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The theory of hypersurfaces of a generalised Finsler space has been
developed by Shamihoke (1963) on the lines of Rund $(1956, 1959)$ . He has also

obtained two alternative forms of Gauss-Codazzi equations. The obiect of present

paper is to generalise the equations of Gauss and Codazzi by considering a con.
gruence of curves associated to a hypersurface of a generalised Finsler space

and to study its special cases. The results obtained in the first case coincide
with the generalisation of Gauss-Codazzi equations of Shamihoke (1963) in the
generalised Finsler space. On the other hand the results of third case are same
as the generalisation of Rund (1956] when the connection parameters $\overline{P}_{\beta\gamma}^{*\alpha}$ are
considered to be symmetric in the lower indices, that is, when the space is a
Finsler space.

1. Introduction. We consider an n-dimensional generalised Finsler space
$F_{n}$ with local coordinates $x^{i}(i=1,2,$ $\cdots,$ $n$] in which the distance between two
neighbouring points $P(x^{i}$] and $Q(x^{i}+dx^{i}$] is given by $ds=F(x^{i}, dx^{:}$]. The distance
function $F$ satisfies the usual conditions imposed upon such function. The
symmetric part of the metric tensor $g_{ij}(x,\dot{x}$] is given by

(1.1) $g_{(ij)}(x,\dot{x}$] $=\frac{1}{2}\frac{\partial^{2}F^{2}(x,\dot{x}]}{\partial\dot{x}^{i}\partial\dot{x}^{\dot{f}}}$ .
The covariant derivative of a vector $X^{i}$ is defined by

(1.2) $\delta_{k}X^{i}=\frac{\partial X^{i}}{\partial x^{k}}+\frac{\partial X^{i}}{\partial\dot{x}^{h}}\frac{\partial\dot{x}^{h}}{\partial x^{k}}+P_{hk}^{*:}X^{\hslash}$

where

(1.3] $P_{hk}^{*i}=\Delta_{hk}^{i}-(C_{\hslash}^{i}{}_{p}P_{k\ell}^{p}+Ct{}_{p}P_{hl}^{p}-g^{(im)}C_{h}{}_{kp}P_{m\ell}^{p}$ ] $\dot{x}^{l}$ ,

$P_{hk}^{*:}=\Delta_{hk}^{\ell}-C_{hm}^{i}\Delta_{pk}^{m}\dot{x}^{p}$ .
We also have the following relations,
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(1.4) $P_{[hk]}^{*i}=\frac{1}{2}(P_{\hslash k}^{*i}-P_{kh}^{*1}$ ] $=\Delta_{[hk]}^{:}$ ,

$\dot{x}^{i}\delta_{k}g_{(ij)}=\dot{x}^{j}\delta_{k}g_{[\ell j]}=0$ .
In a hypersurface $F_{n-1}$ of $F_{n}$ , the ($n-1$] parameters $u^{\alpha}$ are the $c\ovalbox{\tt\small REJECT} rdinates$

and the matrix of proiection parameters $B_{\alpha}^{i}=\partial x^{i}/\partial u^{\alpha}$ is supposed to be of rank
($n-1$]. If the directional argument $\dot{x}^{i}$ be tangential to $p_{f\prime-1}$ and be denoted by
$\dot{u}^{\alpha}$ in terms of the $c\ovalbox{\tt\small REJECT} rdinates$ of $F_{n-1}$ , then

(1.5) $\dot{x}^{i}=B_{\alpha i}\dot{u}^{\alpha}$ .
The metric tensor $1g_{\alpha\beta}(u,\dot{u}$] of $F_{*-1}$ , the hypersurface is defined by

(1.6) $1g_{\alpha\beta}(u,\dot{u}$] $=g:j(x,\dot{x}$] $B_{\alpha\beta}^{ij}$ ,

where

$ B_{\alpha\beta}^{i\dot{g}}::::=B_{\alpha}^{i}B_{\beta^{j}}\cdots$ .
From (1.6), we have

(1.7) $\frac{\partial^{1}g_{[a\beta]}(u_{J}\dot{u}]}{\partial\dot{u}^{\alpha}}=0$ .

The metric func$lio\iota\iota F(x,\dot{x}$] of the enveloping space $F$, induces a metric
function $\overline{F}(u,\dot{u}$] of $F_{n-1}$ which is given by

(1.8] $\overline{F}(u,\dot{u}$] $=F(x^{i}(u^{\alpha}$], $ B_{\alpha^{i}}\dot{u}^{\alpha}\rangle$ .
From (1.6) and (1.8), we deduce

(1.9) $1g_{\langle\alpha\beta)}(u,\dot{u})=\frac{1}{2}\frac{\partial^{2}\overline{F}^{2}(u,\dot{u}]}{\partial\dot{u}^{a}\partial\dot{u}^{\beta}}$

The coniugate tensor $1g(\alpha\beta)(u,\dot{u}$], of the metric tensor $1g_{(\alpha\beta\rangle}(u,\dot{u}$] is defined by

(1.10) $1g_{(\alpha\beta)}(u,\dot{u}]^{1}g^{(\alpha t)}(u,\dot{u}$] $=B\beta^{\tau}$

Now we may introduce the quantities

(1.11) $B:^{\alpha}=g_{t^{i_{\dot{J})^{1}}}}g^{(a\delta)}B_{\delta^{j}}$

and

(1.12) $B_{\alpha}^{\ell}B_{i^{\delta}}=\delta_{\alpha^{\delta}}$ . $B_{J^{\ell}}=B_{\alpha}^{i}B_{J^{\alpha}}$ .
One set of normals are defined at each point of $p_{\sim 1}$ by the system of

equations
(1.13) $g_{(ij)}(x,\dot{x}$] $B_{a}^{i}n^{*j}(x,\dot{x}$] $=0$ . $g:j(x, n^{*}$]$n^{*i}n^{*j}=1$ ,
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which imply

(1.14) $g_{(ij)}(x,\dot{x}$] $n^{*j}=n_{i}^{*}$ , $ ni^{*}n^{*:}=\psi$ .
We have the relations

(1.15) $B_{\alpha}n_{i^{*}}=0$ , $B_{i^{\alpha}}n^{*i}=0$ .
Furthermore, it is easily seen that

(1.16) $g^{(:j)}(\dot{x},\dot{x}$] $=^{1}g^{(\alpha\beta)}(u,\dot{u}$] $B_{\alpha\beta}^{\ell\dot{g}}+\frac{1}{\phi}n^{*i}n^{*j}$ .

