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Introduction.

Somctimcs we obscrve samples that can be seen as a sample from a Poisson

distribution except scme classes. In the cases of this type, after a more precisc
observation we often find that a Poisson distribution was modified by somc causcs,

for instances, missing or mixing of some observations.
We assume that population distribution density is $J^{(}i$ ) in (2) which is the

modification of the Poisson distribution (1). Poisson parametcr $\lambda$ and modification

paramctcrs $\theta_{I},$ $0_{2},\cdots\cdots\cdots,$ $\theta_{k}$ are unknown and we wish to cstimatc thcm by thc

maximum likelihood method, where $k$ is a known fixed numbcr.
This corresponds to the extension of A. Clifford Cohen’s study [1] to which

thc tcchnique employed and results obtained here being closely related.
For instances, the case of $\theta_{i}=1(i=0,1,2,\cdots\cdots\cdots,k)$ corresponds to the case of

the truncation of the classes $i\leqq k$, and the case when $\theta_{0}=1,0\leqq\theta\leqq 1(k=1)$ corres-
ponds to the Cohen’s study (2]. As we intended to cover not only the truncated
or missing cases, but also the cases when the frequencies of some lower classes may
significantly exceed the Poisson’s, the values of $\theta\cdot s$ may be negativc not only $7.(’*ro$

or positivc.

(1) $p(i)=\frac{\tau^{\lambda}.\lambda^{i}}{i^{\prime}}(i=0,1,2,3, \cdots\ldots\ldots)$

$f(i;\lambda, \theta_{1},\theta_{2},\cdots\cdots\cdots,\theta_{k})$

$\frac{(1-\theta_{*}\cdot)p(i)\backslash }{1-\sum_{x=0}^{k}\theta_{x}p^{(}x})$

$(0\leqq i\leqq k)$

$||\backslash ^{--\frac{F^{(i)}}{\sum_{x=0}^{k}\theta_{x}p(\chi)}}1-$

$(k<i)$
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1. Maximum Likelihood Estimation

Considcr a sample consisting of $N$ observations of random variable $i$ .
Thc likclihood function is

$L=\Gamma^{k}Ix=0|^{\frac{(1-\theta_{x})p(\chi)}{1^{k_{1}}-\underline{\backslash }\theta_{x}px=0(\chi)}}\}n_{x}\prod_{y=k+1}^{\infty}|^{\frac{py}{1-\Delta^{k}\theta_{x}x=3F^{(\chi)}}}\}^{n_{y}}$

$\backslash vheren_{x}$ is the sample frequency of xclass $(x\leqq k)$ and $n_{y}$ is the sample frequency of
$y$ class $(y>k)$ . And we put

$\backslash \gamma \mathfrak{r}=\sum_{x=0}^{k}n_{x}$ , $N_{y}=\sum_{y=k+1}\infty n_{y}$ , and
(4)

$N=\lrcorner\iota_{x}^{r}+\bigwedge_{y}^{r}=\sum_{x=0}^{k}\sum_{y=k+1}^{\infty}$

Then wc havc thc following logarithms and their partial differcntiations.

(5) log $L_{=}\sum_{x=(J}^{k}n_{x}$ { $(1-\theta_{x})+gpX+n_{y}$ log $tpy-Nlog1-\sum_{x=0}^{k}0_{x}b^{(})$}.
$\frac{\partial}{\prime\neg\prime 0_{i}}$ log

$L=\frac{-n_{i}}{1-\theta_{i}}+\frac{A^{r}p(i)}{\{1-\sum_{x=0}^{k}\theta_{x}p(\chi)\}}$
,

$(i=0,1,2, \cdots\cdots\cdots.k)$

(7) $\prime\prime/\neg\partial_{lL=}\sum_{x=0}^{k}\{-1+\text{\^{A}} x|_{y=k+1}+2^{\urcorner}\infty n_{y}\{-1+\frac{y}{\lambda}\}$

$+N\sum_{x=0}^{k}\theta_{x}p^{()}x\{-1+\frac{\chi}{/^{-}}\}/\{1-\sum_{x=0}^{k}\theta_{x}\oint^{(\chi})\}$

$=A’(\frac{l\overline{l}}{/}+\frac{-1\vdash^{k}\underline{\overline{\backslash }}^{1}0_{r+I}f^{(}xx=j}{1^{k’}-\underline{\backslash }0_{x\oint^{(\chi)}},x=t})]$

$\backslash \iota\cdot llcrcl\overline{\ell}$ is thc total sample $mc_{c}^{t}$) $11$

(8) $l\overline{l}=\sum_{u=(\}}^{\infty}\gamma\iota_{u}u/\lambda^{\gamma}$

Putting (6) to bc $r,(\iota ro,$ $\backslash t’(Y$ havc thc $follo\backslash ving(9)$ .

