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1. Introduction. Let {&;} be a strictly stationary sequence of random variables
which are defined on a probability space (2, %, P). For a<b, let #£? denote
the c-algebra of events generated by &, ---, &. As in [4], [5] and [6], we shall
say that the sequence satisfies the absolute regularity condition if

1.1) B(n)=E {sup |P(A|-#£_.)—P(A)]} |0 (n—c0).

oo
Ae.,ln

For any positive integer n, let C,=C[0, n] be the space of all continuous
functions on [0, n]. We give the uniform topology by defining the distance between
two points x and y in C, as

(1.2) o (%, Y)=sup |lx@)—y@)| .
. 0sSt=n

Let S,,=£_}1$, and S,=0.

In 3], Stzfz;ssen introduced the notion of r-quick limit points of a sequence
of real-valued random variables 4,. For any real number ¢, define the random
variable

1.3) T.=sup {n=1:0,=c} (sup$=0)
Definition 1. Let >0 and y be a real constant. Then

1.4 limsup 8,=y (r-quickly)

if and only if the following two conditions are satisfied:
1.5) ET:<co for c>y

(1.6) ETi=c for c<y.
We shall also say that if (1.5) holds

1.7 lixg_ﬁlp 0.y (r-quickly)
and if (1.6) holds

(1.8) lir’rtl’_s”up 0,=y (r-quickly) .
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Therefore we say that lim sup 0,< oo(r-quickly) if there exists a real constant ¢
for which ET;<oo, and limsup §,=oo if otherwise. Likewise if ET7:< oo for all

n—oo

real constants ¢, then we write lim §,=—oo(r-quickly). (cf. [3] and [2)).

n—o0

Definition 2. Let M be a metric space, endowed with its g-algebra of Borel
sets. Let {X,} be a sequence of random elements taking values in M. Then,
{X.} is said to be r-quickly relatively compact in M if for every ¢>0, there is a
finite union U of e-spheres in M such that

1.9 Eisup{n: X, ¢ U< .

An element X, of M is called an r-quick limit points of {X,} in M if for any
open neighborhood V of X,,

1.10) EEup{n: X, e Vl)r=cc .
As in [2], we shall prove Strassen’s conjecture for absolutely regular process.

Theorem. Let r>0. Let {&} be a strictly stationary, absolutely regular
process satisfying the following conditions;

1.11) ) Et,=0 and E|¢]°<oco for some a>2(2+7r)
1.12) (ii) B(n)=0(e™) for some r>0,
1.18) (iif) ot=Ezi+2 :glEeoe, > 0.

Let X,={X,@¢): 0=t<1}(n=1, 2, ---) be random elements in C[0, 1] defined by

(2s°n log n)~*2S, for t=%, §=0,1, «++, m
(1.14) X.(t)= 1 g
linearly interpolated for te l:in—, %—], j=1, <o, m
Then, for every >0, letting U denote the open e-netghborhood of r/* ¢,
(1.15) E@up{n: X, e UDr<oco
and 8o the sequence {X,: n=2} is r-quickly relatively compact in C,. The set
of its r-quick limit points in C, 18 rV/2%. Here,

(1.16) rv2%” ={he C;: h(0)=0, h is absolutely continuous and Sl(h' (t))’dt__<:'r} .
)]

2. Some auxiliary results. In this and following sections, we shall denote
by the letter K, with or without indices, various positive constants.
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The followings were proved in [5] and [6] under the conditions of [Theorem;
for all n=1

@.1) @ | Var (S,)—ne*|<K ;

@.2) )  P(max lS;l§2)§2P( |Snl>%)+2nlc“ﬁ(k)
F2Ank I DP(16:1 - Heml 2 )

where k is an arbitrary positive integer such that k<= (cf. [6));

@.3) (IID) (i i

ge>=o(n“““(log n)>+?)

where ¢>0 is arbitrary. (cf. Theorem 4.2 in [5]).