The induced connection parameters $\overline{P}_{\beta r}^{*\alpha}$ of $F_{m1}$ are given as under

(1.17] $\overline{P}_{\rho_{t}}^{*\alpha}=B_{i^{\alpha}}(B_{\beta\tau}^{:}+P_{hk}^{*1}B_{\beta\tau}^{hk}$],

where

$B_{\beta\tau}^{\ell}=\partial B_{\beta^{i}}/\partial u^{\tau}$ .
Here we may define a mixed tensor

(1.18) $I_{\alpha\beta}^{i}=\delta_{\beta^{0}}B_{\alpha}^{i}=B_{\alpha\beta}^{l}+P_{hk}^{*i}B_{\alpha\beta}^{hk}-\overline{P}_{\alpha}^{*\delta_{\beta}}B_{\delta}^{:}$ .
Multiplying (1.18) by $B_{i^{f}}$ , we obtain

(1.19) $B_{i^{\tau}}I_{\alpha\beta}^{i}=B_{i^{\tau}}(B_{\alpha\beta}^{\ell}+P_{\hslash k}^{*i}B_{\alpha\beta}^{hk}$ ] $-\overline{P}_{\alpha\beta}^{*\tau}=0$ .
From (1.15) and (1.19) we conclude that

(1.20) $I_{\alpha\beta}^{\ell}=\Omega_{\alpha\beta}^{*}n^{*i}$

such that

(1.21) $\Omega_{\alpha\beta}^{*}=\frac{1}{\psi(x,\dot{x}]}n_{i}^{*}(x,\dot{x}$] $I_{\alpha\beta}^{\ell}\langle x,\dot{x}$] ,

where $\Omega_{\alpha\beta}^{*}$ are the coefficients of the secondary second fundament form.
The covariant derivative of the normal $n^{*i}$ are expressed in the form

(1.22) $\delta_{\beta^{0}}n^{*\ell}=-\phi^{1}g^{(\alpha\delta)}\Omega_{\delta\beta}^{*}B_{\alpha}^{\ell}+\frac{1}{2\psi}n^{*:}\delta_{\beta}\phi$

$-a_{jhk}^{*}n^{*j}B_{\beta^{k}}[g^{(hi)}(x,\dot{x}]-\frac{1}{2\phi}n^{*h}n^{*:}-]$ ,

where

$af_{hk}=\delta_{k}g_{(jh)}(x,\dot{x}]$ .
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2. Gauss-Codazzi Equations

We consider a set of ($n-m$] $\ovalbox{\tt\small REJECT} ngruences$ of curves such that one curve of
which passes through each point of the hypersurface $F_{n-1}$ . Let $\lambda\ell$ be the con-
travariant components of a unit vector in the direction of the curve of con-
gruence. It can be expressed linearly in terms of $B_{\alpha}^{i}$ and the set of normals
$n^{*i}$ to $F_{n-1}$ . Thus we write

(2.1) $\lambda^{i}=t^{\alpha}B_{\alpha^{i}}+\gamma_{n^{*i}}$

where $t^{\alpha}$ and $\gamma$ are the parameters.

Taking mixed covariant derivative of (2.1), it yields

(2.2) $\delta_{\beta^{0}}\lambda^{i}=\delta_{\beta}t^{\alpha}B_{\alpha}^{i}+t^{\alpha}I_{\alpha\beta}^{\ell}+\delta\rho^{\gamma}n^{*i}+r\delta_{\beta^{0}}n^{*i}$ ,

in view of (1.18).

By virtue of (1.20) and (1.22), the equation (2.2) becomes

(2.3) $\delta\rho^{0}\lambda^{i}=\delta\rho t^{\alpha}B_{\alpha}^{:}+t^{\alpha}\Omega_{\alpha\beta}^{*}n^{*i}+\delta\rho^{\gamma}n^{*i}+r[-\psi^{1}g^{(\alpha\delta)}\Omega_{\delta\beta}^{*}B_{\alpha}^{i}+\frac{1}{2\phi}n^{*:}\delta_{\beta}\phi$

$-a_{j\hslash k}^{*}n^{*j}B\rho^{k}g^{(hi)}(x,\dot{x}]+a_{fhk}^{*}n^{*j}B_{\beta^{k}}\frac{1}{2\phi}n^{*i}n^{*h}]$ .

Differentiating (2.3) covariantly and making use of (1.18), (1.20) and (1.22), we
obtain

(2.4) $\delta_{\tau^{0}}\delta_{\beta^{0}}\lambda=\delta_{\tau}\delta_{\beta}t^{\alpha}B_{\alpha}^{i}+\delta_{\beta}t^{\alpha}\Omega_{\alpha\tau}^{*}n^{*i}+\delta_{\tau}t^{\alpha}\Omega_{\alpha\beta}^{*}n^{*i}-\psi t^{a}\Omega_{\alpha\beta}^{*1}g^{(.\delta)}\Omega_{\delta^{p}}^{*}B^{i}$

$-r_{a_{jhk}^{*}n^{*j}B_{\tau}^{k}g^{(hi)}t^{\alpha}\Omega_{\alpha\beta}^{*}-\delta_{\beta}\gamma_{a_{jhk}^{*}n^{*j}B_{\tau}^{k}g^{(hi)}-\delta_{\tau}r_{a_{fhk}^{*}n^{*j}B_{\beta^{k}}g^{(h:)}}}}$

$-\frac{\gamma}{2\psi}\delta\rho\phi af_{hk}n^{*j}B_{\tau}^{k}g^{(h:)}-\gamma\delta_{r^{0}}a_{f\hslash k}^{*}n^{*j}B^{k}\beta g^{(hi)}-\gamma a_{fhk}^{*}B_{\beta^{k}}g^{(h:)}$

$\times[-\psi^{1}g^{(\alpha\delta)}\Omega_{\delta^{p}}^{*}B_{\alpha^{j}}+\frac{1}{2\psi}n^{*j}\delta_{\tau}\psi-a_{\iota mp}^{*}n^{*\ell}B_{\tau}^{p}g^{(mj)}+a_{\ell mp}^{*}n^{*\ell}n^{*m}B_{\tau}^{p}n^{*j}\frac{1}{2\phi}]$

$-\gamma_{a_{jhk}^{*}n^{*j}\Omega_{\beta^{\tau}}^{\star}n^{*k}g^{(hi)}-\frac{\gamma}{2\psi}af_{hk}n^{*\dot{g}}n^{*h}B_{\beta^{k}}a_{\ell mp}^{*}n^{*\ell}B_{\tau}^{p}g^{(mi)}}$

$-\gamma_{a_{jhk}^{*}n^{*j}B_{\beta^{k}}\delta_{\tau^{0}}g^{(hi)}+n^{*i}P_{\beta\tau}-B_{\alpha^{i}}Q_{\beta^{f}}^{\alpha}}$

where

(2.5) $ P_{\beta r}=f\delta_{\tau}\Omega_{\alpha\beta}^{*}+t^{\alpha}\Omega_{\alpha\beta}^{*}\frac{1}{2\phi}\delta_{\tau}\phi+f\Omega_{\alpha\beta}^{*}a_{Jhk}^{*}n^{*j}n^{*h}B_{\tau}^{k}\frac{1}{2\phi}+\delta_{\tau}\delta_{\beta}\gamma+\frac{1}{2\phi}\delta\rho^{\gamma}\delta_{\tau}\phi$