$0_{i}=1--\frac{n_{i}\{1-\sum_{x=D}^{k}\theta_{I}p(\chi)\}}{4\backslash ^{r}p(i)}$

$(i=0,1,2, \cdots\cdots, k)$
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.Nlultiplying $p^{(};$ ) to thc both sidcs of this equation and $su11111$ ) $itlb^{r}u$ ]) $|1(111$

$7.(\tau\Gamma 0$ to $k$ , wc have the following relations:

$\frac{\#\tau}{i=}(\}\theta_{i}p(j)=^{\xi_{ipn_{i}\{()\}}}i=0(j)-\frac{1}{\Lambda^{r}}\sum_{i=0}^{k}1-\sum_{i=1I}^{k}\theta_{x}px$

Then $1-i=g_{0}\theta_{i}p(i)=\sum_{y=k+1}p(y)+\frac{N_{x}}{A\backslash ^{r}}\{1-\sum_{x=0}^{k}0_{x}p^{(}\chi)\}$

Thcn wc have

$1-\sum_{x=0}^{k}\theta_{x}p_{N}(X)^{1}\oint_{yy})V$

In thc right hand side we put

(10) $P(>k)\sum_{y--k+I}^{\infty}p(y)$

and wc havc the useful relations:

(11) $1-x=0g0_{x}p(\chi)=\frac{N}{\Lambda_{y}^{r}}P(y>k)$

and thc foll owing (12) $t$ hc estimator of $\theta_{i}$ })$ysu\dagger$)$stituting^{(}11$ ) into (9).

(12) $\hat{\theta}_{i}=1-\frac{n_{i}P(y>k)}{p(i)\bigwedge_{y}^{r}},$ $(i=0,1,2, \cdots\cdots,k)$

From this, we derivc the folloings:

(13) $k- x=0\underline{\nabla}^{1}\theta_{x+|}p=t^{p}(\chi)-\frac{n_{x+1}p(\chi)}{F^{(}x+1)}\frac{P^{(}y>k)}{\wedge\backslash y}\}$

$=_{x=}^{k}\underline{\nabla()^{\underline{\backslash }(.1^{1\underline{\backslash }}’}}px||-\frac{P^{(}y>.k)}{V_{\mathcal{Y}}/\backslash }n_{r+1}\mathfrak{r}+=_{x=(1}^{k- 1}p(x^{\backslash })-x=0P_{-}.(\leq y\backslash \geq.\underline{k})\tau/^{-.\backslash \overline{\backslash }}r$

where $\overline{x}$ is the sample mca $t1$ of $x\leqq k$ .

(14)
$\{A^{r}--\bigwedge_{x^{\overline{\lambda}+.\backslash y}}^{\tau}^{\overline{x}_{l\overline{l}}}f=\frac{1}{1\backslash _{x}^{\gamma}}x=(|\xi_{n_{x_{\Gamma}}x_{J^{-}}},$

$J_{v=k}^{-}=\frac{1}{1\backslash _{\gamma}}\sim\infty\backslash $ . $|n,y$ ,

Similarly $\backslash vc$
. dcfinc $J^{\prime}-$ as above.