Lemma 2.1. Assume that the conditions of Theorem are satisfied. Then
for any n(=1)

2.4) E|S,|*<Kn*{E|¢&,|*}*/*
where k 18 an arbitrary positive integer such that 2k<a.

Proof. Lets,=<-.--=<1%,.,<%,<-++=<1%,, be arbitrary integers. Then from Lemma
1 and Hoélder’s inequality that
E]fq‘ ° ‘54,_151,‘ ° '512k|alzk§_Elflla§K
and

|E$i1' * '&,_15:,' * 'Etzk_Eeh,' ° 'Etj_lEetj' * 'Eigkl
éK{ﬁ(ij_ij_l)}(a—zk)/a .

So, using the method of the proof of Lemma 8 in [4], we have the desired ine-
quality.

3. Proof of Theorem. To prove Theorem|, we need some lemmas. Throughout
this section, we put b=b,= (nlogn)'/2, p=p,=[(nlog n)%, k=k,=[np™ '], d=
1/3){a—2@2+7)}>0 and g=gq,=[clog n] (¢ being a positive number such that c¢r>
r-+d—+2). Here, [8] denotes the largest integer m such that m=s.

Lemma 3.1. Assume that the conditions of Theorem hold. Then, for any
e>0

3.1) P(max |S;|=eb)=0(n"(r+e+3/2)
15335y

Proof. From (II)
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3.2) P(max ISJIzeb)§2P(ISpl%——s—b)+2n”2q“ﬁ(q)
1=jsp 2
+2<[n1/2q-11+1)P<|511+ . .+|ezq|g§b) .

By the definition of ¢
(3.3) n*q (@) =o0(n"r*a*s) |

Now, we prove that
(3.4) I=P(lgil+-- -+|ezq|g—;-b)=o(n~<r+a+s/z>)

Let N=(¢/10)bg~* and for each %, put

¢, (I&I=N),
0, otherwise.

f=em={
and &=¢,—%,. Then
2 8| <(/B)b=0(n""* log"* n)
J=

and

E =|2<N—<a—2)E| le=0 n Bk
&< &ilo= (( 10”) )

Thus, for all n sufficiently large

1

82b2

29 = 1 2¢ = 2 q2 =
ISP( 3 lzeb) SK—p B( 3 6l ) SK-L B = ofn-crrersro)
i=

=1 b

which implies [3.4).
By (III)

P( 1512575 )=0(p™*"*(og p)**?)
holds for any ¢>0 and so for all » sufficiently large

8.5) P(IS,I > ..%.b):o(n—(rﬂﬁsﬂ)) .

Hence, from (8.8)-(8.5) we have the desired conclusion.
Define random elements S,={S,(¢): 0<t=<n} and §,.={S,,(t):0§t_£_n} in C,, res-
pectively, by
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S; for t=1,1=0,1, -+, n

3.6) S"(t)={linearly interpolated for te[i—1, 4], i=1, -+, n

and

S;, for t=3jp, j=1, -+, k
(3'7) gﬂ(t)z!Skp for kpété'n,
linearly interpolated for te€[(—1)p, jp), 5=0,1, ---, k.

Lemma 3.2. Assume that the conditions of Theorem are satisfied. Then,
for any >0

3.8) P(p.(S,, 8,)=eb)=0(n-t+4+v)
Proof. Since
0a(S,, )= sup |S,(t)—8. @)
ostsn

=2max{ max [S;—Sy-1,l}+ max [S;—S;,l ,
1SSk (§—1)pSisjp kp<is=n

8o, by
P(0n(S,, S)zeb)
k 1 1
< — —_ — -
< 5 P(, max_1S:—So-oplZ-yeb, )+ P( max |Si—Susl =5 ebn)

i=1 (j—Vp=isjp

é(k+1)P<max ISjl_Z.leb,.>=0(k-n""*""’s/”)=O(’n'('+‘”‘)) .
1sisp 4

Hence, the proof is completed.
Let

»-q
Ny= 2 5(1—1)p+4
i=1
and define a random element .§n={§,.(t): 0=t<n} in C, by
(121:17}{ for tszr j:0, 19 Y k ’
B9 S.W=1%y for kp<t=n
i=1

linearly interpolated for te[(7—1)p, jp], j=1, -+, k.