$+\delta\rho^{\gamma}a_{jhk}^{*}n^{*j}n^{*h}B_{\tau}^{k}\frac{1}{2\phi}+\frac{1}{2\psi}\delta_{\tau}r\delta_{\beta}\phi+\frac{1}{2\phi}\delta_{\tau}r_{a_{j\hslash k}^{*}n^{*j}B_{\beta^{k}}n^{*h}-\gamma_{\phi^{1}g^{(\alpha\delta)}\Omega_{\delta\beta}^{*}\Omega_{\alpha^{f}}^{*}}}$

$+\frac{1}{2}\gamma\delta_{\tau}\psi^{-1}\delta_{\beta}\phi+\frac{\gamma}{2}\psi^{-1}\delta_{\beta}\psi(\frac{1}{2\psi}\delta_{\tau}\phi+\frac{1}{2\psi}a_{jhk}^{*}n^{*j}n^{*h}B_{\tau}^{k}]+\frac{1}{2\psi}\gamma\delta_{\tau}\delta_{\beta}\phi$
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$+\gamma\delta_{\tau^{0}}a_{f\hslash k}^{*}n^{*j}B\rho^{k}\frac{1}{2\phi}n^{*h}+\frac{\gamma}{2\phi}a_{j\hslash i}^{*}\Omega_{\beta^{\tau}}^{*}n^{*j}n^{*h}n^{*k}+\frac{1}{2}\gamma a_{fhk}^{*}n^{*j}n^{*h}B_{\beta^{k}}\delta_{\tau}\frac{1}{\phi}$

$+\frac{\gamma}{\phi}a_{jhk}^{*}n^{*h}B_{\beta^{k}}[-\phi^{1}g^{(a\delta)}\Omega_{\delta^{\tau}}^{*}B_{\alpha^{j}}+\frac{1}{2\psi}n^{*j}\delta_{\tau}\phi-a_{\ell mp}^{*}n^{*\ell}B_{\tau}^{p}g^{(mj)}$

$+\frac{1}{2\phi}a^{*}mpn^{*\ell}n^{*m}n^{*j}B_{\tau}^{p}n^{*j}n^{*h}B_{\beta^{k}}]$

and

(2.6] $Q_{\beta^{\tau}}^{\alpha}=\phi\delta_{\tau}\gamma_{g^{(\alpha\delta)}\Omega_{\delta\beta}^{*}+\gamma\delta_{\tau}\psi^{1}g^{(\alpha\delta)}\Omega_{\delta\beta}^{*}+\gamma\phi\delta_{\tau}^{1}g^{(\alpha\delta)}\Omega_{\delta\beta}^{*}+\gamma_{\phi^{1}g^{(\alpha\delta)}\delta_{f}\Omega_{\delta\beta}^{*}}}1$

$+\delta_{\beta}r\phi^{1}g^{(\alpha\delta)}\Omega_{\delta\tau}-\frac{\gamma}{2}g^{(\alpha\delta)}\Omega_{\delta\tau}^{*}[\delta_{\beta}\psi+a_{jhk}^{*}n^{*}\dot{f}n^{*h}B_{\beta^{k}}]$ .
Interchanging the indices $\beta,$ $\tau$ in (2.4) and subtracting the result from it, we get

(27) $\delta_{C\tau}^{0}\delta_{\beta J}^{0}\lambda^{:}=\delta_{r\tau}\delta_{\beta 3}fB_{\alpha}^{:}-\phi\Omega_{\delta\subset\tau}^{*}\Omega_{|\alpha|\beta 1}^{*}\mu^{1}g^{(*\delta)}B^{:}-r_{0}f_{hk}n^{*j}g^{(h:)}fB_{\zeta\tau}^{k}\Omega_{|\alpha|\beta D}^{*}$

$-rB_{\mathfrak{c}\beta}^{k}\delta_{\tau J}^{0}a_{jhk}^{*}g^{(hi)}n^{*j}+r_{a_{jhk}^{*}\phi g^{(h\theta 1}g^{(\alpha\delta)}B_{\alpha^{\dot{f}}}\Omega_{\delta\zeta\tau}^{*}B_{\beta 3}^{k}}$

$+r_{a_{fhk}^{*}g^{(h1)}a_{\ell mp}^{*}n^{*\ell}g^{(n\prime j)}Bf_{\tau\beta 3}^{k}-\frac{\gamma}{2\psi}a_{fhl}^{*}g^{(hi)}a_{\ell mp}^{*}n^{*\ell}n^{*\prime n}n^{*\dot{J}}B_{[\tau^{k}\beta]}^{p}}$

$-\gamma a_{jhk}^{*}n^{*\dot{l}}n^{*k}\Omega_{[\beta\tau]}^{*}g^{(hi)}-\frac{\gamma}{2\psi}a_{fhk}^{*}n^{*j}n^{*h}Bf_{\tau\beta J}^{k}a_{\ell mp}^{*}n^{*\ell}g^{(n:)}$

$-\gamma af_{hk}n^{*j}\delta_{\mathfrak{c}\tau}^{0}g^{(hi)}B_{\beta^{k}J}+n^{*\ell}P_{[\beta\tau]}-B_{\alpha}^{\ell}Q_{[\beta\tau]}^{\alpha}$ .
It is easily seen that

(2.8) $2\delta_{\mathfrak{c}\tau}^{0}\delta_{\beta 3}^{0}\lambda^{i}=\lambda^{l}B_{\beta\tau}^{kj}\tilde{K}_{\ell jk}^{\ell}-2\delta_{\delta^{0}}\lambda:\overline{P}_{[\beta r]}^{*\delta}$

and

(2.9) $2\delta_{\subset\tau}\delta_{\beta J}t^{\alpha}=t\tilde{K}_{\iota r\beta}^{\alpha}-2\delta_{\delta}f\overline{P}_{\zeta\beta^{\tau 3}}^{*\delta}$ ,

where

$\tilde{K}_{\ell jk}=\frac{\delta P_{lk}^{*\ell}}{\delta x^{j}}-\frac{\delta P_{lj}^{*\ell}}{\delta x^{k}}+P_{lk}^{*h}P_{\hslash j}^{*i}-P_{lj}^{*h}P_{hk}^{*}$

and

$\tilde{K}_{\iota\tau\rho}^{\alpha}=\frac{\delta\overline{P}_{\beta}^{*\alpha}}{\delta u^{f}}-\frac{\delta\overline{P}_{\tau}^{*\alpha}}{\delta u^{\beta}}+\overline{P}_{\iota\beta}^{*\theta}\overline{P}_{\theta f}^{*\alpha}-\overline{P}_{f}^{*\theta}\overline{P}_{\theta\beta}^{*\alpha}$ .
By means of (2.8) and (2.9), the equation (2.7) takes the form

