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Introduction.

Somctimes we observe samples that can be seen as a sample from a Poisson
distribution except scme classes.  In the cases of this type, after a more precise
ohservation we often find that a Poisson distribution was modified by some causcs,
for instances, missing or mixing of some observations.

We assume that population distribution density is f@) in (2) which is the
modification of the Poisson distribution (1). Poisson parameter 2 and modification
paramcters @, Oyyeeevee , 0 are unknown and we wish to estimatc them by the
maximum likelihood method, where k is a known fixed number.

This corresponds to the extension of A. Clifford Cohen’s study to which
the technique employed and results obtained here being closely related.

For instances, the case of ;=1 ( =0,1,2,...-.-... ,k) corresponds to the case of
the truncation of the classes i < k, and the case when #,=1, 0<6<1 (k=1) corres-
ponds to the Cohen’s study (2). As we intended to cover not only the truncated
or missing cases, but also the cases when the frequencies of some lower classes may
significantly exceed the Poisson’s, the values of §’s may he negative not only zero

or positive.
(1) p=10=0,1,2,3, 00000
(2) f(i;,l,ﬂl,ﬂz’ ......... :0k)
A=00pD  (g<i<h)

k
1= 3 0. p
=0

{@_,__, k<9
Y 0.5

=0

11—
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1. Maximum Likelihood Estimation

Consider a sample consisting of N observations of random variable 1.
The likelihood function is

p { U=00px) ) ny o (y) n

: = Vi } & ] by } y

(3) L= 11 ] . Tk
z=0 I 1 - 2 01_# (x) Y=kt+1 1 - 2/' ﬁxp(x)
x=)

T=U

where n, is the sample frequency of xclass (x< %) and n, is the sample frequency of
y class(y >k). And we put

k @

Ne=2ng, Ny= 2ny, and
x=0 Y=k+1
4) i
N=Ng+Ny=2n+ 2 ny
x=0 ¥Y=k+1

Then we have the following logarithms and their partial differentiations.

x=0 =0

k o k
5 log L= 2 n:llogl—00-+10g pix) + 5 n, log (piy) -—Nlog{l— 20, b(x)}.
y=k+1

-~ T ('
®) —-log L=~ LA LU
— Y ;1—-)16“0(:&}
=0
(1=0,1,2,000een k)
k )
( 0 _ [ x) 2 {_ J
D gleg L=2 -1+ Ti+ Iy l+z}

+ 1\’20011;(;\»){— 1+ /{1 —I%)ﬂzj)(x)}

k=i .
1k 3 00 pl0
z=)

~ N (—I/t- + %
S (R a0
i

x=(

where # is the total sample mean
8 =X n,ul N
Putting (6) to be zero, we have the following (9).
k!
7li{l ~2 0 plx) }
=)
N pli)
(l' o= 0 1 2 ...... s k)

> > b

('9/ 01. —— 1 —
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Multiplying pt) to the both sides of this equation and summing up from

zero to k, we have the following relations:

k k,
S0 pi)= 3 pi)— - In @—zmp 0)

=0 i=0 =( i=0

k .
— Y n.p Ny /
I'hen 1 300,]).1) 2 ply)+ v {l — 2 (} z pix }

Y=k+i
Then we have

k
1——20;¢f)(x) 7\, 2{ p

y Y=k+l

I'n the right hand side we put

(10) Py>k= 5 piy)
Y=k+i

and we have the useful relations:

k‘v N
(11) 1= 2 0 p=—Y P(y>h
x=0 A y

and the following (12) the estimator of 6; by substituting (11) into 9).

j.—1_ M PYSE . 649 . )
(12) 6:=1 N, (1=0,1,2, Lk
From this, we derive the folloings:
k- k- ~
(13) El 0x+]p<x) _ z,l {[)(x>— 711:+|p(.9(:) . PQ)‘?A)}
=0 x=0 _[)(.X-I- L ‘\’y
k- k- \
=S - P9>£¢nrm+p=rﬁﬂ—322@xm
=0 \37 x=0 x=0 ,\3.A
where % is the sample mean of x< £.
.1 & _ 1%
/M) J * = T\j I‘x:(tnt *s )= -\T;y—[\( ‘ﬂv_y,

l Nit =Npit+ NyJ

Similarly we define J as above.
Substituting (117, (12) and 13} into (7, put this equal (o zero, and we have
_ {Lfipr+ rxPw>k}//{Sf??ﬁj:.ﬁz%@3k+a&§
i z=0 Ny Ay Py>k N N\
By this relation and the last relation in (14), we have the following estimator of
4, where parameter 7 in Py z ki and Ply> k) should be substituted by ;.

\.ka/ :

15) y
) F= Pk
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Table I shows the valucs of the function of FQ)= ’P(;fjf)) for given values of

4 and k. To estimate the value of 2 numerically, we take the 2 whose F() is equal to a
sample value 7 in the Table I for a given value uf k. Also we have the estimated value of 0;
numerically by substituting this value of 2 into (12).