Lemm 3.3. Assume that the the conditions of are satisfied. Then
for any >0

(3.10) P(0,(8,, 8,)Zeb)=o(n-r++0)
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Proof. Let
q . n—kp
Cj':izglflp—tu(.?:l; coey k); Ce1= El Eeptt -
Since
- i
02(S,, S)=max | 518 +1Cesl
1595k i=1
so for any >0
8.11) P(p.(S., S,.geb)gP( max | 3, cf[g—“’—b)w( Ilezib)
1Sjsk i=1 2 2
From
3.12) P( |CH1|g—;_b)=o(n—(r+d+s/2))

On the other hand, as {{;} is a strictly stationary, absolutely regular sequence
and from Lemma 2.8 E|{|***"D < oo, 80 using the method of the proof of Lemma
2.2.

619 P(max| %01 25b)<2P(150I2-50)+44(0)

1s9sk i=1

It follows from (III) that for all »n sufficiently large
k e q k &
P(lz: & g——b)=P(| pIRDIIRY z—b)
i=1 4 =1 i=1 4

q k .

=93 P(l Z Eip-ga1l %—bq‘l)

j=1 i=1 4
i €

=qP(| Bewlz5b0)=oP(
i=1 4

=q-o(k~**(log k)**2)=o(n Crta+s/2)

As kB(p)=o(n~r*e+%/2) g0 follows from (8.11)-(8.13).
Let w={w(t): 0=t<co} be a standard Wiener process on the probability space
2, &, P).

Lemma 3.4. Assume that the conditions of Theo'rem are satisfied. Then
Jor each n(=1) there exists a sequence of mon-negative, i.i.d. random variables
™, <o, (™ with the following properties: For any >0

8.14) E(max {n: 2-/2b;! max |w(T™)| >e})"— K,
155k
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< E(max {n: 2'1/20“b;10§}15p 18,1 =e))

< E(max {n: 27/2b;* max |w(T{™)| >e}))*+ K,
1555k

where for each n(=1) T§"’=Z’} #$m(g=1, ---, k), Ti"=0 and
i=1

8.15) Er{m=0"*En; ,
(3.16) E@VY=K,EnY (j=2,38, )

Proof. Since 7, ---, 7, constitute an absolutely regular sequence, so from
Theorem 2.1 in [6] we can conclude that there exists a sequence of nonnegative,
i.i.d. random variables z,, ---, 7, satisfying [8.15) and [3.16) for which

8.17) |P( max |w(T§)|=2"2b,)— P (max o~*|S,(&)| =2/ 2eb,) | = Kk,p(q,) .
1S7Sky ostsn
(cf. the proof of Lemma 4.2 in [6]). By the definition of k and ¢
“Z= 1n"‘lc,.ﬁ(q..)< oo .

Hence, follows from (8.17) and the proof is completed.
Let IA’n:{?,(t):Oétél} and ¥,={¥,(t):0=<t<1} be random elements in C.
defined respectively, by

w(T$™)/2!/2b, for t=jp,, =0,1, «--, k,

k.p
(n))/D1/2 Inbn <4<
Y,.(t) w(T$) /2%, for <t<1

(3.18)
linearly interpolated for t¢ [Q——i)ﬂi, —‘7%'], J=1, ++, k,
and

.

w(ipn/2 /b, for t=I%%, j=0,1, -, k,

Y, (6)=-| w(le.p.)/2:/%b, for %ﬂﬂ—gtg

linearly interpolated for te [%p—", ifﬂ], J=1,--, k..