(2.10) $\frac{1}{2}\lambda^{\ell}B_{\beta^{kj}}\tau\tilde{K}_{\ell jk}^{\ell}-\delta_{\delta^{0}}\lambda:\overline{P}_{[\beta\tau]}^{*\delta}=\frac{1}{2}f\tilde{K}_{\tau\beta}^{\alpha}B_{\alpha}^{;}-\delta_{\delta^{0}}f\overline{P}_{[\beta\tau]}^{*\delta}B_{\alpha}^{\ell}-\psi\Omega_{\delta\subset\tau}^{*}\Omega_{|\alpha|\beta)}^{*}f^{1}g^{(\cdot\delta)}B$.
$-\gamma_{a_{jhk}^{*}n^{*j}g^{(h:)}fB_{r\tau}^{k}\Omega_{|\alpha|\beta J}^{*}-\gamma B_{\zeta\beta}^{k}\delta_{r3}^{0}a_{jhk}^{*}g^{(hi)}n^{*j}+r_{af_{hk}\phi g^{(h:)1}g^{(\alpha\delta)}Bj\Omega_{\delta \mathfrak{c}\tau}^{*}B_{\beta^{k}3}}}$
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$-\frac{\gamma}{2\psi}n^{*t}n^{*n}n^{*j}a_{jhk}^{*}g^{(hi)}a_{\ell mp}^{*}Bf_{r\beta j}^{k}+r_{a_{jhk}^{*}}g^{(h:)}a_{\ell mp}^{*}n^{*\ell}g^{(\prime*\dot{J})}Bf_{\tau\beta J}^{k}$

$-r_{af_{hk}n^{*j}\Omega_{[\beta\tau]}^{*}n^{*k}g^{(h;)}-\frac{\gamma}{2\psi}a_{fhk}^{*}n^{*j}n^{*h}Bf_{\tau\beta j}^{k}a_{\ell mp}^{*}n^{*\ell}g^{(n}}’:)$

$-r_{a_{jhk}^{*}n^{*j}\delta_{\mathfrak{c}\tau}^{\mathfrak{h}}g^{(h:)}B_{\beta 3}^{k}+n^{*i}P_{[\beta r]}-B_{b^{i}}Q_{[\beta\tau]}^{\alpha}}$ .
Multiplying (2.10) by $B\ell^{\sigma}$ and $n\ell^{*}$ and simplifying with the help of (1.12), (1.14),

(1.15), (1.16), (1.20), (1.22) and (2.1), we have respectively

(2.11) $\frac{1}{2}(\gamma$ :

$=\frac{1}{2}t\tilde{K}_{\tau\beta}^{\sigma}-\psi_{f\Omega_{\delta \mathfrak{c}\tau}^{*}\Omega_{|\alpha|\beta J}^{*1}g^{(\sigma\delta)}-\gamma_{a_{f\hslash k}^{*}n^{*j}fB_{\subset\tau}^{k}\Omega_{|\alpha \mathfrak{l}\beta J}^{*1}g^{(\sigma\iota)}B^{h}}}$.
$-r_{n^{*j}B_{\subset\beta}^{k}\delta_{\tau 3}^{0}a_{fhk}^{*1}g^{(\sigma*)}B_{e}^{h}+\gamma_{a_{jhk}^{*}\phi^{1}g^{(\sigma*)}B_{[\cdot\alpha]}^{hj1}g^{(a\delta)}\Omega_{\delta\zeta\tau}^{*}B_{\beta^{k}3}}}$

$+\gamma a_{jhk}^{*1}g^{(\sigma*)}B_{\epsilon}^{h}a_{\ell mp}^{*}n^{*\ell}g^{(nj)}Bf_{\tau^{k}\beta 3}-\frac{\gamma}{2\phi}a_{fhk}^{*1}g^{(a\iota)}B_{*}^{i}a_{\ell mp}^{*}n^{*\ell}n^{*n}n^{*j}Bf_{\tau\beta J}^{k}$

$-\gamma a_{fhk}^{*}n^{*j}\Omega_{[\beta\tau]}^{*}n^{*k1}g^{(\sigma*)}B_{e}^{h}-\frac{\gamma}{2\psi}a_{Jhk}^{*}n^{*j}n^{*h}Bf_{\tau^{k}\beta J}a_{\ell mp}^{*}n^{*l1}g^{(\sigma*)}B_{\epsilon}^{n}$

$-\gamma_{a_{fhk}^{*}n^{*j}B_{C\beta}^{k}\delta_{\tau J}^{0}g^{(h:)}B_{\ell^{\sigma}}}$

and

(2.12) $\frac{1}{2}[\gamma+\frac{1}{2}\gamma\delta_{\iota}\phi-\frac{\gamma}{2}a_{Jhk}^{*}n^{*j}B_{\dot{\delta}}^{k}it^{*h}]\overline{P}_{\subset\beta^{f}}^{*\delta}$

$=\phi P_{[\beta\tau]}-\gamma a_{jhk}^{*}n^{*j}n^{*h}t^{a}B_{\zeta\tau}^{k}\Omega_{|\alpha 1\beta 3}^{*}-\gamma B_{\zeta\beta}^{k}\delta_{\tau 3}^{0}a_{j\hslash k}^{*}n^{*j}n^{*h}$

$+\gamma a_{jhk}^{*}\psi^{1}g^{(\alpha\delta)}B_{\alpha^{\dot{f}}}\Omega_{\delta\subset t}^{*}B_{\beta^{k}3}n^{*h}+\gamma a_{fhk}^{*}n^{*h}g^{(mj)}a_{\ell mp}^{*}n^{*\ell}Bf_{\tau\beta 3}^{k}$

$-\frac{\gamma}{\psi}a_{jhk}^{*}n^{*h}a_{\ell mp}^{*}n^{*}\prime n^{*m}n^{*j}B_{[\tau\beta]}^{pk}-\gamma a_{fhk}^{*}n^{*j}\Omega_{[\beta e]}^{*}n^{*h}n^{*k}-\gamma a_{jhk}^{*}n^{*j}B_{\zeta\beta}^{k}\delta_{\tau I}^{0}g^{(hi)}n_{i^{*}}$ ,

which are the generalised equations of Gauss and Codazzi in a generalised
Finsler space.

3. Special cases

In this section we shall discuss three special cases of the above generalisa-
tion.