2. Variances of the estimators.

To obtain the asymptotic variances, we calculate the second order
derivatives of log L where the estimators are assumed to coincide with the
population values in the last stage.

Partially differentiating (6) by 2 and applying (10)~(15) we have

i qo log L= (Np(z')(—u%){l— 2 0, p()

x=0
+Npli Eﬁzp (—1+-’2‘_))/{1-£00,p<x)}’
=P—é‘-’=>"—{ —p@D+p0L) + Npti {NTJ(;%B}Q' (- 20.p0 + S 0. po 2]

_ N . . N. NP>k _PO>SE
= o { — plii+ pli 1>}+Np<z>{m} {__Aly~ Plyzk) _J{G_ANM}
_ Ny, (_ 3 N,Pyzk) _ N#

pysp 2@+ pi=D+ {1~ NP~ Ni))

= Ny (10 piy®@ o Nypld)G—a)

P%Lk)(ﬂ’(” p%) PGSR

When i =0, we can assum pli—1)=0 in the above relation, the reason may
be clear in the above process. Then we have the following relations for all values

02 _ Nyp)G—n)
16 wro0;7%¢ L="Bospr
Similarly we have the following relation by partially differentiating (7) by 4.
02 — Nii N k
o log L==N2 | (fo”’“' pa{-1+ 2} {1- 2 0 pi)

k
(12 0-pt)?

{1+ 0 s} (= B 0 po -1+ 9)))

_ —Nu NP(y>kh 2 NP>k %5 NPy>k)
== | 3 }* ({-Pa<n + HET2E 202, p(x)}_.w;__
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e [ )

From (12) we calculate as follows:
k- k-2
— _y/ k) p(x
g(?“zp(x) go{p(x) Ny — N, pixt 2)}

'3 g PUZRG nenlxt Dl D

y =0

Putting S;? to be equal to the variance of x<k%, as

k
(17) 2 xznz=Nz(Sz2+ .722),
=0
we have
ks 3 o
onz+z(x+ 2) (x+ 1) = 24 nxx(x— 1)=N1:(S1:2+/€2—x).
= =0

Applying these relations we have

=N (e )’1\'({—p<k—1)+’3%§7")(zvzx—l§z<S:2+x2—x>)}-

ap wlog L== 2 T\NPySH
A’P(-y>k) rX _A7P9)>k)—k2—;| (
= +Py>h{Z+7 Ny} {1 e e W
Nxxp(_}’>k)} —-]Vli _ Aryp(k—l) 1 - 92 =2
iN )’— 1 P(—y>k)-+7{]\lx«\ + A A)}
.I‘Jy’-t ‘.{ ( ‘\_NP(.))>L) Ay;xl)’y/‘/l,)
Pysmi \PVER - = AN, })
_ —Na _ Nyp(kv-l Nei_ Ne(Sp2+ 28  a*N _ Nﬂ)
A PGSR A 7 A
—=N& _ Nypk—-1)  N:&2—Na _ NASA+#-3 Nzij
a PG>SH i e e
= Na+ Ni?— NS+ # -5 _ Nypk—1_ » Pyzk)
e TPOSH "Py>h

_—NyJ+ Na*— No(S:*+ 2 NyPyzk—1

2 T PGSR

On the other hand, we have the following relation by (1), (2 and )

NP I .7(.7‘_1) Al S (2 —y) ply)
- ~L|
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where the conditional probability

f'(y.?>k):~——;j)—(}i)«-_—-_/ IS {k_i(—y)___

=k + k
1-X 0 p0 7 " 1S 0. p0
=0

=0

Let g1y and oy represent the mean and variance of >4, we have

Pyzk—1_ a2+ 4> —pty
P>k A2

where g1y and oy? can be substituted by the corresponding sample values J
and §y* in our asymptotic case. _

Substituting these into the former relation, we have the following result in a
large sample case.

pE (Va2 = NalSa? + 2= NSy + 70}

(18) o log L= e
Partially differentiating 6) by 0; (=1, 2,--+----. y k) we have the following (19)
and (20).
‘ 2, Neppp
(19) 00,8 FE v s e )
. Ok -1 (pIN, PN
(« v = 1 y
200 00t log 1 n; {P(_y>/c)} T AN {P_y> k)}

From (16), (18), (19) and (20), we have the following sct of formulas.

