In particular, by (3.9),

2 -1
B < CrM™ 7" (é) A(M,n)? (ngy,l) < CheM~09
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for some constant C7. By (3.9) and (3.10), the left-hand side of (3.7) is smaller
than

K - 1 Bl p(k)
exp{BC,IM Y dp(d=D/dY 5 H <(201 +1) exp{ <C4 - 5) 6A(M, n)}>
k=1
IA(M, n)3}

< (20} + 1)Catn/M exp{ClCnlM RN — Gy

for some constant Cys. Therefore, bound (3.15) follows by summing the left-hand
side of (3.7) over all possible values of ) and ay, ..., aqg. See the first paragraph
in 7, page 326] for details.

We complete the proof of Theorem 1.1 following basically Step 3 of [7,
pages 326-327]. Pick

(3.16) §i=1/(d+4).

Here, note that § < 1/d. We first treat the case A(M,n) > CjynM~(-49)
Choose

(3.17) M = [p!/@+D)],

If we have
IAN(M,n)? l

(3.18) Cm% > Cwﬂn log M + Cy5l MO~ (d=D/dp(d=1)/d
M-

then by (3.15),

lim P (ao,zn(f) <lInu(€) + éA(M, n)) =0.

l—o0

However, this contradicts to (1.1), and (3.18) fails to hold. This means that
A(M,n) < Cig {nM =" (log M)"/3 4 n' =1/ G pp/ G
for some constant C'9. By (3.16), A(M,n) is smaller than
2Ch9n M ~3/3(log M)M3 < Cogn! =Y/ 64+12) (19g 1) 1/3

for some constant Cyg. This, together with the definition of A(M,n), enables us
to take p(k) > 0 satisfying (3.1) and

™ p(k) EIT(0,Ui)] < npa(€) + Caon' /0412 (log ) /3.
k=1



54 N. KUBOTA

Now set p =Y ,_, p(k) and let uy,...,u, be the sites defined by u; — u;—; = Uy
for Zf;ll p(j) <i < Z§:1 p(j). Note that u, = >";_, p(k)Us. Subadditivity of
the first passage time gives

Elag,(§)] < Z BT (w1, w;)] + E[T(up, né)].

=1
By the choice of uy, ..., u,,
p v
> ET(ur,u)] = > p(k)E[T(0,Uy)]
i=1 k=1

< np(€) + Copn' =12 (log n) /2,
In addition, by (3.1),
BT (up, n€)] < d|[[n€] = uplloe E[w(0)] < d(M + 1) Elw(0)],

and (1.7) immediately follows in the case A(M,n) > CyynM~0-%),
In the case A(M,n) < C;ynM~1=%) the definition of A(M,n) implies

nu(€) + CrynM—(1=d0) 5 min{Zp(k)E[T(O, Uk)]},

where the minimum is taken over all choices of p(k) satistying (3.1). Subaddi-
tivity of the first passage time shows that

Y p(R)E[T0,U)] > > B

k=1

k—

T(Zp(j)Uj, Zp(j)%)

= 7j=1

> —d(M + 1)m,;1 + Elag ()]
With these observations,
Elaon(8)] < npul€) + CrinM == 4 d(M + 1)m,,;.
This, together with (3.16) and (3.17), is bounded from above by
n(€) + (Chy + 2dmy,,)n' @2 (log n)1/3.

Since n!~1/(64+12) > p1=1/(d+2) (1 7) is valid in all cases. O

Acknowledgement. 1 am grateful to Michael Damron for discussions on
this problem. The author would also like to express his gratitude to the reviewer
for the careful reading of the manuscript.



[1]

FIRST PASSAGE PERCOLATION 55

References

K. S. Alexander, Approximation of subadditive functions and convergence rates in
limiting-shape results. The Annals of Probability, 25 (1) (1997), 30-55.

A. Auffinger and M. Damron, Differentiability at the edge of the percolation cone and
related results in first-passage percolation. Probability Theory and Related Fields, 156 (1-
2) (2013), 193-227.

R. Durrett, Oriented percolation in two dimensions. Ann. Probab., 12 (4) (1984), 999
1040.

G. Grimmett, Percolation, 321 of Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, second edi-
tion, 1999.

J. Hammersley and D. Welsh, First-passage percolation, subadditive processes, stochastic
networks, and generalized renewal theory. In Bernoulli 1713 Bayes 1763 Laplace 1813,
61-110. Springer, 1965.

H. Kesten, Aspects of first passage percolation. In Ecole d’été de probabilités de Saint-
Flour, XIV—1984, 1180 of Lecture Notes in Math., 125-264. Springer, Berlin, 1986.

H. Kesten, On the speed of convergence in first-passage percolation. The Annals of
Applied Probability, 296338, 1993.

C. M. Newman and M. S. Piza, Divergence of shape fluctuations in two dimensions. The
Annals of Probability, 977-1005, 1995.

Y. Zhang, Shape fluctuations are different in different directions. The Annals of Proba-
bility, 36 (1) (2008), 331-362.

Y. Zhang, On the concentration and the convergence rate with a moment condition in
first passage percolation. Stochastic Processes and their Applications, 120 (7) (2010),
1317-1341.

College of Science and Technology,

Nihon University,

Tokyo 101-8308, Japan

E-mail: kubota.naokiO8@nihon-u.ac. jp



