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1. Let H be a Hilbert space with orthonormal basis {ei}s. If the operator
S is defined on H by Sei=aiei1 for i=0, 1, --- where |a:|<|aiu| <M for i=0, 1,
2, --- then S will be called a monotone shift. For the case ai=a;,1, i=0,1,2, -
the lattice of invariant subspaces of the shift operator S on I/%(0, ) has been
characterized by Bewrling and in J. Freeman shows that for a large class
of compact operators, the perturbed shift S+C is similar to the unperturbed shift
S. A characterization of the operators which are similar to the weighted shift
(i.e., not necessarily monotone) using the geometry of invariant subspaces appear
in [5].

In general, if one perturbs an arbitrary operator by a compact operator this
may markedly change the fine structure of the spectrum. Using the results of
Friedrichs [3], and Freeman we prove that every monotone shift S with
ao#0 is similar to S+ P where P.is a compact operator with strictly lower-tri-
angular matrix.

2. Let .97 the algebra of operators on [?(0, )(1<p<co) with the matrix
A=(arm)7.m=0 which satisfies the conditions:

sup §0|dnml=a<°° , sgpgolaml=b<oo ,

By a theorem of M. Riesz the operators A are bounded on /7(0, co)(1<p< o)
and

_ [ Allo< max {|| Alls, | All} ,
where |Alli=a and || All.=b.
It is easy to see that .97 is a Banach algebra with the norm
| All= max {| All1, | All} ,
and that the class & of matrices P such

IPl= 5. [punl<co
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is an ideal in % and |APBI<||A|IP||B| for all A, Be ., Pe &¥. By o
we denote the subalgebra of the Banach algebra & consisting of these matrices
Ae .S which are lower-triangular, i.e., ama=0 unless #>m and %o is the sub-
space of &2 consisting of such Pe & with pmi=0 unless n>m (strictly lower-
triangular). |

Let Si the weighted shift defined by sle,-=—c_¥17e;+1 for i=0,1,2, ---. The

matrices representing S: and S¥ are

O 0 0--- 01l/lae O

@ 0 O0--- 0 1/ay ---
Si1= 1/ _ and St= 0 e ’

0 1/“10"' v . . o ees

and we have that SiS*=F and S*S:=I where E=diag(0,1,1, ---).

The existence of an invertible operator X such that S is similar to its per-
turbations with Pe &2 will be obtained using the formal analogy between the
equation 4X=SX—XS=XP and the classical differential equations [2], [3], [4].

If we define an operator 7 on .%o by

(1) 7(P)= 3 SHPS*,
then 7(P) is a strictly lower-triangular matrix and
(2) I"PIULIP .
Indeed, since
_1_.... 1 @0 ak—-lpkk l... 1 al"'akpk,k-'-l"' \
*o Ag—-1 Qo Ap—1
I Y IR I R T P
a1 (2473 ay (2473 .
S¥PSt= .. OO ,
1.1 ao Ap—1Pli 1 ... _1 144 Ak Dkii, kit
[+ 43 A pk—1 a; ai+k—1 J
and if we consider
- _1 1 -
kgo ai ac+k_1aJ Qjpk—1Pli ktd
we have
supE | > 1. 1 i+ Akt Phogi kg < supZ Z ||| @isa ], .. |atiset ]
=0 k=0 3 Xipk-1 i =V k=‘0| ag H 42351 larl-k-—l |
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X |pr+i, b+il < sup }%I‘EOIPI:H.HHSIPl s
J 1=0k=
and similarly

sup X | 2 — - ——aj - - Aight1 Deri ki S|P L
i J=0 k=0 Q; ai+k—-1

Then, if we denote by

PPi=S L oo — L e @it Drsibrs
k=0 a; At k-1

we obtain that ||7(P)]1<|P] and ||7(P)|l.<|P|. Therefore [[7(P)|<|P|.
Now if
7n(P)= k}i S*pSk |

is the sequence of partial sums of series (1) we have
T(P)—7Ta-1(P)=7(S¥*PS™) ,

and hence

I7(P)—7asPYI=IT(St"PSH|<IST"PSIS T 3 14isl >0 for m—> oo

i=n j=n
Let the operator
Tp:Q@—-7(QP.
If Q, Pe &, we have that
M@PIL|T@IIPILIQIIFP .
For the iterates of 7p we give
Lemma 2.1. If P,Q€ & then T3Q)€ Fo and

rx@i<E g .