1 ": - -\'y! /)/“_/7_])
- N 00;00; logl= NIPGSER

S )

(17

@D s {
1 : Ny plo), (i—1
Nw o NP

le 7 logL = M{ (N2 = Np(Ss2 + #)— NylSy? + 7= A

Now we shall set up the inverse dispersion matrix whose determinant will be

cqual to (22) by the formulas of (2D:




(22)
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— Ny plk) p0)

— N, plk) p(1)
NP> kr

— N,y2 plk) p(2)
NP> kP

— N,? plk): ( N
NTPGSF\" ™ 7,

— Ny plk)k—a)
NPG>KZ

NP0 (N — N2 p1)plo) — N2 p2)pi0)
N2 p(y““‘k‘> 1 <1 ﬂo) NEPOS BT P(;y> 3k ~NTP0 ;’(_y>_ T
— N, p(0) pi1) — N2 pllry N — N2p2 D)

N'Ply> ky NEGSE ") NiRhshr
— Ny? p(0) p(2) — Nypl) p(2) — Ny pi2r ( N ).
TNPSEE TNPGS T NPGSEE\ " a,

=Ny g0 — Nyl plk) N2k

| NP> NP(y> k7 NP> kP

=Ny pO0—a) — Nypil—a) —\yp2i2—a)
NP(y> k2 NP> Kz NPy>kix

— Ny pO0—it) |
NPGSHI

=Nyp' Dl —a) |
NPSE

— N, p22—a,
. i

) — Ny phik—i)
NP v’._y> %)Z

4
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_ (=D (B Nypa) N2 _N . i
- (Uwpgsp)) |1 1 L b0~
1 _N g 1 1—a
n
1 1 l_ﬁ ...... 1 2—a
n,
1 1 | ST 1-N k-
ng
O0—a l1—a 2—@--eee- k—a —A2
We put this as following.
_(=Dkf N, Wnpk g2,
@3 ="z {NP(_y>k)} {f1p0}4
where we defined as follow:
1-N | [T 1 0—1i |
Ny
1 _-A/: ......... 1 1—a
4= n, .
1 I 1-=% 1 2—a
1 1 | ST =N ral
My ‘
O-a l1—-a 2-a.- - k-a — A&
k o ny— N n, Ny e n, 0
r_{ [ni} | |
i=0 ", n -~ N Wy e ny am{l—a)
i, ", n,=Noon oy, 0,200 ‘
:
Loy ng g veereeees nk-iN ngk —a)




ESTIMATIONS IN SOME MODIFIED POISSON. 81

k Y N R 0w, 0
~{un} . 5 |
i=0 ", - N N. : w0
", 0 SN (2w
.'N |
g O cevneernennnnns 0 N mlk—a)
— 1t I e 1 — Ar*
& .| Nz—N 0 0 covvvrrrneneens 0 Ni—a)l
~_={Iln,-} :
i=0 n, - N N. T P (1—a)
7 0 ~N" Pon,2—a)
. -
. . '.AIT .
"‘.k 0 .............. -0 _.N "k(]é_ﬂ)
—i 1 Loveeenanenenns 1 —Ax

where the triangles with zcros on their vertices are to be filled with zeros.

The notations N, # and @ are defined in 4), (14) and (8) respectively, and
here after we may use the notations defined in the previous scctions without any
interpretations.

Expanding the last determinant with respect to the first row, we have

(24) 4 =(_‘l;l_yf1vk—n N,2S,°
I[n,- ,
i=0
then
25 _(=1F Ny g 2, Nk 8y kl Py

In the determinant of (22), we note the cofactor of 4 by D4 and calculate as
{ollow,
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(26)
I)A': N2 42 2 |
=Ny ._ﬂo’___(l_ ,N_) ......... T Ny pkIpl0)
NPOSEP\" " N'PGSEE |
: - : |
-
NP, ... Ntk (N
N?Py> kP " N*Py>k)» m/ |
k
(_1)k*1![p(i)2 Ny2k+2 1__% 1 SRERRELLELLLEE 1
= _N2k+;$(_y> e ° )
1
1
| TR 1 i—N
ny,
; . — N e
—(— 1)k+l{ ,A_’.X__} 2k+2 (e[ {p,(l.)z} n, n, n,
P(.y>k) =0 n; } n, nl_..]v ......... n,
ng Mpprereeeses nk' —Nl
=_,7_1)Ia+l{ N, }2k+2k {p(z)l}‘ no—N N 0 ----- 0
NP(y)k), =0\ m; n, - N N.
0 w0
n Qceeereeer) — N
. Ne=N 0 Q-vvevnen
= (=1 { Ny }M ir {l’@i} 0 0
NPy>k) =0 U n; n, - NN :
0 .70
'-..'..N
ny 0.0 .'_]V i
_ ‘Vyvk-m ‘ k /,(,)‘l
_1\7"321)(_‘)15/;)"!""2 ,”n{ ng 3

Deviding D4 by AN, we have the variance of the estimator of 4, noted in (27).
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E

27) Var(}) = :
27 ar(}) N, ST

To investigate the relative accuracy of the estimator, we compute the square
of the coefficient of variation as follow:

1

2 2
(28) (€. V.0V = gres

$ ppyr—2Py>k 3 {pohy—D+PYyl—FPY>R
(29) Ny Sy st ?? TTTPE LG oYy )y (y

N { 1—}:'; 6 ) } - {1 —5'00, e}

2Pyzk)?

