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The theory of hypersurfaces of a generalised Finsler space has been
developed by Shamihoke (1963) on the lines of Rund (1956, 1959). He has also
obtained two alternative forms of Gauss-Codazzi equations. The object of present
paper is to generalise the equations of Gauss and Codazzi by considering a con-
gruence of curves associated to a hypersurface of a generalised Finsler space
and to study its special cases. The results obtained in the first case coincide
with the generalisation of Gauss-Codazzi equations of Shamihoke (1963) in the.
generalised Finsler space. On the other hand the results of third case are same
as the generalisation of Rund (1956) when the connection parameters P%z are
considered to be symmetric in the lower indices, that is, when the space is a
Finsler space.

1. Introduction. We consider an #z-dimensional generalised Finsler space
F. with local coordinates x'(:=1,2,---,7) in which the distance between two
neighbouring points P(x) and Q(x*+dx?) is given by ds=F(x*, dx%). The distance
function F satisfies the usual conditions imposed upon such function. The
symmetric part of the metric tensor g:i(x, %) is given by
: 1 3Fx, %)

(1.1) &, x). = o T orioi

The covariant derivative of a vector X* is defined by

v D T K.,

1.2) BXi= + 2o S FPRX
where

L.3) - P¥=4i,—(Ci,P2,+Cf,PL— g™ CripP2) 7 ,

Pli=4,,—Cimd7ia? .

We also have the following relations,




104 SURENDRA PRATAP SINGH
.9 Py =P is—P*s) = Sins,

Jéiakg(ij)=ij5kg[€j] =0,

In a hypersurface Fn, of Fa, the (#—1) parameters #* are the coordinates
and the matrix of projection parameters B.'=0dx/0u® is supposed to be of rank
(n—1). If the directional argument i be tangential to Fn_; and be denoted by
4% in terms of the coordinates of Fx_;, then

(1.5) 2i=Ban® .
The metric tensor 'gap(u, #) of Fa_;, the hypersurface is defined by
(1.6) *gaslue, 1)=gis(x, HBY} ,
where
Bij:i=Ba'Bgic--- ,
From [(1.6), we have

(1.7). ﬁl_gﬁél_(l‘_o_@_—-_o
. ou*

The metric function F(x, £) of the enveloping space F. induces a metric
function F (u, %) of F,-, which is given by
(1.8) - Flu, 5)=F(x*(u?), Ba*uc) .
From and (1.8), we deduce

. o1 ®Fu, w)
(1.9). Eapy(u, ) = T
The conjugate tensor 'g‘“#(u, #) of the metric .tensor 'gwp(u, %) is defined by
(1.10) ' Gapy(ne, 1) g (u, )=DBs* .

Now we may introduce the quantities

(1.11) ' Bi*=g.'g‘*® By
and _
(1.12) BaiBia=6a6 N Bji= a".Bj‘x .

One set of normals are defined at each point of Fa—,; by the system of
equations
(1.13) &iin(x, D)Bain*i(x, £)=0, giji(x, n¥)n*in¥i=1,
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which imply
(1.14) gan(x, ¥ =n*, ni*n*i=¢ .
We have the relations
(1.15) Baini*=0 , Bitn¥i=0 .

Furthermore, it is easily seen that
(1.16) 29, =g (u, ﬁ)Bi’}g+% n*nki

The induced connection parameters P%¢ of Fa-, are given as under
(1.17) P%:=Bi*(Bj. +P¥ B} ,
where
Bj. =0Bg*[ou" .
Here we may define a mixed tensor
(1.18) I y=0g"Bs*=B{ ;+ P¥.Bs — P¥%Bs* .
Multiplying by B:®, we obtain

(1.19) B I} y=Bi*(B s+ P¥iBr)—P%5=0 .