Lemma 3.5. Assume that the conditions of Theorem are satisfied. Then

Jor any >0

8.19) S mr PP, T)=eb, for some n=m)< oo

m=1
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Proof. We use the method in the proof of Theorem 5 in [2]. Since
pi( Y., V)= max lw.(T)—w(ip,)|/2/%,
1Sisk,
= maXx |w,(Tp,)—w()|/2%,p,"? ,
1Sisk,,
S0
8.20) P(o(Y., ¥.,)=eb, for some n=m)

<P(max max |w(®)—w()|=(c/4)2'2b,p,''* for some n=m)
1545k, It—ilskd

—+ P( 22} | T p,t—i|=kE for some n=m)
1 n
=PP+P, (say)

where § is a positive number such that 4/6<d<1.
We remark that from Lemma 2.1 and

|E(z,p7t)—1|=lo"*p;* Eni—1|=0(log n)
and from Lemma 2.3 and
Var (r,p:) =P Eri=Kp " Eni= K
and
y ey lrl—Efll“OéKp;”olglggo {E7iHET 0 ]= K
where 7,=2+[r]. Thus, it follows from Corollary 17.12 in [1] that for any >0

P( Jpax | Typ7t—Jl=ek?)

<P(max |p;? Z(rﬁ"’—Er‘"’)l>sk" Zp:‘lEr‘“’—p,.l)

1S5k,

<P(max Ip;t z<r<"> Ersw)lz?kz)

1575k
<2P<IZJ P (e —Eef) 24 )
éK.k;(zfo-Z)/Zk;ﬂjo(d"l)/2=o(n—(r+6/5))

and, so putting n,=2'm(1=0,1, 2, ---) we have

Pe®< Z P( max  max |T{p;'—jl1=ks, )

1 m;_Sase; 1S5Sk,

IA
I_V_I 8

nd max P(max |T®pr'—gl=k3, )}
i=1 n;_1SnSny 1§.‘i$kn,;
<K i (2¢m)-(r+1/5)._.O(m—(r+1/5))
i=1
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Therefore, we have

(3.21) 5 mriPP< oo .

1

On the other hand,

PO<P(max max |w(t)—wi)|=(/4)2k, log log k,)*/* for some n=m)
1<k, lt—ilsk]

and so from (4.9) in [2]

8.22) m PP < oo,

1

M8

Hence, from (8.20)-(8.22), the desired conclusion follows.
Finally, let

_ w(ni)
(3.23) Y.t)= 2/tp, 0st=s1.

Lemma 3.6. For any ¢>0

(8.24) by mP(o(Y,, Y,)=¢ for some n=m)<oo .

m=1

Proof. We remark that for any s>0 and for any 7

s+t p( 23 ;-1 )
Sa<_ N\ 4 /gy
(8.25) P(oséttlgs lw®)| =)< v 8.
Since

p.( Ym Y.)= max sup w(nt)—w('i‘pn)

1Sisk, (i=lp,Satsip, 21/2p,
4 | wnt)—wk.p,)
+knpfggdﬁn 2‘/2b,.
so, from (8.24) it follows that
(8.26) P(p.(Y,, Yn)%e)é(ku-kl)g’s( ,5up lw(nt)|=ev' 2b,)
' » 4

SNI=DPy

=(k,+1)P( sup |w(t)|=v 2¢elog/?n)
ostsa~lp,

<Kk +1) (L) log m)~
éKk;(]—l) (log n)—!
for any j(=1). Thus, (8.24) is easily obtained from [3.26).
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Proof of Theorem. We now proceed to prove Theoreml. Let
V.={V.) :0=t<1} and V,={V,@t); 0<t<1}

be random elements in C, defined, respectively, by

Sa(nt)
(8.27) V.()= 21,2’; , 0sts1,
and
Sa(nt)
(8.28) V. ()= 21,2’; 0<t<1.

Then, from Lemmas and 3.8 the following inequalities easily follow:

(8.29) ilm'“‘P(pl(X,., Va=e for some n=m)<oo
(3.30) % mP(o,(P,, V) Z ¢ for some nzm)<oo

Thus, the desired conclusion follows from Corollary 1 in [2], Lemmas 3.4-3.6,
(3.29) and [(3.30) using the method of the proof of Theorem 2 in [2].
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