2 _ ) —
_z Plyzk—1+APyzk PO

(1= S 0,0}

Z=0

Pyzh  (APyzk—=1 | _+POzk
- % Py>E—1) T PySE
{1—2"00;cl)(x)} [ (y>k—1) (y> )

"The contents of the square bracket of the last side is a decreasing function of
k, and of course, P(y= k) also. The contents of the parenthis is complex, but clearly
the large values of 6;(i =1, 2,--------. , k) are the factors of the large valuc of N S0

In conclusion, if & is relatively small and 0; are large the coefficient of vari-
ation of ] will be small for any given valuc of 2. Whether the estimator ; is usefull or
not may be investigated in the right hand side b ) f (28) by a sample value.

Before sampling, the rough estimation can be donc by the calculation of the
last side of (29) for a given &k and rough cstimate of 2 and 0;.  In general, the large 0's
and small k is desirable and the k greater than 2 is not desirable.

Now we shall seck for the cofactor corresponding to the clement of r-th row
r-th column in the determinant of (22).  We denote this cofactor D and compute
as follow:

k-1

w oS B
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P N VA | FETE R 0 1,0 — 1)
", - N N - :

nry ) O R R g s
Nryy .—]V'./V ﬂr+|(.f+1-—-12)
: : o0 :

ﬂk () ............ 0--0.-... 0——]\7 ﬂk(/c—-a)
—d 1 1 2 1. 1 _Ar

(—Plgk-' { v I%L;/ET }“" }‘[{/f@f}]g;ﬁ. D

n;
where D77 is defined to be equal to the last determinant.

=0

3D

i

‘ k
l)".r=!",\d' Wi—Nr— N Qe e e 0 Z'ni(i-— ) —nAr—a)
i=0 . ©oi=0

k 0 , Dok
2 ni—n, -N : Xn,‘(l—-z't).—-nr(r—-fc)

i=1 .. D=l

: . - . Dok :
S n;—n, : . =N e, D Y nli—a@)—ndr—a)
=r-\ M . . =r-i

5 N LY ondie @)

i=r+il . . . ‘. to=r+l

1y

- oo, | 2 ] | —Ar

- r columns k—r+1 columns
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Lettine 2and 2 e the cofactors correspondine to the nonzero elenents
o i 2 ]

the last but one column, we proceed as follows:

32; Dr=—14,-\N1,

where
33, J', ='—]1k"1 \k- k B ’ k 3

o NMNnii—a—nsr—1t N —nr—N
=N =0 ’
ng'k—it ng
and '34)
’ ! " kv IS = / . k -

J2=.‘—1)k‘| MNnii—tt.—nSr—u. Y "i_”r"‘\  correreri 0
=0 =0 . :
Bk ) i
MYnfi—it,—n/r—it. N ni—n, -\ :
=1 : =1 . E

: 0 :

) S ) Y HERR o :
MYnjt—it—nSr—u. X nj—nr : -2\ :
i=r-1\ f=r—1 : )
I k : " ) :
XYali—a, X on; : -\ :
j=r+) s=r-1 s N . . :
: 0

k . k : i C:
=i S ong 0 v 0—2\

i=k-i i=k-1

- — g L ocevnennnnns 1 2 1.-- 1 1
“r+1 columns F—r—1 eolumns

We have the value of coluctor corresponding to the element of List row Lt
column in J, as [ollow:

k k
Nk Mnii—it —npr—-i Mni—=N—=n,
=0 i=0
k Py - k
N onja—it AN K
i=k-1 i=k-1

The cofactor corresponding to — N in the last column of J° is the similar

type to J, itselll So we can vepeat this process and obtain the following result:

e k . k )
D {— 1% Nk- Nowpd it =nproi NN ‘

et FRRE

g
] .
, g ko i | "y ,
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/
/

k k / k

. } . k
+| Yni—a)—nlr—a) ¥ nij—n,—N |+ +| ISnit—@)—nlr—a) Sn;—n,—N
=0 =0 =0 =0
k L k B k
N n;G—it) Y n; Sn;lt1—ii) Y n;
i=k~1 i=k-1 =T+ i=r2
| .k ko k
+ 2| yni—ia)—nr—a) ¥ n;—n,—N + Snli—it)—nr—a) Yn;—n,—N
i=0 i=0 i=0 =0
3 L k k . R
Y n;Gt—a) 3 n; S nt—a)—nr—a) ¥ n;—n,
; =r+i =r+1 =r-1 7=7—1
k . _ k k . k
 SRALEED 4+ Ini—it)—nlr—a) ¥ nj—n,—N | + Sni—i@)-nr—a) Snij—n,—N
I =0 =0 =0 =0
Lk Lk
| Ini—a)—n,r—a) ¥ n;—n, —A2*N —a N
I g=1 =1

Noting that the corresponding elements of the first rows of all above

dcterminants are common, we put as follows.