1. When $\lambda^{i}$ be taken tangential to the hypersurface $F_{-1}$ , then

(3.1) $\lambda=B_{\alpha}^{i}f$ .
$As\}prm\S\infty 8l\check{y}$ by $s\iota\ddot{w}ffl1\epsilon\backslash cbva\check{r}iantdifferentia\mathfrak{t}1\Phi h\S$ bf (3.1), $We^{\$}Zet$
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(3.2) $\delta_{r^{0}}\delta_{\beta^{0}}\lambda^{:}=\delta.\Omega_{\alpha\beta}^{*}n^{*i}t^{a}+\Omega_{\alpha\beta}^{*}t^{\alpha}[-\psi^{1}g^{(-\delta)}\vee\Omega_{\delta^{f}}^{*}B_{\sigma}^{:}+\frac{1}{2\psi}n^{*i}\delta.\psi-a\}_{hk}n^{*\dot{g}}B_{\tau}^{k}g^{(hi)}$

$+\frac{1}{2\phi}a_{jhk}^{*}n^{*j}B_{\tau}^{k}n^{*i}n^{*:]:}+\Omega_{\alpha\beta}^{*}n^{*:}\delta.t^{\alpha}+\delta.\delta\rho t^{a}B_{\alpha}+\delta\rho t^{a}\Omega_{\alpha\tau}^{*}n^{*i}\ovalbox{\tt\small REJECT}$ ,

by virtue of (1.16), (1.18), (1.20) and (1.22).

Permuting the indices $\beta,$ $\tau$ in the equation (3.2) and subtracting the result from
it. Simplifying the obtained result with the help of (1.22), (2.8), (2.9) and (3.1),

we have

(3.3) $ B_{\alpha\beta\tau}^{lkf}f\tilde{K}_{ljk}^{i}-2\Omega_{\alpha\delta}^{*}fn^{*\ell}\overline{P}_{[\beta\tau]}^{*\delta}=2\delta_{\zeta\tau|\alpha|\beta_{\lrcorner}}\Omega^{*}- n^{*\ell}\alpha--- t^{\alpha}B_{\alpha}^{\ell 1}g^{(\sigma\delta)}\Omega_{\sigma\zeta\beta}^{*}\Omega_{|\delta|\tau 1}^{*}{}^{t^{2}}\psi$

$+\frac{1}{\phi}n^{*:}f\Omega_{\alpha\zeta\beta}^{*}\delta_{\tau j}\phi-2fa_{jhk}^{*}n^{*j}g^{(hi)}\Omega_{\alpha f\beta}^{*}B_{\tau 1}^{k}+_{\phi}^{1}--fa_{jhk}^{*}n^{*j}n^{*h}n^{*:}\Omega_{\alpha\subset\beta}^{*}B_{\tau J}^{k}$

$+2n^{*i}\Omega_{\alpha\zeta\beta}^{*}\delta_{\tau J}t^{\alpha}+f\tilde{K}_{\tau\beta}^{\alpha}B_{\alpha}:+2\delta_{\mathfrak{c}\beta}t^{\alpha}\Omega_{|\alpha|\tau 3}^{*}n^{*i}$

Considering $f$ as an arbitrary vector in the hypersurface $F_{n-1}$ and multiplying
(3.3) by $B_{i}$. and $n_{1}^{*}$ . Simplifying the result in view of (1.12), (1.14), (1.15) and
(1.16), we obtain

(3.4) $\frac{1}{2}\tilde{K}_{\alpha\beta^{\tau}}-\frac{1}{2}B_{\alpha\beta\tau}^{\ell kj}\tilde{K}_{lkf}^{i}B_{i^{e}}=\psi^{1}g^{(\delta)}\Omega_{\alpha\zeta\beta}^{*}\Omega_{|\delta|r3}^{*}-a_{jhk}^{*}n^{*j1}g^{(\epsilon\delta\rangle}B_{\delta}^{h}\Omega_{\alpha\zeta\beta}^{*}B_{\tau 3}^{k}$

and

(3.5) $-\frac{1}{2}B_{\alpha\beta\tau}^{lkj}\tilde{K}_{\ell kf}^{i}n_{i}^{*}-\phi\Omega_{\alpha}^{*}{}_{\delta}\overline{P}_{[\beta\tau]}^{*\delta}=\phi\delta_{\zeta\tau}\Omega_{|\alpha 1\beta J}^{*}+\frac{1}{2}\Omega_{\alpha C\beta}^{*}\delta_{tj}\phi$

$-\frac{1}{2}a_{jhk}^{*}n^{*\dot{J}}n^{*h}\Omega_{\alpha \mathfrak{c}\beta}^{*}B_{\tau 3}^{k}$ ,

which are the same as the generalisations of the equations of Gauss and Codazzi
respectively as obtained by Shamihoke (1963) (p. 142, 143).

(ii) When $\lambda^{\ell}$ has no components along $B_{\alpha}^{i}$ , then

(3.6) $\lambda^{i}=r_{n^{*i}}$ .
Thus for this case, if we put $t^{\alpha}=0$ in the equations (2.11) and (2.12), they reduce
to the following forms respectively

(3.7) $\frac{1}{2}r_{n^{*\ell}B:^{\sigma}B_{\beta\tau}^{kf}\tilde{K}_{\ell jk}^{5}+\gamma[\psi^{1}g^{(\sigma\cdot)}\Omega_{*\delta}^{*}+a_{Jhk}^{*}n^{*j}B_{\delta}^{k1}g^{(\sigma\cdot)}B_{*}^{h}]\overline{P}f_{\beta^{\tau J}}^{\delta}}$

$=-\gamma B_{\zeta\beta}^{k}\delta_{r3}^{0}a_{jhk}^{*}n^{*j1}g^{(\sigma\cdot)}B^{h}+\gamma_{a_{fhk}^{*}\phi^{1}g^{(\sigma*)}B^{h1}g^{(\alpha\delta)}B_{\alpha^{\dot{f}}}\Omega_{\delta\zeta\tau}^{*}B_{\beta 1}^{k}}$

$+r_{a_{jhk}^{*1}g^{(\sigma\cdot)}B^{h}a_{\ell np}^{*}n^{*\ell}g^{(nj)}Bf_{r\beta 3}^{k}-\frac{\gamma}{2\psi}af_{hk}^{1}g^{(\sigma\cdot)}B^{h}a_{\ell mp}^{*}n^{*\ell}n^{*n}n^{*j}Bf_{\tau^{k}\beta J}}$
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$-r_{af_{hk}n^{*}\Omega^{*}n^{*k1}g^{(\sigma\epsilon)}B_{*}^{h}-\frac{\gamma}{2\phi}a_{fhk}^{*}n^{*j}n^{*h}Bf_{f}^{k}a_{\ell mp}^{*}n^{*\ell 1}g^{(\sigma\cdot)}B_{l}^{n}}\dot{f}[\rho\tau]\rho J$

$-Q_{[\beta^{\tau}]}^{\sigma}-\gamma_{a_{jhk}^{*}n^{*j}B_{\mathfrak{c}\beta}^{k}\delta_{\tau J}^{0}g^{(ii)}B_{i^{\sigma}}}$

and

(3.8) $\frac{1}{2}\gamma n^{*l}n^{*}:B_{\beta r}^{kj}\tilde{K}_{\ell jk}^{i}-[\phi\delta_{\delta}\gamma+\frac{\gamma}{2}\delta_{\delta}\phi-\frac{\gamma}{2}a_{jh*}^{*}n^{*j}n^{*h}B_{\delta}^{k}]\overline{P}f^{\delta}\beta^{f}J$

