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Abstract. A general helicoid and a rotation surface have isometric relation by
Bour’s theorem. In this paper, we determine pairs of surfaces of Bour’s theorem
with an additional condition that they have the same Gauss map.

1. Introduction

In classical differential geometry, it is well known that the right helicoid (resp.
catenoid) is the only ruled (resp. rotation) surface which is minimal. Moreover,
a pair of the right helicoid and the catenoid has interesting properties. That is,
they are both members of a one-parameter family of isometric minimal surfaces
and have the same Gauss map. This pair is a typical example of a minimal surface
and its conjugate one on the Weierstrass-Enneper representation for minimal
surfaces.

On the other hand, in surface theory, following Bour’s theorem is well known.

Bour’s theorem ([1], [3]). A generalized helicond is isometric to a rotation
surface so that helices on the helicoid correspond to parallel circles on the rotation
surface.

This theorem is a generalization of the pair of the right helicoid and the
catenoid. In this generalization, however, original properties that they were
minimal and preserved the Gauss map are not generally kept. Hence it is a
natural question that on Bour’s theorem if the Gauss map is preserved then two
surfaces are determined or not.

The purpose of this paper is to answer this question.

In Section 2, we recall some formulas to study surface theory on R? and give
an outline of the proof of Bour’s theorem to make the paper self-contained. In
Section 3 we determine the helicoid and the rotation surface that preserve the
Gauss map on Bour’s theorem. ‘
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2. Bour’s theorem

First we recall the definition of the rotation surface and the generalized he-
licoid and some formulas to study surface theory on R3 [2].

For an open interval I, let v : I — II be a curve in a plane IT on R3 and
let I be a straight line in II which does not intersect the curve . A rotation
surface R is defined as a surface rotating the curve v around ! (these are called
the profile curve and the azis, respectively). We may suppose that the axis !
is the z3 - axis and the plane II is the z,23 - plane, without loss of generality.
Then the profile curve 7 is given as

Y(u) = (u, 0, p(u)).
Hence a rotation surface R can be parametrized by
(2.1) R(u,v) = (ucosv, usinv, p(u)).

In the rest of this paper, we shall identify a vector (a,b,c) with a transpose
t(a,b,c) of (a,b,c).

Suppose that when a profile curve v rotates around the axis [, it simultane-
ously displaces parallel to [ so that the speed of displacement is proportional to
the speed of rotation. Then resulting surface H is called the generalized helicoid.
Hence this surface can be parametrized by

(2.2) H(u,v) = (ucosv, usinv, p(u)+ av).

where a is a constant. When ¢ is a constant function, then the generalized
helicoid is called the right helicoid.

For a surface X (u,v), the coefficients F, F and G of the first fundamental
form in the base {X,, X, } are defined as

(2.3) E = (X,, Xu), F=(Xu, Xu), G=(Xy, Xo)-

The coefficients L, M and N of the second fundamental form of X (u,v) are given
as

(2.4) L=(Xuu €, M= {(Xup, €), N=(Xp, €),

by the Gauss map
X X X,
VX X Xy, Xy X Xp)

(2.5) e=
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By using the first fundamental form and the second fundamental form, the
mean curvature H is defined by

EN+GL-2FM

(2.6) H=—Fc_m

In the rest of this section, we sketch the proof of Bour’s theorem to make the
paper self-contained.
The line element of a generalized helicoid (2.2) is

2.7 ds? = (1 + ¢'*)du? + 2a¢’dudv + (u® + a?)dv?.

A helix on the generalized helicoid is a curve of u =(const.). To give a curve
orthogonal to the helix, we consider the orthogonal condition

ay’ (u)du + (u? + a?)dv =0

From this equation, we obtain

ayp’
U=—/mdu+c,

where c is a constant. Hence if we put

+/u2+a2

then the orthogonal curve is given by 7 = (const.). So, it follows that

ds?® = (1 + uiy ) du?® + (u?® + a?)dv?.
2+a2
If we put

ﬂ=/ 1+ ure” ————du, Vu?+a?= f(u),

w2+ a2
then the line element of the generalized helicoid is given as
(2.8) ds? = du? + f2(7)dv?.
On the other hand, the line element of a rotation surface

(2.9) (urcos Vg, ugrsinvg, ¢r(ur))
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is

ds% = (1+ ©R)du + uddv.

So, if we put

URp = / \/ 1+ (;thduR, UR = fR(HR)a UR = VR,

then the line element of the rotation surface is rewritten as
(2.10) ds% = du% + f%(@R)dv%.
From (2.8) and (2.10), if we put
(2.11) U=7Ugr, U=7Tr, ur= fr(@r)= f(3@) = Vu?+d?,
then we have an isometry. Therefore, a generalized helicoid

ucosv
(2.12) H(u,v) = | wusinv
v(u) + av

is isometric to the rotation surface

vu? +a2cos(v+ [ ;%f—:;;du)
(2.13) R(u,v) = [Vu2 +a?sin(v+ [ ;}%;du)

3. Gauss map
In this section, we prove the following theorem.

THEOREM. Let a generalized helicoid and a rotation surface be isometrically
related by Bour’s theorem. If these two surfaces have the same Gauss map, then
the pair of two surfaces is

2 2 ap’
oS vu? + a2 cos (v+f;;—;“_’—agdu>
usinv and u2 + a?sin (v + [ ;ﬁ'—fggdu)

p(u) +av bcosh™! (3["—";"‘—_"7)
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where

(1) = atan=! \/b2—a2\/ wZtaZ
piu) =atan a u2 + a2 — b2

+ b2 —a?log Vi tai+ Vil +al - B
VuZ +a? — VuZ + a2 — b2’

and a and b are constants of b2 — a2 > 0.