k k
(35) D7 =(—-1k N2 | Sp;li—a)—nlr—a) X n;—N-—n,

=0 i=0
B C
where
k. k . k . r-1 k .
B=3Y YnG—a)+ 3 nli—i)+ I {3 ni—t)—nr—a)} — AN
j=7'+] i:j i=r+l j:] i:j
k
=Y ini—i)—n, rlr—a)— AN
i=1
=0 (NyF+n,r)— NSy + 72)—n,r
.k R R -1 &
(36) C=—Na+Y 3 n+ Xn+3 Xnj—nr—1)
J=r+l =5 =T+l j=t =4
N 3
=—Nu-tXYnit— Yn;+ Y ni—n,r—)=—=Nit - Npi—n,r
=1 i=r i=rt+|

== e- Nyj""‘ﬂﬂ’
Applying this to the last side of B, we have
(37) ‘ B=—aC—1r*n,— NSy + 7
Substit uting (36) and into (35), we have the following result.

k k
(38) D77 =(—1ENE?| YnG—a)—nlr—i) Yni—N—n,
i=0 i=0
—aC—1r'n,— N8, + 77) g
r—7 —Ny—n, |

—(—1RNELN,
=8y nlF—r

=(— 1’V N2 Ny [n{F—1)2 +(Ny+n,)Sy2}
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T'hen we have the following variances and square of coeflicients of variation
of the estimators of 8, (r=1,2,.---.---+ ,k) by (25), (30) and (38).

D" Py>kria,

( () = =
39 Var'ds) = 45 = N5y prr

{(Ny+n,)Sy? +n,F—r?}

(1—0,7 (

nr

(]l 1 (y—r)?
(1-6,) (z:*“*zvﬁzx*‘—rysyz)

S )2
L te g e )

or = N, "N, ST

(40) (€C.v.@ =450 ) (L5 %:Sr;)-)

Then the right hand side of (39) and (40) show that the estimator (. in (12) is the

more useful

(i) the larger (the nearer to 1) 0, and other 0’s are,
(i) the larger (the nearer to k) r is,
(iii)  the larger p(r) is,
(iv) the smaller k 1is,
and especially
(V) the larger N is.

3. Estimators in the case when some #’s are known and other

@’s are unknown.

The estimator (15) and (12) in the section 1 are available also in the case when
the paramaters 8;(l=1,,l,,------ ,{s) are known and other @s 0;(j=7,.7,,J2, " s Jh=s)
arc unknown.

If we wish to improve the relation (15) and (12) by the informations of known

values of #’s, we may use the following formula.
AHPyz=k + )i (1—0;)pl;—1D) ni{Py>k)+ f‘;f’l~—’/1i)1'fl,)}
(41) z= = . fi=1— =
(Py>k+ 3 (1—6;)pU))
=1

k-s - ’
PPN = zon )

1

where Z is the mean in the total classes except the classes with unknown #’s
Proof. Putting (6) and (7) to be zero, we havce follows:

k N
nj{l— Y 0.px}

42) 0j~=1— /);?}’\ =gy Ja S s Jhees
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k—
l - Zl 0x+|_p(x)
(43) =0

N‘ N

==
1— 3 0 p(x

=0

k
Putting 1-— g:) 0 p(x)=G, we have the following relations from (42),

G N’z

k-s Gk-s
G=1—i§0p(1,-)+N£onJ. th,p(l)-— y>k)+2p J(1— 0,,)+N

where N’; is the total sum of frequencics in the classes whose #’s are unknown.
Then we have

= N — " — ?
G“‘m( >+ ’_P”(l 01.)),where N'"z=Ny— N'¢,
Nex=N'ex + N"z"
Substituting this into (42), we have the improved §; in (41).

The numerator of the right hand side of (43) is as follow. -
k- k s k-s
1—- Zoﬂzﬂﬁ(x) =1=3 O pla—1D=1=3 0;;pl;—1)— 3 05; p;— 1)
= x=1 i=1 =0

n,,J,G
Nz

k_
=]— )i" 01,'1')(1,'-— D— S:_p(.]z 1)+ 2‘
=1 1=

=Plyz2k+ ‘2‘(1-0,,-)1: 1)+—1—\% 3 njifi
#=1
Substituting them into (43), we have
s
—ngg.k)+£é’1(l—0,;)p(li~l) Ny
= G TIN

,\-l PN

Py=k+ SU—0pl;—1)
i=l

Then NoJt N2 _(Ny+ N7

AN Py>k) + 2 (1—0,9p'1)
i=1

]\V'ry_)-"*‘ 4 7";2"
1\’y+1 Vllx
unknown @s, (41) is derived from this formula,

If we put z= the mean in the total classes except the classes with

But the relation (41) is so complex that it can not be considered convenicent
for practical use in general.
We shall show some special simple cases which may be for practical usc.