I
n!

Proof. It is clear that 7»(Q)€ %o and that
— 1 1 )
[TP(Q)]H—. Py . e Qgy °°° a31+j—1q5+01+1,m1+t1pm‘.a
J<m1<i 81=0 gy Xy +i—1
and for its iterates we have
& o 1 1
[TP(Q)]i'J“" i P p — QAmy **° Amytsy—1

FMyZLeeeS<mp <i 0<81 <S8 <0 A QAitay—-1
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1 1 1 1
. e Amots; **° Amgrag—1 e
Aitey QAitgy—1 Qitsy Xitsg—1

am?+'2 LY

1 LU 1

a‘i+lk_1 ai+sk—1

Tt Omp_gtepg—1 Xmptagy * ° * Omptap—1

X Givoy,mptagDmprop_g mp_y+op_y *** Dmgtag, myvsy Pmyi .

Indeed
k+1 ST 1 k
U P D e P L L
. m=35+18=0 Q4 QAits—1

i-1 o 1 1

— 2 2 ] -"‘—"—'—am"'am+l—l

m=j+18=0 m+e<my - <my<i+s0<s1< - <8p<o0 A} Xita—1

X 1 e 1 RN

ai.i.. ai+8+81—1

XAmptoy_yg *** Omptop—1Gs+stay, mytay ** ° Dmotsy myve; PmymisPmj .

and if denotes m=w1, m1—S=ms, **+ Mr—S=Mr+1, S=51, S1+8=5z, ** *, Sk +S5="5k+1,
we .obtain

Q= 0 0 x 0 s L.l 1

_ 3 . aﬁ ..’a-/il+§1—1_—_—..'
FLMy<eeotMiy 4 1<E 0<F <o <TFp 4 1<00 A5 QAit3q—1 Qit3,
1 1
B PR A Tt T Qg4 0 R 4Byt
i+3; ®i+3) -1

*qi+3p 1M, +1+3k+1pﬁk+1+3kvﬁk+"k * o Dmgtsy w45, Dy

But
J_..ami Sl’ ‘.——-I——.aml_*_'l_l Sl’ e,
(20 Qitsy—1
cee, 1 cOmyre-1|<1 since t>mu, ---,i+Se—1>me+s—1
ai+8k—1

and therefore

@<
0SiSMm S SMmy<i<oo 081 Keve ey Koo
X Iq‘i“"n»mn"l"np‘mn'i'ln_]_,mn_1+ln_1 e pm2+01,m1+51pm1,j|
<

T 0KiEmyS S my <o 0K Ko K8, <0

oo
X [ Z 2 |4i+-n,mn+-n|]|17mn+an_1, My_1+8, °°° sz+31.m1+s1pm1.:'|
1=My 8p=8p—1

<1Ql

lpm 81, My 1+8y "'Pm+v ,my+-8 Pm .:il .
0STEm < Sm g <o0 0S8, S 2oty 1 <50 nT8n—1.My—1T8p-1 2781, M8y 1

Since P is strictly lower-triangular the nonzero terms of the above sum are
products of the form
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(3 ) Ip“n”'n e p“2"2P“11’1| ’

With #a>vn> .-+ >u2s>v2>u1>v1 which contains any given entry pms of P at
most once and each product (3) occurs at most once in the above sum, since the
indices j, m1, - -+, m, and s1, - - -, s»—1 are determined recursively by #%i, -, #a and
Vi, *r e, Uy J=01, M1=u1, mi+S1=ve, ma+S1=us, etc. The lemma follows from
the fact that each product (3) occurs exactly n! times when the product |P|*=
(X 1pii)™ is expanded.