From ((1.15) and [(1.19) we conclude that

(1.20) It y=Q%gm*
such that

* = 1 '* 3 r's .
(1.21) Q% e (x, )15 p(x, %) ,

where £2%; are the coefficients of the secondary second fundament form.
The covariant derivative of the normal #* are expressed in the form

(1.22) s — g g OQS Belt— o g

_afhkn*jBﬁk[ g(hi)(x, x) -— _219_{)__ n*h n*i:l ,

where

afu=0r8un (%, %) .
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2. Gauss-Codazzi Equations

We consider a set of (n—m) congruences of curves such that one curve of
which passes through each point of the hypersurface Fa-;. Let 4 be the con-
travariant components of a unit vector in the direction of the curve of con-
gruence. It can be expressed linearly in terms of B.* and the set of normals
n** to Fu—y. Thus we write

2.1) A=t*Byi+Tn*t |
where ¢* and 7 are the parameters.

Taking mixed covariant derivative of [2.1), it yields
(2.2) 05028 =0t Bat 1015 g+ 05T m*i 4-T05n*¢ |

in view of (1.18).
By virtue of and [1.22), the equation becomes

2.3) 8402 =0 gt Bt +- 122 sn ¥+ 3T ¥ 4T [—-99 1glan Q% 5Ba"+21—¢ 7%38 o

—afun* Bgtg*(x, %)+ af.n* Bk —21;; 0¥ pkh ] .

Differentiating (2.3) covariantly and making use of (1.18), [(1.20) and [1.22), we
obtain

(2.4 aroaﬂoli:——araﬁtaBa'.'}‘5ﬁta9trn*‘+5ttagt n*i—sbtagt lg('a)g’szc‘
B B
T I BEGOODE B T @ B — 0T @y ™ Bt gt

— L Sapat,m*i B g MO —15.9a¥, i Brsg MO —1 g%, Bt ghd

2¢

X l:—gb1g<"”93‘,Bai + Elgb_ n¥90:p—afin ;0¥ BP g™+ @Y ym¥ ¥ ™ B ¥ _Zlg;
_ra;kh kn*jgisrn*kg(hi)__ézb_ arh k”*jn*hBﬁka-[*m pn*lBtpg(mi)
. _ra}"hkn*prkﬁf°g‘""+n*‘Ppr—Ba"Q§f ,
where
@5)  Pa=t0.2%+ t".Q’,':pElZ Beh+ 122% s @i B+ 210 8,347+ -51-0- Be78:p

rogatm*inBr L+ L 5r5,p 41

2¢  2¢ 2¢

1 _ r o, _ ( 1 1 ) 1
-— 751 15 - 16 51 u—— ¥ *j *hBtk + -_ Tata
+2 ¢ p¢+2¢ 14 20 ¢+ 2¢amn n 20 8P

8.7 a¥ ¥ B n*h—1¢ tglad g:l,ép 2%,




GENERALISATION OF GAUSS-CODAZZI EQUATIONS 107

+T39a%, % Bt L 4 T T I x4 —;:- Tafnn*in** Bgk Bf-zlb—

2¢ </'
+ % a¥,..n** Bg |:___¢, 10Ok B, _|.._217 W95 p— @Yy * B.P gmP

r
+ E%b— A o * i B, "} + ?gb— afun*in** Bgk (—2—19;5 o+ ng—b— A 0¥ n*™ B.? )

and

(2.6) Qﬂt—¢arr 1g(a6)g ﬂ_!_m#, g<aa>g p+7¢5r g(ac))g ﬁ+r¢ g(ad)an()

LOaT g ganR, ._2._ 1g@PQ% [3p0+afun*in**Betl

Interchanging the indices 8, 7 in (2.4) and subtracting the result from it, we get

(27) ]1‘-—-5[:5,8]#34: —'Sbg [fglalﬁlta ‘g“"’B."—Ta?‘un*"g"'"t"B’fz ’ﬁup]
—TB:par:amg""’n*’+Tan. g 1 g @P B i . By

. . I8
+ra7 174 (h')a;kmpn*lg (MJ)BB- —_——a ;Mg "“’a* n*’n*"'n*’B,?