(i) Case when 0,=0=........= =f0s=1 (i. c. the truncated case)
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- __APyzk) o .
4—-1—,—(]>—k)* (N"z=0, z=J)
perfectly coincides with (15)
(i1) Case when Op=0,="-+--- 0s=0
\ -_( Pyzk)+Pxss—1)
4 | =4 (—P(_y>k)+P(x§s) )
(1ii) Case when Ohossy=0p_ssg="1+"c"+" =0,=1
coincides with (i),
(iv) Case when Op-s4y=0p-s40="-++--=0p=0
. s _APlizk—s)
ST PaSk—s)

The same case as the case with (15)

4. Variances of estimators in the case when some #’s are known.

In the case when 8;(=1,,l,,----+------- ,Is; s<k) are known, the number of
cstimators decreases by s, and in the determinants (22)~(26), some s rows and
-some § columns must vanish.

I.ct the unknown @’s be 0;(j=7¢,7,,J2, """ , Th-s} SSK.

In the case, the variances of [ and §, are following (53) and (57).

The formulas in this case corresponding to [23}~(28) are the following (45)~
(54) respectively:

k- .
(=1 ks Nyph) 2o,
(45) R
where
g7 — 1_N,. T cvoreerernerneineeeeaeeennes 1 Ga—it
iy ‘.
1 l—»”}1 J,—:-Il
|
| TR 1 1— 1Y : J.k-s-"’ﬂ
”‘,k—s
b ja—it Jim it e Jhes— it — AR

T'o simplify this, we proceed as follows.
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k-s

( >) ’/o—_ \' » hl £y = ! ] F 000 esessceassw s - - 17
Ho) 7= { ;_ ”h} ! njo— N\ nj, . 71]0 71_,0(,0-—11)
”j] ni!_]v ......... ”jl njl(jl—ﬂ)
nj, . ”jk;s ............ ”jk—; -N ”"k-s(j;‘""m
D Jo— M Ji— e Jhs— 1 — AR
k-5 SN NgS—N 0 0 -corerennnnnns 0 NJ&—a)
= { ) nfi}
i=0 .. :
ns, —N N. njl(jl—d)
0 —N 0
‘N
nj,.k—s (]O _N ”jk—s'gk—s"‘a)
I Jo— 1 Ji—Jo erereeenens Jh=s—Jk-s-1 — A2
where
Un  Ne="Sny, #=2L 5. sie Ll Kaiim
= i=0n,,~, YERT 2 §%= Nz ié; iiJi—x

: sum of frequencics, mean and variance of all classes of which s are unknown
respectively.  And further, we put as follows with respect to the classes with known
values of #’s:
(48) N'ze=Nz—N'z, N'z#'=Nzi-N'_ %
N8+ &%) = N (822 + 7)) — N8+ &%)
- With these notations, we have the following (49) by (46)~(48)
@) 4~ {i'n ,-,-}”'(— 1#=5 NE=$=1(—(Ny it Nz 2" 4 (Nyk NVp)e

=0
N8 4 27 4 N 3 Sy? + 59} ).

Then we have following (50) by (45) and (49)

72(k—$+|) ;2 o2 k-s
(50) N y N z Sz i1=]3 j)(_]z)z}
d=—yapgs pra | e

where Nz and §:* arc the total sum of frequencies and variance with respect to

the all classes except the classes with unknown #°s respectively, holding the relations:
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Nz=Ny+ N, Noz=NyJ+N" %",
N 2822 +22)=N"2(S"? + &%) + N (Sy* + 7).
By the similar process, we have the value of the cofactor of (45) corresponding

B1)

to (26) as follow.

(52) Ny }2"‘"“’ Nes N T {ﬁ@'ﬂ?}

Da= {m im0 Uny;

Then we ha ve the variance of estimator in the same type as (27) as follow

(53) Var(})=22| N . S?
where N and §.? are defined in (51).

Then the square of coefficient of variation is shown in (54).

(54) {C.V.(D}=1/N.S.?

As (53) and (54) are similar type to (27) and (28) in the section 2 respectively,
our conclusion in this case contains that of the section 2 as described later.

To investigate (54) precisely, we consider following relations

]Vz Sz2 =Ny Syz + Nllt S//Iz Ny r”z(_f—i”)z

(55) NyN"s(j—3""
N N NN, + N7
s .
(56) Ny S 0D Ny __ Py>k

\Y * ’ Y0 m
: 1— 3 6, plx) 1= 0z pl)
X x=0

=0
where /; is the class number with known 4.
Then we have the conclusion in this case as follows from (54), (55) and (56):
the estimator [ is the more usefull
(i)
(ii)

the smaller k is,

the greater the unknown 0’s are,

(i)
{1v)

(v)

the smaller the known 0’s are,
the smaller the mean in the classes with known 0 is,

the greater the variance in the classes with known 0 is,

and especially (vi) the larger N is.
As to the variance and C. V. of § in this case, we have the following results
(57) and (58) in the similar type to (39) and (40) respectively after a process similar to

that of (63) and (39) though more complex.