Proof. First we consider a helicoid (2.12). Since

COos v —usinv
H, = |sinv|, H,= | ucosv |,
4 a

the Gauss map ey of the helicoid is given as

asinv — uy’ cosv

1 .
= 5 |—u¥'sinv —acosv|,
Va2 + u2 4 uy/ u

(3. 1) €H

by virtue of [2.5). Differentiating H, and H,, we have

0 —UCcosv —sinwv
Hyy= 10|, Hy,=|—-usinv|, Hy,= | cosv
(pll 0 0

Hence the mean curvature Hy is given as

_ (1+<p’2)u2cp’+u<p”(u2+a2)+2a2<p'

3.2 H
(3.2 " 2(u2(1 + ¢'%) + a2)3/2

)

by virtue of the first and second fundamental forms

Egy=1+4¢? Fy=ay, Gg=1u?+a?

Lg = s d , Mg = — ’
\/u2(1+<p’2)+a2 \/uz(l-§-cp’2)+a2
Ny = u2(P/

\/u2(1 + ¢'?) + a2

177
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Next we calculate the Gauss map er and the mean curvature Hg of the
rotation surface (2.13). Since

oz cos (v+ [ ALndu) — 73— sin (v+7 AErdu)
R, = ﬁ%ﬁsin (v+f;§%;du) + V%COS (v+f;§%,du) ,
e

—vuZ + aZsin (v+fu1“%gdu)‘
Ry = | u +a2cos(v+f;§%;du) )
0

the Gauss map eg of the rotation surface is given as

. —+/a2 + u2y’ cos ('v +f ;;—_%;du)
3.3) €R = JaE+ 2 +urg |V a? + u?¢'sin (’U +/ E%’du)

u

By a straight calculation, we have the coefficients of the second fundamental
form as follows

Lgp

_ 1 _(@® - a2¢0'®)\/a? + u2p’?
Va2 +u? +u2p? (u? + a?)%/2 v
u?(—a? + a2¢'® + (a® + uz)mp’cp”))

(’U,Z + 012)3/21 /a2 + uzwzi

N ViZ F a21/a? + u?p'?
R = ’
: Va2 + u? + up'?

! 2 2,/
Mg ap’'y/a® + u“p

V@ T a2y/a? + u? + u2p'?’
So, the mean curvature Hp is

B uz(p;(zazw/ + UZ‘P’ +u2<Pl3 +a2ucp” +u3¢u)
2vu® + a2+/a2 + u2p'%(a? 4 u? + up'?)3/2

Now suppose that the Gauss map ey is identically equal to erg.

(3.4) Hg
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If ¢’ = 0, then the helicoid reduces to right helicoid and the mean curvature
Hp of the rotation surface is identically zero. So the rotation surface is the
catenoid and the function ¢gr(ug) of (2.9) is wr(ur) = bcosh™! (%), where b
is a constant. Comparing this equation and the third element of (2.13), we have
( Vu? 4+ a2)

bcosh™! /
€08 T

By differentiating this equation, it follows that

bu —
7 sy

Hence we have a = b.
Next we suppose ¢’ # 0. Then compairing (3.1) and (3. 3), we have

’
tan~1 (-2 ) = [ 22 4y
up’ u? + a2

Differentiating this equation, we obtain
(3.5) a?up” + udp" + v’ + w2y’ + 242y’ = 0.

From (3. 2) and (3. 4), this equation means that the generalized helicoid and the
rotation surface have zero mean curvature. Hence, again, the rotation surface
reduces to the catenoid. So, it follows that

2 2 2 2,12
beosh—! [ Y¥ta®) _ / o +ute”
‘ b u? + a2

From this equation, we can give the profile curve ¢ of the generalized helicoid.
In fact, differentiating this equatin, we have

(6% — a®)u® — a* + a2b®
u2(u? 4 a2 — b?)

(3.6) ' =
| By substituting this equation into (3.5), it follows that

2 3\, 4 2 2 b?u? '=0
(ua® + u®)p” + a+u+m p =0,

so that

2
a? + u? +—,—7—” g

@’ a?u + ud
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From this, we obtain

i T aZ — B2
\/ui -+ a2 ’

~logy' =loge

where c is a constant, so

. VEIE
v = cuvu? + a2 — b2

Comparing this equation with (3. 6), we have
(¥® —a?)® =1,

so

VI —aZ/iZ ¥ o
uvu? +aZ — b2

To solve this differential equation, we put

(3.7 ¢ =

u? + a?

ErE—p "

Then it follows that

T+ aE b?t?
o= V”“ﬁ/‘wrﬂr—— = VF=@ [ e

= y/b% — a? (—a—ta.n_1 (—_—at) + log t+1) +d,
VbZ — a2 a t—1

where d is a constant. Hence we can give the profile curve of the generalized
helicoid and this completes the proof.
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