2¢
. 7 .
—T el Qe 80— S 7 alun i Byt g
- Tafhkn*"ﬁg,g"“)Bﬁg + n*‘P[ﬁr] ""Ba‘Q[aﬂ ] .

It is easily seen that

2.8) 252.0% 2’=1‘B},‘£K, ¢ — 204025 P2 %3
and

(2.9) 200:0 git* =1 K5, y—28:0° P2,
where

Km 5Pu 5Pu +P*"P P{',"‘P’,',‘i
ox! ox*

and

~ dPXr Pkt o =
Rip=—5 — 57— + Pl Ple—PX'P3}

By means of [(2.8) and [2.9), the equation (2.7) takes the form

(2.10) —;‘RIB HE l— 56"1’}9 et = -—t‘K.rpBa — 08,12 P21 Ba’ — P % D1 528 ' 8“P B¢

—Tafn*igOteBE D 11— T B0 Fix 840NN+ Tatind g4° ' 8P BQ5ec By -
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- _Z_Z;_p_ n¥ R mpkig, gOOGE  BEk T ak, g0 gk n g™ Bk,
— TGS IQE e GO — E’;.b_ G I B 1l y* g
—Taln*iol: OB +n* Prpry— BatQfpes .

Multiplying (2.10) by B:° and #:* and simplifying with the help of (1.12), (1.14),
(1.15), (1.16), [(1.20), (1.22) and [2.1), we have respectively

(2.11) —;— (t*Ba+1n*) B BE K+ 119 ' g00% + atun®Bs* ' g B Pt

- ‘;‘ K g — o5 251 511 8P =T @S it* BEQY, 1 g B
—Tn* Bckﬂagja.,ik rk 1.g' @Bk Ta}kn' ka 1g (“)Bfltja] 1g «Q :’;EfB g 1

. . 7 . , ;
+7ak . 180 B ak, , ¥ g ™D Bty ———atr 18 Bratn ot n* ¥ BEls,

2¢

. 7 . .. :
_Taj*hkn*JQE:ﬁ rjn*k 1g(oa)Beh _ a;‘h kn*gn*hBE)fkﬁ ]a}kmpn*l lg(ae)B‘m

2¢

—7a}n* BE, 32899 B~ Q.

and
24 r . P —

2.12) _ZL[taBal+ Tn*] ni*Bé‘le;k—[sbt“Qi‘a +¢ds +—;—T5g¢'—"2- a;khkn*’Bé"n*"]P’c"p",

=P P ger—T @I B 2¥, | 51—V BE 0 af an*in*t

+7afoud 18P B Q5 Bn* T at ™t g ™ Pal, ,n* Brls,

7 . ] ' '
— — @t Yyt W BEE 1 — T @ it Bt ™ — T a3 i Bl 028 M mi* |

which are the generalised equations of ‘Gauss and Codazzi in a generalised
Finsler space.

3. Special cases

_ In this section we shall discuss three special cases of the above generalisa-
tion.
1. When 2! be taken tangential to the hypersurface Fx-;, then

3.1 =Bt .
As previously by suitable covariant differentiations of [(3.1), weget




GENERALISATION OF GAUSS-CODAZZI EQUATIONS 109
(3.2) af°ap°z‘=a.9:@n*‘t“+92‘@“’[*¢‘gwa#,B.,f +‘é%;n*‘5.gb—a§‘nn*"Br"g‘“’

+ ztb af*nm*"Br"n*"n*‘]+.Qf5n*"5“t“+6.5,§f‘B&‘+5pt"Q’}‘,n*‘ ,

by virtue of (1.16), [(1.18), (1.20) and [(1.22).