$S$ ubstituting (11), ( $12I$ a nd $(]3)$ into ’7,, $1$) $ut\iota$ his cqual to $7.(1^{\cdot}O,$
$c\gamma\iota\iota d\backslash \backslash \cdot e$ have

$/|\overline{\iota}_{=}\{k_{\underline{\backslash }(,\backslash }.\mathcal{I}X=(1\backslash \sim-\backslash y/\{^{\wedge}-\frac{7P^{(}}{\backslash }\gamma-\backslash .y_{y}>\underline{k}\}=\frac{P^{\prime}y\geqq k^{\{\backslash }\prime A\prime y}{Py>k,.\backslash \backslash }\lrcorner|/\backslash \backslash _{\lambda}.\overline{(}$

$]\}y$ this relation and thc last 1 ( in {14), $\backslash \backslash $ ( liave thc $/\tilde{(}J[lo\iota ving$ rstimator $0.[$

$/.,$
$w\prime pp\gamma e$ paranteter 2 in $P_{\backslash }^{\prime}y\geqq k$ ) and $P^{(}y>k$ ) s’tould be substitutecl $/\prime y/\wedge.\cdot$

$/15I$
$\overline{y}=^{k_{-/}^{\backslash }}\frac{P^{(}y}{P^{(}y}\frac{\geqq}{>}- k$

)

$/f$



76 KEIZO YONEDA

’1 able $I$ shows tlle valucs of tlic function of $F(\lambda)=\lambda P(y\geqq k)$ for given values of
$\overline{P(y>\lambda)}$

$\lambda$ and $k$ . To estimate the value of $\lambda$ numerically, we take the $\lambda$ whose $ F(\lambda$ ] is equal to a
sample value $J^{-}in$ the Table I.for a given value $ufk$ . Also we have the estimated value of $0$;

numerically by substituting $ths$ value of $\lambda$ into (12).

2. Variances of the estimators.

To obtain the asymptotic variances, we calculate the second order
derivatives of log $L$ where the estimators are assumed to coincide with the
population values in the last stage.

Partially differentiating (6) by $\lambda$ and applying (10) $\sim(15)$ we have

$\frac{\partial^{2}}{..\neg\neg,v\dot{x}_{J}\theta_{i}}$ log $L=(Np(i)(-1+\frac{i}{\lambda}]1^{1-\sum_{x=0}^{k}\theta_{x}p}(\chi)\}$

$+Np(j)\sum_{x=0}^{k}\theta_{x}p(x)(-1+\frac{x}{\lambda}]]/\{1-\sum_{x=0}^{k}\theta_{x}p(\chi)\}^{2}$

$=\frac{N_{y}}{P(y>k)}\{(i)(;)t\frac{N_{y}}{NP(y>k)}\}^{2}\cdot\{()+_{x=0}B_{\theta_{x}}F^{(\chi)}\frac{x}{\lambda}\}\backslash $

$=\frac{N_{y}}{P^{(}y>k)}\{(;)+i-1)\}+N_{l^{(j)t_{NP(}^{N_{y}}}}\ovalbox{\tt\small REJECT}_{y>}\}^{2}\{\frac{NP(y>k}{N_{y}}-P^{(}y\geqq k))-\frac{P(y>k)}{N_{y}x}N_{x}\overline{x}\}$

$=\frac{N_{y}}{P^{(}y>k})(-p(;)+p(i-1)+p(\oint)\{1-\frac{N_{y}P(y\geqq k)}{NP(y>k)}-\frac{N}{N}x_{\lambda}\overline{X-}\}]$

$=_{P}\frac{N_{y}}{(y>k)}(\frac{i}{\lambda}p(i)-p(;)\overline{u}_{\lambda^{-}}]=_{P}^{\underline{N}_{y}}\frac{p(i)(i-\overline{u})}{(y>k)\lambda}$

When $i=0$ , we can assum $p(i-1)=0$ in the above relation, the reason may
bc clcar in the above process. Then we have the following relations for all values
of $i=0,1,2,\cdots\cdots,$ $k$

(16) $\frac{o^{2}\neg}{\partial\dot{x}\partial 0_{i}}$ log $L=\frac{(i)(i-\overline{u})}{y>k)\lambda}\underline{N}_{y}pP($

Similarly wc have the following relation by partially differentiating (7) by $\lambda$ .
$\frac{\partial^{2}}{v\lambda^{2}}$ log

$L=\frac{-N\overline{u}}{\dot{\lambda}^{2}}+\overline{\{1-}\sum_{x=0}^{k}\frac{N}{\theta_{x}p(\chi)\}2}(\sum_{x=0}^{k-1}\theta_{x+1}p(\chi)\{-1+\frac{\chi}{\lambda}\}\{1-\sum_{x=0}^{k}\theta_{x}p(\chi)\}$