57, (1=,  (Netnjrlt 8722

Varti;,) =
J

njr N* 82!
(1 1 (J'r—zfz)

. =—0;02 -t e
or | ir) (”jr =4 N, +Nz S
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where 877 s the varancee inthe totad st ol elasses 74, those with known ¢ and ¢,

. . 1—8j-\? Gr—37
28 \C T 050 =( (}ji'J ) ( ni',- + .\l'z +:]\’z Si)’)

Then the estimator (jr is the more useful,
i the larger \the nearer to 1' 0, and other O's are,
1 the larger piy, is,

M)

1" the nearer to Z jr is,

AV the smaller k is,
N the more 8's of the classes with large densities are known,

and especially, '~it the larger N is.

5. Illustrative examples

Evample 1. Table A shows the frequencies of deaths by traffic accidents per
zone per month recorded in some zones in the city Yokohama. It contains too
large frequencies in the classes of 0 and 1 to regard as a Poisson distribution. The
test of goodness of fit proved this fact very clearly.

We applied our method in 1 of the case when k=0 and k=1 as followings.

Table A. Distribution of number of deaths by traffic accidents

No. of deaths Frequencies
er zone
p!::r “ilomh Otc‘ligigal - i};pﬁ?@ed 'd’atiél'“"“ Original Expected
(1) (2) (3) €)) (5)
0 204 204 204 52 41.2
1 69 39.3 69 36 440
2 24 32.6 20.3 18 23.5
3 5 12.0 1t.5 4 8.4
4 7 3.3 4.9 l 7 2.3
5 2 0.7 1.7 2 0.5
6 ] 0.1 0.5 ' 0.1
7 0 0.0 0.1 0 0.0
T 1
Total 312 312.0 - 312.0 i 120 - 120.0

1, Caswe k=0

F = }32-11.63. S-L1, CLV.055==0.0908,

A 204 , 0.667 R O ' G . CaA
7., | 108 70999 27778, . V.4, 0.2584,

)
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(ii) Casc k=1
y:%’l=2.74, =17, C.V.)=0.148

9
0o =—13.507, C. V.(§,)=0.476
d,=—1.887, C.V.(4,)=0.498

From the point of view of the coefficient of variation, we should give up the
case k= 1.

Agreement between (1) and (2) for the classes of i =1 is satisfactory. ‘Thc
goodness of fit y?= 3.931 is smaller than y%.05 =5.9915 with 2 degrees of frccdom.
I'rom the frequencies in column (1) we excluded those in the zones with dcaths less
than 6 and placed the rests on the column (4. Column (5) is the expected
Poisson frequencies fitted to (4) with 2=1.1. The goodness of fit is y>=6.228 which
is less than y%.05 =7.8147 with 3 degrees of freedom. The agreement is fairly good.

The fact shows that the data (1) is the mixed frequencies of the Poisson zones
and nearly deathless zones.

Example 2.

We applied our method of 3 to the Cohcen’s illustrative cxample in (2) page
347 as shown in the following Table B.

Expected frequencies in column (4) are the frequencies fitted to (2) by our
method of the case s=0, k=1, 6,=1. The rsults are almost coincident with

Cohen’s results in the column (3), and the values of j, 4, etc.

Table B. Distribution of number of gall-cells
Frequency
GNl(l). Oﬁ Expected
all-cells | Observed data | Altered data by the auther |
_ by Cohen k=1 5=0 f,=1
’ M @ (3) @
0 0 0 0 : 0
1 90 60 " 60 60
2 % 96 88.6 89.1
3 57 57 60.6 60.6
4 26 26 31.0 30.9
5 10 10 12.7 12.6
6 4 4 4.3 4.3
7 5 5 1.3 1.2
8 0 0 0.3 0.3
9 1 1 0.1 01
10 0 0 0.1 0.0
Total 289 259 259.0 259.1
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z2=7=293, [=2.04,

C.V.()=0.05

6,=0.32, Var(§,)=0.0172

Example 3.

If the 30 observations were missed from the 96 obscrvations in the class of
i=2 in column (1) of Table B, we have the column (1) in the Table C.
We shall estimate 2 and ¢, from this data applying the theory in 3 and 4.

Table C.
Frequency

No. of

Gall-cells |} iered data | EXPected data
: (1) @ Bz}
0 0 0
1 90 85.3
2 66* 66.0
3 57 59.2
4 26 30.3
5 10 712.3
6 4 ‘ i 4.2
7 5 | |13
8 |0 x 0.3
9 1 0.1
10 0 L 0.0

Total 259 . 259.0

{

N.=193

_ 483 _

Nz zz=795.5
We have the following relation

by (&4}

_ APz 2+ pl0)
Py> 254D

(a1}

_ AU0=p]) _ oo
= T=p2—p0 = "7

2 1 20 2.1
O | 2451  2.566

Then we have
7=2.04

by interpolation. Applying (53), (41) and
(57), we have the following results.

Var(;) = 0.007,
g, = 0.2424, Var(j,)=0.012.