Permuting the indices B, t in the ecjuation (3.2) and subtracting the result from
it. Simplifying the obtained result with the help of [1.22), (2.8), {2.9) and [3.1),

. we have

(8.3) Bk fjk——zﬂ’:,,t“n*‘Pcm— 280y ps¥ite— —3) 1Bt 1 g PDE Iy o

+_é. n*itag Epar]¢' Ztaajhkn*.:g(ht)g* ﬂB ]+_3Z_ taajhkn*Jn*hn*iQ* pB

+20M Qi p0ert+ 1 K p Bl 120,121 cm™

Considering ¢* as an arbitrary vector in the hypersurface Fx-; and multiplying
(3.3) by B:* and nz*. Simplifying the result in view of [(1.12), (1.14), and
(1.16), we obtain ' '

(3.9 —;— Ks ——2— B Rty B =9 g PRk ;0% 11— kit 1P Bt Q¥ o Bl
and
(3.5) - ‘l“ Bf,"j;f?{kjns*-gbﬂi‘,,ﬁ["fgi] =¢5[,g?‘2 ] 53+—LQ’§[56,3¢

. 2 2

o .
- ) afan*in** Q% Bt ,

Which \are the same as the generalisations of the equations of Gauss and Coda221
respectively as obtained by Shamihoke (1963) (p. 142, 143).
(ii) When 4* has no components along B.*, then

(3.6) A=Tp*i

Thus for this case, 1f we put =0 in the equations (2. 11) and (2 12), they reduce
to the following forms respectively

3.7 —é—rn’*tB;«B Rt 119 g«00% +akn™ Bt 1 g BN PEL,

== _rBlfﬁagja;khkn*j lg(ac)B‘h_i_ ra;khkfb 1g(¢u)B.h lg(aJ)Ban’gErB%]

2¢

] 7 N
+ra’jknk Ig(m)B‘ha’lkmpn*lg(mg)BE:fkﬁ]________afhk lg(at)B‘ha;kmpn*ln*mn*JB&kﬂJ L
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. 7 . : .
—7 a’jkh,kn*J ‘Q%kpﬂ n*k 1 g(ou B‘h__ __Z_Z.. a;kh kn*Jn*thtkp 3 ailkmpn*l 1 g(at)B‘n

—Qge—Tafun* Bty g4V By¢

and

88 L ravurBER.— [;baar +Tog——at n*"n*"Ba":lF’["ﬂ"ﬂ
= Plger— T BEp80ak n*in* +Tak, g‘“”’B«’n*".Q,,[,Bg]
+7at m*rat ,n* g™ OB, — % alun®al, ,m* n*mn*iBrY,
— T @k in* Q¥ — Ty m* B 02 g4Ons*

where

PL=8.04T + -1 8578.9-+ —— 35T ayun*in* B> +—21s;5175,9¢'

2¢ 2¢
+ Ma}"nm*"n*"-é%b—Bp" —~T) gy Q% 4 "g" O ‘;1,,“ o
+L ¢*15 ¢< 25 09+ 'z‘;b" ¥, ¥ B, k) +7 5.350
+73:2a¥, . n* —2%b~ n** Bgk 4 29 a,hkﬁﬁfn*fn*”n*" +—§-Ta§‘hfn*fn*“ Bp"&—glb—

+ -;— Gt Byt 918 PN B L 0. g—ah W Bg
+ g ak. n n*mp*i B.p ]+ 2—;— a¥, m*in*t Bk (_5197 8.0+ —2-55- atan*n*mB.? )

The equations (3.7) and (3.8) represent the alternative forms of the equatlons of
Gauss and Codazzi respectively.

(iii) When #* and A* are tangential the defining equation of becomes
X =Baiaa -

Differentiating the above equation covariantly twice and a simplifying by means
of (1.16), [(1.18), [(1.20) and [1.22), we get

(3.9) 8004 =0:2% gn*iu + 2%, [—‘ﬁ‘g‘""’ﬁ’;‘,B,‘ + 5‘1;; n¥3:p— afym* B g
+ zib aﬁ‘h,,n*fBr*n*hn*‘] U+ D% 0+ DE ¥ S g%+ BalS: 00"

We also have
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(3.10) 5[165312“:% zZ"I?’;,S
and
3.11) g,agﬂxe—;- #BER— 80P, .