$-\{-1+\sum_{x-- 0}^{k-t}0_{x+I}p(\chi)\}\{-\sum_{x-0}^{k}0_{x}f/(\chi)(-1+\lambda x)\}]$

$=\frac{-N\overline{u}}{\dot{\lambda}^{2}}+N\{-\frac{NP(y>k)}{N_{y}}\}^{-2}(\{-P.(x<k)+_{x\overline{-}}\frac{N_{x}\overline{x}P(y>k)}{\dot{\lambda}N_{y}}+^{k}B_{0}p\sim\frac{(y>k)}{N_{y}}$
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$+\{P(y\geqq k)+\frac{N_{x}\overline{x}P(y>k)}{\lambda N_{y}}\}\{1-\frac{NP(y>k)}{N_{y}}-\wedge^{-1}k_{\nabla}x_{-- 0}0_{x+\mathfrak{l}}p(\chi\grave{)}\}]$

From (12) we calculate as follows:

$k^{-}x--0g\theta_{x*2}p=p(\chi)-n_{x*’-}^{P(y^{\backslash },^{\prime}\underline{k})}-N_{y}pp_{-}(\chi)$

$=\sum_{x--0}^{k-f}l^{(\chi)-\frac{p(y>k)}{N_{y}}\sum_{x=0}^{k-2}\underline{2}}n_{x_{\lambda^{2}}^{(}}+X+2\underline{)(x+}1)$

Putting $S_{x^{2}}$ to be equal to the variance of $x\leqq k$, as

(17) $\sum_{x=0}^{k}x^{2}n_{x}=N_{x}(S_{x^{2}}+\overline{\chi}^{2})$,

we have

$x_{-}\sum_{- 0}^{k-2}n_{x+2}(x+2)(x+])=\sum_{x=0}^{k}n_{x}x(x-])=N_{x}(S_{x^{2}}+\overline{x}^{2}-\overline{\chi})$ .
Applying these relations we have

$\frac{\partial^{2}}{\partial\lambda^{2}}logL=\frac{-N\overline{u}}{\lambda^{2}}+(\overline{NP}\frac{N_{y}}{(y>k})]^{2}N(\{-p(k-1)+\frac{P(y>k)}{N_{y}\dot{\lambda}}(N_{x^{\overline{\lambda}}}-\frac{\bigwedge_{x}^{\gamma}}{\lambda}(S_{x^{2}}+\overline{x}^{f}-\overline{\lambda})]\}$ .
$\frac{NP(y>k)}{N_{y}}+P(y>k)\{\frac{J)-}{\lambda}+\frac{N_{x}\overline{x}}{\lambda N_{y}}\}t_{N}1-\frac{>k)}{\nu}-\sum_{x=0}^{k- 1}\underline{A}^{7}\underline{P}(fp(\chi)$

$+\frac{N_{x}\overline{x}P}{\lambda}N(\frac{y>k)}{y}\}]=\frac{-N\overline{u}}{\lambda^{2}}\frac{N_{y\oint}(k-1)}{P(y>k)}+\frac{1}{\dot{\lambda}}\{A_{x}^{r}\overline{x}-\frac{\Lambda_{x}}{\overline{A}}(S_{x^{2}}+\overline{\lambda}^{\sim-\overline{\lambda}}’)\}$

$+\frac{N_{y\dagger\overline{\ell}}}{P(y>k)\lambda}\cdot\{P^{(}y\geqq k)-\frac{NP(y>k)}{N_{y}}+\frac{\Lambda_{z}^{\prime}\backslash - l_{-}^{\prime}\gamma_{/^{\backslash }}^{\backslash }l)}{\dot{x}N_{y}}\}]$

$=\frac{-N\overline{u}}{\lambda^{2}}-\frac{N_{y}p(k-1)}{p(y>k)}+\frac{N_{x^{\overline{\chi}}}}{\lambda}-\frac{N_{x}(S_{x^{2}}+\overline{x}^{2}-\overline{\chi})}{\lambda^{2}}+\frac{\overline{u}^{2}N}{\lambda-}-\frac{N_{l\overline{l}}}{\lambda}]$