In a similar way as in [2] we define an indefinite integral I'(P) of integrable
operators P which will be used to find an invertible operator X such that S=l

X(S+P)X-,
Let
I(P)= X, S**1PS*,
where Pe &~,.
Proposition 2.1. a) I' maps o in S0 and for Pe 2, "F(P)“Si% ’
b) A(P)=P.

c) the equation
X=I+I'(XP) ,
is uniquely solvable for Xe .o and the solution is given by the Peano series
X=I+I'(P)+T'I(P)P1+I'['(I'(P)PIP]+ - - -, ’

which converges absolutely in 7.
d) 4X=XP.

Proof. a) It is easy to see that
I'(P)=S%r(P),

and since for Pe ., 7(P) is a strictly lower-triangular matrix and ||7(P)||<|P|
we obtain that

ire)<EL
fao]

where ﬁ =[[S¥|.
0
b) Since SS¥=FE where E= diag (0,1,1,1, ---) we have
AF(P)=SF(P)—F(P)S:-SS’{‘T(P)——Si"T(P)S=SS’1"7’(P)—[T(P)-—-P]

=7(P)—7r(P)+P=P.
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¢) If we define the operator I'r: &o— o by I'p(Q)=I'(Q)P, then I'}(Q)=
S¥r3(Q) since I'(Q)=S¥r(Q)=7(S¥Q) and by Lemma 2.1 and a) we have

\C(ra@)) < ALEQL - _1PIQI

laol T lao|*tp!

Now assuming the existence of a solution Xe.% o we have by successive
substitutions
X=I+T'(P)+I'(I'(P)P)+ - +I'(I'p@)+T'(['3*(XP)) ,

and the above reason for Q=XP gives the uniqueness of the solution. The ab-
solute convergence of the Peano series follows taking Q=P in the same inequa-
lity. It is clear that the series satisfies the integral equation and applying 4 to
both sides it follows 4X=XP.

In a similar way as in we define the product integral

PU+P)= ﬁ0(1+s=r'=+*Ps'=) ,

for Pe %o (where H Ai=AnAn_y -+ ArAo for Are 7). For the same reason
as in [2] we conclude that for P€ %o the infinite products II(I+S*"“PS") con-
verges in .,V o and that the integral equation X= —I+P(XP) is solved by F(I+P)
(the product HAk is said to be c0nvergent if there exists an 7o such that A: is
nonsingular (A,, €. .Y) for k>no and H Ai converges to a nonsingular element

k=ng

of &7 as n—> ), _
The main result of this note is the following.

Theorem. If P=(p:;) is a strictly lower-triangular matrix with lPl=.§o| piil
$.5=
<o and pir1,iF+—ai, then S+P and S represents similar operators on 170, o)

(1Lp<L o) and the product integral PU+P) represents an operator which imple-
ments the similarity.

Proof. Since the similarity of S+P with S is equivalent to the solvability
of 4X=XP by an invertible operator X and we proved that for Pe€ _& the
matrix equation 4X=XP is solved by X=f(I—I—P)e.M o. For to prove that
f(I—{—P) is an invertible operator on 17(0, o) we remarks that since the infinite
product kfjo (I+S**+*1PS*) is convergent, then it can be factored

Fu+p)=, 0, q+Sepsi(ll u+Stpsy)

where II (I+S**+1 PS*) i invertible and his inverse is in 0. Since by the

k=ng+1
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Riesz theorem these matrices all represents bounded operators on /#(0, o) it re-
mains to show that the operator k,ijlo (I+S¥**'PS*) is invertible on /?(0, c0). This
assertion follows from the fact that —1 is not an eigenvalue of S¥**'PS* and
these operators are completely continuous for which the Fredholm alternative
implies that —1 is a regular point.

(1]
[2]
[3]
[4]
[51]
[6]
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