Subtracting the result obtained on permuting the indices z, 8 in (3.9) and
simplifying by virtue of [1.5), (1.12), [(1.20), (3.10) and [3.11), we have

.l ~
(3.12) —E—B;{ e (X 02 *$ 0o P%3 Bo%) PX2, =00 2 g ™0

— 2%, 2 0 &P Ba* + '51¢" n*ue Q% tp5r1¢"‘ankn*’g MOy Q% s Bt

*j ~
n ;. 1 ;.
+a¥: 2% n*”n*’u“Q:':[pB53+—2 Bl ul K5 .

Multiplying (3.12) by B:* and #*:; and noting (1.14), and (1.16), we
obtain

(3.13) %fo"ﬁrkfn&‘u“ Plus Pl =—¢ ' g P Qb sy 110"

.....ai}‘“n*igz‘[p f-] lg("’)BJ"ﬂ" — _;__ uaﬁ;fﬂ
and

(3-14) -%- Bakgrkfjkn*iu‘_gbgtaﬂap[pr]_ 9[)“ atrglalﬁ.] +'§'ua‘o [ﬂaﬂ¢
- '%‘ a?‘;.m*jn*".Qi‘[ﬁBﬁju" R

respectively.
Taking 4* as an arbitrary vector and simplifying on account of (1.10), and

(1.22), the above equations yield

(3.15) "%‘ Kaarﬂ —_ Sbgttrgﬁlp] - P«;k; lg(w)P_[*ﬁq-]: '%' Bz'kagri{lhik_n*jB"hQﬁEﬁag]g(.‘ih)

and

(3.16) —;— B ijrlzthjkn*h—¢9§aﬁg’§ij= PO 115+ -;—th §019— % n*in*h Q% 4021 gimy

which are another generalisations of the equations of Gauss and Codazzi in the
generalised Finsler space.
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Remark 3.1. We know that the connection parameters 13,;":' are not sym-
metric in their lower indices in the generalised Finsler space, if we consider
them to be symmetric the space will no longer remain a generalised Finsler
space and it is transferred to ordinary Finsler space. Under such consideration
the equations (3.15) and (3.16) reduce to the generalisations of the equations of
Gauss and Codazzi as obtained by Rund (1956).

4. Umbilical Hypersurface
A point P of the hypersurfacé Fa_, is said to be an umbilical point, if
(4.1) : : Qﬁp(u, u,)=k”* lgaﬁ(u) u’)

for all directions #* of Fa., at P, where kn* is the secondary normal curvature
Differentiating (4.1) covariantly, we have

(4.2) ; o . 5r~9ap'—' gaﬂarkn*’fkn”kdfpr ’
where

52‘51':52‘ lg“ﬁ(u’ ul) .

The Gauss and Codazzi equation for a umbilical hypersurface of a géneralised
Finsler space are expressed by virtue of (4.1) and as follows:

(43) _% (t"Ba’+7’n*‘)B¢"B ”k+ 7[¢ g(n)k”* lg‘a_*.aj ,,kn*’Ba" lg(ac)B I;] EprJ

—_ _;_ t'K~:‘rﬁ—¢ta lg(w»kn* J-gJ [r lglaIp];._rafhkn*jtak“*Bfrlgla | ﬁ] lg(ﬂt)B‘h