The goodness of fit between column (1) and column (2) except the classes =0
and i=2 is ¥?>=1.0301 which is less than %% o; =7.8147 with 3 degree of fredom.
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Table I Numerical values of A l:(:yi—/'/”z
Ply>k)
N i | i
i) 01 | o2 | o3 | 04 | 05 0.6 07 | 08 09
i s ! ? ; !
0 | 1.0508 | 1.1033| 1.1575 | 1.2133 , 1.2708 ' 1.3298 1.3906 = 1.4528 1.5166
1 2.0339[ 2.0689 | 2.1051 | 2.1424 | 201810 2.2208  2.2618 . 2.3039  2.3475
2 | 3.0254 3.0514 3.078¢ 3.1062 3.1347 @ 3.1642 3.1943 ' 3.2256  3.2576
3 | 4.0202, 4.0412 | 4.0625 | 4.0844 | 4.1071 | 4.1300 | 4.1530 4.1783  4.2033
4 5.0341 | 5.0518 | 5.0700 | 5.0883 | 5.1075 5.1269 | 5.1470 | 5.1674
: 6.0596 | 6.0756 | 6.0916 | 6.1080 | 6.1248 | 6.1420
| | 7.0656 | 7.0795 | 7.0938 | 7.1081 | 7.1229
Table I (continued)
N 8 9 10 Ay
R\ :. | — : -
0! 1.5820 2.3130 3.1572 4.0748 5.0340 6.0149] 7.0064 8.0027/ 9.0011' 10.0005 0
11 2.3922 2.9114 3.5595 4.3224] 5.1756 6.0908 7.0451 8.0215/ 9.0100 10.0045 I
2, 3.2006 3.6744| 4.1652 4.7692 5.4811 6.2854 7.1611 8.0870, 9.0453 10.0228 2
3| 4.2290 4.5258 4.9053 5.3799 5.9550 6.6307 7.3974f 8.2392 9.1379; 10.0765 3
41 5.1883 5.4272 5.7285 6.105¢ 6.5680 7.1234 7.7721 8.5086 9.3212 10.1948 4
i i
5 6.1594 6.3576 6.604 6.9096 7.2846, 7.7386] 8.278¢ 8_9062; 9.6181 10.4056; 5
6| 7.1380 7.3068 7.5129 7.7660| 8.0742 8.4479 8'8954 9.4230' 10.0337 10.7248 6
7| 8.1219) 8.2680 8.4441] 8.6574 8.9158 9.2266 9.5991} 10.0414' 10.5598 11.1552 7
8/ 9.1086f 9.2374 9.3912 9.5744 9.7931| 10.0558 10.3689 10.7407 11.1783 11.6877| 8
9 10.2134 10.3482 10.5080( 10.6972 10.9213 11.1880) 11.5026, 11.8742 12.3080 9
I .
10| 11.1932 11.3136 11.4549 11.6203 11.8143 12.0432 12.3135/ 12.6299 13.0005 10
11 12.1768 12.2853 12.4119 12.5571) 12.7277 12.9268 13.1601) 13.4326 13.7511]11
12 | 13.2615 13.3736 13.5063| 13.6564 13.8315 14.0345 14.2712 14.5471/12
13 14.2413) 14.3444] 14.4623 14.5960 14.7529 14.9316  15.1395, 15.5735 13
14 15.3176 15.4252 15.5463 15.6855 15.8456, 16.0290 16.2405/ 14
15 | 16.2956 16.3931 16.5044 16.6294 16.7727, 16.9357 17.1231]15
16/ | 17.2761° 17.3658 17.4668) 17.5815 17.7106] 17.8574 18.0238/16
17 | | 18.3419| 18.4352 18.5396/ 18.6565] 18.7898 18.9396|17
18 | 19.3205| 19.4068! 19.5029 19.6110{ 19.7314 19.8678|18
19 g 20.3818 20.4709 20.5699; 20.6796 20.804519
: |
20 21.3602 21.4428 21.5342| 21.6369) 21.7482|20
21 | 22.4167 22.5026] 22.5965 22.7001!21
22 | | 23.3952 23.4744| 23.5612 23.6576(22
23 | © 24.4478] 245300, 24,6204 23
24 1 | 25.4257! 25.5020. 25.5852! 24
! |
25 ; ! 26.4765| 26.5548/25
26 ! | 27.5265!26
27 | i | 28.5019 27
i ! j
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Errata

In Vol. IX (1961), the following corrections should be made.

In the article ©“ Fundamentaj Teoremoj por Elipsa Sistemo de du Latparta]
Diferencialaj Ekvacioj de la Unua Ordo kun du Sendependaj Variantoj”
by Kanji NAKAMORI (pages 1—28), page 9 and 10 should be exchanged.

In the article *“Some Estimations of the Parameters of Multinormal Popula-
tions from Linearly Truncated Samples. I” by Keizo YONEDA (page 149—
161), on page 156, line 3—4, “less” and “greater” should be exchanged.
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