$=\phi P_{[\beta\tau]}^{1}-\gamma B_{\zeta\beta}^{k}\delta_{rJ}^{0}af_{hk}n^{*j}n^{*h}+r_{a_{jhk}^{*}\psi^{1}g^{(\alpha\delta)}B_{\alpha}^{j}n^{*k}\Omega_{\delta\zeta\tau}^{*}B_{\rho 3}^{k}}$

$+r_{a_{fhk}^{*}n^{*h}a_{\ell mp}^{*}n^{*\ell}g^{(\tau nj)}Bf_{\tau\beta 3}^{k}-\frac{\gamma}{\phi}a_{jhk}^{*}n^{*h}a_{lmp}^{*}n^{*l}n^{*n}n^{*\dot{g}}Bf_{\beta 3}^{k}}f$

$-\gamma_{a_{jhk}^{*}n^{*\dot{J}}n^{*h}n^{*k}\Omega f_{\beta\tau J}-\gamma_{a_{j\hslash k}^{*}n^{*j}B_{I\beta}^{k}\delta_{eJ}g^{(h\ell)}n_{i}^{*}}}$ ,

where

$ P_{\beta^{f}}^{1}=\delta_{t}\delta_{\beta}r+\frac{1}{2\phi}\delta\rho^{\gamma}\delta_{\tau}\phi+\frac{1}{2\phi}\delta\rho^{\gamma}af_{hk}n^{*j}n^{*h}B_{\tau}^{k}+\frac{1}{2\psi}\delta_{e}r\delta_{\beta}\phi$

$+\delta_{\tau}r_{a_{jhk}^{*}n^{*j}n^{*h}\frac{1}{2\phi}B_{\beta^{k}}-\gamma\phi^{1}g^{(\alpha\delta)}\Omega_{\delta\beta}^{*}\Omega_{\alpha e}^{*}+\frac{\gamma}{2}\&\frac{1}{\phi}\delta\rho\psi}$

$+\frac{\gamma}{2}\phi^{-1}\delta_{\beta}\psi(\frac{1}{2\psi}\delta_{\tau}\psi+\frac{1}{2\psi}a_{fhk}^{*}n^{*j}n^{*h}B_{\tau}^{k}]+\frac{\gamma}{2\phi}\delta_{r}\delta\rho\phi$

$+\gamma\delta_{\Gamma}^{0}a_{f\hslash k}^{*}n^{*j}\frac{1}{2\phi}n^{*h}B\beta^{k}+\frac{\gamma}{2\phi}a_{Jhk}^{*}\Omega_{\beta\tau}^{*}n^{*\dot{g}}n^{*\hslash}n^{*k}+\frac{1}{2}\gamma af_{hk}n^{*j}n^{*h}B\beta^{k}\delta_{\tau}\frac{1}{\psi}$

$+\frac{\gamma}{\phi}a_{jhk}^{*}n^{*h}B_{\beta^{k}}[-\psi^{1}g^{(\alpha\delta)}\Omega_{\delta\tau}^{*}B_{\alpha^{\dot{f}}}+\frac{1}{2\phi}n^{*j}\delta_{\tau}\phi-a_{\ell mp}^{*}n^{*\ell}B_{\tau^{p}}g^{(nj)}$

$+\frac{1}{2\phi}a_{lmp}^{*}n^{*l}n^{*m}n^{*j}B_{\tau}^{p}]+\frac{\gamma}{2\phi}a_{Jhk}^{*}n^{*j}n^{*h}B\beta^{k}(\frac{1}{2\phi}\delta_{\tau}\phi+\frac{1}{2\psi}a_{\ell mp}^{*}n^{*\ell}n^{*n}B_{\tau}^{p}]$ .

The equations (3.7) and (3.8] represent the alternative forms of the equations of
Gauss and Codazzi respectively.

(iii) When $f$ and $\lambda$ are tangential the defining equation of becomes
$\dot{x}=B_{\alpha}^{i}\dot{u}^{\alpha}$ .

Differentiating the above equation covariantly twice and a simplifying by means
of (1.16), (1.18), (1.20) and (1.22), we get

(3.9) $\delta_{\tau^{0}}\delta_{\beta^{0}}\dot{x}^{i}=\delta_{\tau}\Omega_{\alpha\beta}^{*}n^{*i}\dot{u}^{\alpha}+\Omega_{\alpha\beta}^{*}[-\phi^{1}g^{(\sigma\delta)}\Omega_{\delta^{f}}^{*}B_{\sigma}^{i}+\frac{1}{2\psi}n^{*i}\delta.\phi-a_{Jhl}^{*}n^{*j}B_{t}^{k}g^{(h:)}$

$+\frac{1}{2\phi}a_{jhk}^{*}n^{*j}B_{\tau}^{k}n^{*k}n^{*\ell]:}\dot{u}^{\alpha}+\Omega_{\alpha\beta}^{*}n^{*i}\delta_{\tau}\dot{u}^{\alpha}+\Omega_{\alpha t}^{*}n^{*:}\delta_{\beta}\dot{u}^{\alpha}+B_{*}\delta_{\iota}\delta_{\beta}\theta^{\alpha}$ .
We also have



GENERALISATION OF GAUSS-CODAZZI EQUATIONS 111

(3.10) $\delta_{r\tau}\delta_{\beta j}\dot{u}^{\alpha}=\frac{1}{2}\dot{u}^{\delta}\tilde{K}_{\theta^{\tau}\beta}^{\alpha}$

and

(3.11) $\delta_{\zeta\tau}^{0}\delta_{\beta l}^{0}\dot{x}^{:}=\frac{1}{2}\dot{x}^{\ell}B_{\beta\tau}^{kf}\tilde{K}_{\ell jk}^{\ell}-\delta_{\delta^{0}}\dot{x}^{i}\overline{P}_{[\beta\tau]}^{*\delta}$ .