—TBtgohalun* g Br+Tal.g '8 B 'g @) Baikw*'g, l:erJ

r .
al rk g @ Brgfk, pn*lﬂ*mn*’B&-tﬂ b

2¢

7 .
2¢ a?‘hkn*’n*" Bftkp] a;l;u pn*l 1 g(ac) B‘m

+Tarhk 1g(“)B:hazmpn*lg<’M)B€rpJ —_—

: __Ta/*hkn*jk“* lg]:pr]n*k lg(ﬂt)B‘h —

—Taun* Bs0% g4 By’ — Qi 31

together with
(4.4) —;-[t«Ba'+ T BY Rt p— [Wk»* s gos-t gOAT & _;_ 3o
— % a]hkn*JBﬁkn*h]P*ﬁ‘arj=¢P[1$r] _Ta;khkn*jn*htdk”*BEr lgl alp]

—TBt ﬁarj a?‘n M —Tat P g @) Bolken* g5 B ﬁ ]n*" )
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] 7 3 g
—Tafm**al, ,n* g™ Bl — 7 @ @l n* Bl

, —Talun* ka* ' g l:pr]n*h”*k_Ta}khkn*jBEkﬁagl F°4 (“)"i* ’

where
PRi=19( gapdcka® +hn*a ¢ Fon* 2 gupdedt 12ha*  gup et *in® —21?3,5
+'a,agr+$ 3478: -+ 84T %, kn*fn*h;b—)— L EIZ 3.7 ph-+ 0T @l ¥ im*h By —2—¢—
_T¢ Ig(ad)kl’l:Z lgap lgm, + .g_&sb‘lapsb—l- gb"laﬁgb(?;l;- 5r¢'+ -2'¢— au.m*-’n*"B h)
7 .1 .
—— 700 7’6,° t WML Lkh Rk L aykiayKh, *kk“* 1 .
+2¢ pp+78athn 55 " Bp+2¢n n¥*n £6:aTrs
+ “72; a}",. kn*jn*thkar T:;' + l’sb- a’}‘hkn*"va" [‘— ¢' 1g(m”kn* ngfBaj
+ j n*id.p—ak, ,n* B g™+ gl m¥n¥mp*i -2—;— B:":l
1
A K jaskh __51_ _— ﬂ:u %kl *mB P)
+ 2¢ aln*in*h Bgk (2¢ o+ ¢a PY
and

lﬁ‘; = ¢5rr g(aa) kn* g5 ﬁ+ Tﬁ:gb 1 g(ad) k“* s ﬁ+ rsbar 1 g(aa) kn* 1 g
+7¢ gD ( gspdckn® + kn*a¥ p:)+06T P * g “Phn™ * Gor

- __;_ 1 g(adp 1 gy [ 5ai+ @k, *in** Bet]

The Gauss and Codazzi equations for umbilical hypersurfaces of the special cases
may be easily obtained on the same lines as mentioned above.

The alternative forms of Gauss Codazzi equations for another set of normals
7' can also be determined on the same pattern for the hypersurface in a
generalised Finsler space.
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REFERENCES

(1] Rund, H. (1956): Hypersurfaces of a Finsler space, Cand. Journ. Math. 8, pp. 487-
503.

[2] Rund, H. (1959): Differential Geometry of Finsler spaces, Springer Verlag.

[3] Shamihoke, A.C. (1962): Some properties of Curvature tensors in a gemeralised




114

(4]
(5]

SURENDRA PRATAP SINGH

Finsler space, Tensor N.S., Vol. 12, pp. 97-109.

Shamihoke, A.C. (1963): Hypersurfaces of a generalised Finsler space, Tensor N.S.

Vol. 12, pp. 129-144,

Sinha, B.B. and S.P. Singh (1971): A Generalization of Gauss and Codazzi equations
Sfor Berwald’s curvature tensor, Tensor N.S. No. 1. Vol. 22, pp. 112-116.

Department of Mathematics
Faculty of Science

Banaras Hindu University
Varanasi-5, INDIA




	1. Introduction.
	2. Gauss-Codazzi Equations
	3. Special cases
	4. Umbilical Hypersurface
	REFERENCES