Subtracting the result obtained on permuting the indices $\tau,$
$\beta$ in (3.9) and

simplifying by virtue of (1.5), (1.12), (1.20), (3.10) and (3.11), we have

(3.12) $\frac{\dot{x}^{l}}{2}B_{\beta^{\tau}}^{kj}\tilde{K}_{\ell jk}-t\Omega_{\alpha\delta}^{*}\dot{u}^{\alpha}n^{*i}+\dot{u}^{\alpha}\overline{P}_{\alpha\delta}^{*\sigma}B_{\sigma}^{:}$] $\overline{P}_{[\beta\tau]}^{*\delta}=\delta_{\zeta r}\Omega_{|\alpha\downarrow\beta j}^{*}n^{*:}\dot{u}^{\alpha}$

$-\psi\Omega_{\alpha \mathfrak{c}\beta}^{*}\Omega_{|\delta|\tau l}^{*}\dot{u}^{\alpha 1}g^{(\sigma\delta)}B_{\sigma}^{:}+\frac{1}{2\psi}n^{*\mathfrak{i}}\dot{u}^{\alpha}\Omega_{\alpha\subset\beta}^{*}\delta_{\tau 3}\phi-a_{jhk}^{*}n^{*\dot{J}}g^{(hi)}\dot{u}^{\alpha}\Omega_{\alpha\zeta\beta}^{*}B_{\tau 1}^{k}$

$+a_{jhk}^{*}\frac{n^{*\dot{g}}}{2\phi}n^{*h}n^{*:}\dot{u}^{\alpha}\Omega_{\alpha\zeta\beta}^{*}B_{fj}^{k}+\frac{1}{2}B_{a}^{:}\dot{u}^{\theta}\tilde{K}_{\theta^{f}\beta}^{\alpha}$

Multiplying (3.12) by $B\ell^{\epsilon}$ and $n^{*_{i}}$ and noting (1.12) (1.14), (1.15) and (1.16), we
obtain

(3.13) $\frac{1}{2}B_{\alpha\beta\tau}^{\ell kj}\tilde{K}_{ljk}^{i}B:^{\iota}\dot{u}^{\alpha}-\overline{P}_{\alpha\dot{\delta}}^{*}\dot{u}^{\alpha}\overline{P}_{\mathfrak{c}\beta^{\tau j}}^{*\delta}=-\phi^{1}g^{(\cdot\delta)}\Omega_{\alpha\subset\beta}^{*}\Omega_{I\delta|\tau j}^{*}\dot{u}^{\alpha}$

$-a_{jhk}^{*}n^{*\dot{J}}\Omega_{\alpha\zeta\beta}^{*}B_{\tau J}^{k1}g^{t\cdot\delta)}B_{\delta}^{h}\dot{u}^{\alpha}-\frac{1}{2}\dot{u}^{\alpha}\tilde{K}_{\alpha\tau\beta}^{\epsilon}$

and

(3.14) $\frac{1}{2}B_{\alpha\beta^{\tau}}^{\ell kj}\tilde{K}_{\ell jk}^{\ell}n^{*}i\dot{u}^{e}-\phi\Omega_{\alpha\delta}^{*}\dot{u}^{a}\overline{P}_{[\beta\tau]}^{*\delta}=\phi\dot{u}^{\alpha}\delta_{\zeta\tau}\Omega_{|\alpha|\beta J}^{*}+\frac{1}{2}\dot{u}^{\alpha}\Omega_{\alpha\zeta\beta}^{*}\delta_{\tau 1}\phi$

$-\frac{1}{2}af_{hk}n^{*;}n^{*h}\Omega_{\alpha\zeta\beta}^{*}B_{\tau J}^{k}\dot{u}^{\alpha}$ ,

respectively.
Taking $\dot{u}^{\alpha}$ as an arbitrary vector and simplifying on account of (1.10), (1.11) and
(1.22), the above equations yield

(3.15) $\frac{1}{2}\tilde{K}_{\alpha\sigma\tau\beta}-\phi\Omega_{\sigma\zeta\tau}^{*}\Omega_{|\alpha|\beta 3}^{*}-\overline{P}_{\alpha\dot{\delta}}^{*1}g_{(*\sigma)}\overline{P}_{[\beta\tau]}^{*\delta}=\frac{1}{2}B_{\sigma\alpha\beta^{\tau}}^{h\ell kj}\tilde{K}_{\ell hjk}-n^{*j}B_{\sigma}^{h}\Omega_{\alpha\zeta\beta}^{*}\delta_{\tau I}^{0}g_{(\dot{g}h)}$

and

$(3.16] \frac{1}{2}B_{\alpha\beta^{\tau}}^{lkj}\tilde{K}_{l\hslash jk}n^{*h}-\phi\Omega_{\alpha}^{*}{}_{\delta}\overline{P}_{\zeta\beta^{\tau j}}^{*\delta}=\psi\delta_{\subset\tau}\Omega_{|\alpha|I\beta}^{*}+\frac{1}{2}\Omega_{\alpha \mathfrak{c}\beta}^{*}\delta_{\tau J}\phi-\frac{1}{2}n^{*j}n^{*h}\Omega_{\alpha\subset\beta}^{*}\delta_{\tau 3})g_{(jk)}$ ,

which are another generalisations of the equations of Gauss and Codazzi in the

generalised Finsler space.
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Remark 3. 1. We know that the connection parameters $\overline{P}_{\beta\tau}^{*\alpha}$ are not sym.
metric in their lower indices in the generalised Finsler space, if we consider
them to be symmetric the space will no longer remain a generalised Finsler
spaoe and it is transferred to ordinary Finsler space. Under such consideration
the equations (3.15) and (3.16) reduce to the generalisations of the equations of
Gauss and Codazzi as obtained by Rund (1956).

4. Umbilical Hypersurface

A point $P$ of the hypersurface $F_{n-1}$ is said to be an umbilical point, if

(4.1) $\Omega_{\alpha\beta}^{*}(u, u^{\prime}$] $=k_{n}^{*1}g_{\alpha\beta}(u, u^{j}$] ,

for all directions $\dot{u}^{\alpha}$ of $F_{n-1}$ at $P$, where $k_{n}^{*}$ is the secondary normal curvature.
Differentiating (4.1) covariantly, we have

(4.2) $\delta_{r}\Omega_{\alpha\beta}^{*}=^{1}g_{\alpha\beta}\delta_{r}k_{n}^{*}+k_{*}^{*}\overline{a}_{a\beta\tau}^{*}$ ,

where
$\overline{a}_{\alpha\beta\tau}^{*}=\delta_{\tau}^{1}g_{\alpha\beta}(u, u^{\prime}]$ .

The Gauss and Codazzi equation for a umbilical hypersurface of a generalised
Finsler space are expressed by virtue of (4.1) and (4.2) as follows:

(4.3) $\frac{1}{2}(rB_{\alpha^{l}}+r_{n^{*\ell}]B_{\ell^{\sigma}}B_{\beta^{\tau}}^{kj}\tilde{K}_{\ell jk}^{\ell}+\gamma[\psi^{1}g^{(\sigma\iota)}k_{\hslash}^{*1}g_{\delta}+a_{jhk}^{*}n^{*j}B_{\delta}^{k1}g^{(\sigma\cdot)}B^{h}]\overline{P}_{[\beta\tau]}^{*\delta}}$

$=\frac{1}{2}t\tilde{K}_{l\tau\beta}^{l}-\phi t^{\alpha 1}g^{(\sigma t)}k_{n}^{*1}g_{\delta\zeta\tau^{1}}g_{|\alpha|\beta 1}-\gamma_{ah_{k}n^{*j}fk_{n}^{*}B_{\zeta r}g_{|\alpha|\beta 3}g^{(\sigma\cdot)}B^{\iota}}k11$

$-\gamma B_{C\beta}^{k}\delta_{\tau J}^{0}a_{J\hslash k}^{*}n^{*j1}g^{(\sigma\cdot)}B_{\iota}^{h}+\gamma_{a_{jhk}^{*}\phi^{1}g^{(\sigma\cdot)}B^{h1}g^{(\alpha\delta)}B_{\alpha^{j}}h^{*1}g_{\delta\zeta\tau}B_{\beta J}^{k}}$

$+raf_{hk}^{1}g^{(\sigma\cdot)}B_{*}^{h}a_{\ell mp}^{*}n^{*\ell}g^{(n\dot{g})}Bf_{\tau^{k}\beta j}-\frac{\gamma}{2\phi}a_{Jhk}^{*1}g^{(\sigma\cdot)}B^{h}a_{\ell mp}^{*}n^{*\ell}n^{*n}n^{*j}Bf_{r\beta 3}^{k}$

$-\gamma a_{jhk}^{*}n^{*\dot{g}}k_{r}^{*1}g_{[\beta\tau]}n^{*k1}g^{(\sigma\cdot)}B^{h}-\frac{\gamma}{2\phi}a_{jhk}^{*}n^{*\dot{J}}n^{*h}Bf_{\tau\beta J}^{k}a_{\ell mp}^{*}n^{*\ell 1}g^{(\sigma\cdot)}B^{n}$

$-r_{a_{jhk}^{*}n^{*j}B_{\zeta\beta}^{k}\delta_{\tau 3}^{0}g^{(hi)}B:^{\sigma}-Q_{[\beta\tau]}^{1\sigma}}$ ,

together with

(4.4) $\frac{1}{2}[\gamma[\psi rk_{n}^{*1}g_{\alpha\delta}+\phi\delta_{\delta}\gamma+\frac{\gamma}{2}\delta_{\delta}\phi$

– $\frac{\gamma}{2}a_{jhk}^{*}n^{*j}B_{\delta}^{k}n^{*h}]P_{\mathfrak{c}\beta^{\tau J}}^{11}-\gamma$

$-\gamma B_{\mathfrak{c}\beta}^{k}\delta_{rJ}^{0}a_{jhk}^{*}n^{*\dot{J}}n^{*h}-\gamma af_{hk}\phi^{1}g^{(\alpha\delta)}B_{\alpha^{\dot{f}}}k_{n}^{*1}g_{\delta I\tau}B_{\beta^{k}3}n^{*h}$
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$-\gamma B)k’$
$-r_{a_{jhk}^{*}n^{*j}k_{n}^{*1}g_{[\beta\tau]}n^{*h}n^{*k}-\gamma_{a_{jhk}^{*}n^{*j}B_{\mathfrak{c}\beta}^{k}\delta_{\tau 3}^{0}g^{(h:)}n_{i}^{*}}}$ ,

where

$P_{\beta^{1}}^{\iota_{f}}=f(1g_{\alpha\beta}\delta_{\tau}k_{n}^{*}+k_{l}^{*}\overline{a}_{\alpha\beta\tau}^{*}]+\frac{f}{2\phi}k^{*1}g_{\alpha\beta}\delta_{\tau}\phi+fk_{n}^{*1}g_{\alpha\beta}a_{jhk}^{*}n^{*j}n^{*h}\frac{1}{2\phi}B_{r}^{k}$

$+\delta_{\tau}\delta_{\beta}r+\frac{1}{2\phi}\delta_{\beta}r\delta_{\tau}\phi+\delta\rho^{\gamma}a_{jhk}^{*}n^{*j}n^{*h}\frac{1}{2\phi}B_{t}^{k}+\frac{1}{2\phi}\delta_{r}r\delta_{\beta}\phi+\delta_{\tau}r_{a_{jhk}^{*}n^{*j}n^{*h}B_{\beta^{k}}\frac{1}{2\phi}}$

$-\gamma\phi^{1}g^{(\alpha\delta)}k_{n}^{*1}g_{\delta\beta^{1}}g_{\alpha\tau}+\frac{\gamma}{2}\delta\phi^{-1}\delta\rho\psi+\frac{\gamma}{2}\phi^{-1}\delta_{\beta}\phi(\frac{1}{2\phi}\delta_{\tau}\phi+\frac{1}{2\phi}a_{jhk}^{*}n^{*\dot{J}}n^{*h}B_{r}^{k}]$

$+\frac{\gamma}{2\phi}r\delta_{r}\delta_{\beta}\psi+\gamma\delta_{r}^{0}a_{Jhk}^{*}n^{*j}\frac{1}{2\phi}n^{*h}B_{\beta^{k}}+\frac{\gamma}{2\phi}n^{*j}n^{*h}n^{*k}k_{n}^{*1}g_{\beta r}af_{hk}$

$+\frac{\gamma}{2}a_{jhk}^{*}n^{*j}n^{*h}B\rho^{k}\delta_{\tau}\frac{1}{\phi}+\frac{\gamma}{\phi}a_{jhk}^{*}n^{*h}B_{\beta^{k}}[-\phi^{1}g^{(\alpha\delta)}k_{*}^{*1}g_{\delta\tau}B_{\alpha^{\dot{f}}}$

$+\frac{1}{2\phi}n^{*j}\delta_{\tau}\psi-a_{lmp}^{*}n^{*l}B_{r}^{p}g^{(mj)}+a_{lmp}^{*}n^{*l}n^{*m}n^{*j}\frac{1}{2\phi}B^{p},]$

$+\frac{\gamma}{2\phi}af_{hk}n^{*j}n^{*h}B\rho^{k}(\frac{1}{2\phi}\delta_{\tau}\phi+\frac{1}{2\phi}a_{imp}^{*}n^{*\ell}n^{*}’*B_{\tau}^{p}]$

and
$Q_{\beta\tau^{=\phi\delta_{\tau}\gamma_{g^{(\alpha\delta)}k^{*}g_{\delta\beta}+r\delta_{r}\phi^{1}g^{(\alpha\delta)}k_{n}^{*}g_{\delta\beta}+r\psi\delta_{\tau}^{1}g^{(\alpha\delta)}k_{n}^{*1}g_{\delta\beta}}}}^{1\alpha}$,
$+\gamma\phi^{\iota}g^{(\alpha\delta)}(1g_{\delta\beta}\delta_{r}k_{n}^{*}+k^{*}\overline{a}_{\delta\beta\tau}^{*}]+\delta_{\beta}\gamma\psi^{1}g^{(\alpha\delta)}h^{*1}g_{\delta\tau}$

$-\frac{\gamma}{2}gk_{n}^{*1}g_{\delta\tau}[\delta_{\beta}\phi+a_{fhk}^{*}n^{*j}n^{*h}B_{\theta^{k}}]$ .

The Gauss and Codazzi equations for umbilical hypersurfaces of the special cases
may be easily obtained on the same lines as mentioned above.

The alternative forms of Gauss Codazzi equations for another set of normals
$n^{i}$ can also be determined on the same pattem for the hypersurface in a
generalised Finsler space.
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