$=\frac{-Na}{\lambda^{2}}-\frac{N_{y}p(k-1)}{P(y>k)}+_{\overline{x}^{2}\lambda^{\frac{l\overline{\ell}^{2}}{\underline{}}]}}^{\underline{N_{x}(S_{x^{2}}}\underline{\overline{x}--\overline{x}}}\frac{N_{x}\overline{x}-N\overline{u}}{\lambda}-+$

$=\frac{-N\overline{u}+N\overline{u}^{2}-N_{x}(S_{x^{2}}+\overline{x}^{2}-\overline{x})}{\lambda^{2}}-\frac{N_{y}p(k-1)}{p(y>k)}-N_{y\frac{P(y\geqq k}{P(y>k}}))$

$=\frac{-N_{y}J+N\Pi^{2}-N_{x}(S_{x^{2}}+P)}{\lambda^{2}}-\frac{N_{y}P(y\geqq k-1)}{P(y>k)}$

On the other hand, we have the following relation by (1), (2) and (9).

$p(y\geqq k-1)=e_{\sim\frac{\dot{\lambda}^{y}}{y^{\prime}}=e^{-2}\frac{\infty\backslash }{k}\frac{\lambda^{y}}{y^{\prime}}\cdot\frac{y^{(}y-1}{\dot{A}^{:}}=\frac{1}{\tilde{A}^{\prime}-}\frac{\infty_{\tau}\backslash }{k}(y-yp_{J)}^{(} ,y=k’|y_{-I}}^{-\lambda\backslash }\infty.’.)\underline{.)}3^{\prime}-\{|)$

$=\frac{1}{\lambda^{2}}\sum_{y=k+1}^{\infty}()>l^{r^{(}y})$
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$\iota vlle\iota\cdot etl1C$ conditional probability

$J^{(yy>k)}=\frac{p(y)}{-\underline{\backslash }0_{x}px,x--0k}1/_{y=k+1}2^{\tau}\{\frac{py}{1^{k}\underline{\backslash }p,x-- 0}\}$
.

Lct $\iota_{y}$ and $\sigma_{y^{-}1}\cdot cprcscnt$ thc mean and variancc of $y>k$ , wc havc

$\frac{P(y\geqq k-1)}{P(y>k)}=\frac{\sigma_{y}^{2}+t^{ly^{2}}-\mu_{y}}{\dot{A}^{2}}$

whcrc fly and $\sigma_{y}^{1}$ can bc substitutcd by $tllccot\cdot 1^{\cdot}cs$ ) $(1\iota dini;_{\dot{t}}t\ln 1)[c$ valucs $J^{-}$

and $S_{y}\underline{\rangle}$ in our asylnptotic casc.
Substituting these into thc formcr rclation, wc havc the following rcsult in a

largc sample case.

(18) $\partial\dot{x}^{l}\partial_{logL=}^{1}\frac{\{_{1})’ 1}{j.-\prime}$

$1^{\supset}artiallydiffcrcntiatillg^{\gamma}(6)$ by $0!(j=1,2,\cdots\cdots\cdots, k)$ wc $11_{t}^{\prime}\lambda V(-\backslash $ thc following (19)

and (20).

(19) $\frac{\partial^{2}}{\partial(1_{i^{U}}^{\neg}\theta_{j}}\prime og\prime L=\frac{\lambda_{y^{2}}^{\tau}f^{(}i)p(j)}{\Lambda^{\tau}\{P^{(}y>k^{\backslash },\}^{z}}$ $(i\neq j)$

(20) $\frac{\prime 7\underline{)}}{C\wedge J(J_{i}’}-$ log $L=\frac{-1}{n_{i}}\{\frac{p(}{P^{(}y}\frac{i)\backslash \prime}{>k)}\}^{-}+\frac{1}{\wedge\backslash }1_{P}^{p}\frac{(i)_{\wedge}\backslash y}{(y>k}$

)
$\}^{-}$

$1^{l_{1}}\cdot om(16),$ (18)
$,$

(19) and (20) we have thc folloxving sct of lOrrnulas.

$|$

$-1N\partial\frac{\partial-}{\theta_{i}^{\prime}-}logL=(-1+_{n^{\frac{V}{i}]\{y_{\frac{p(i)}{y>k)}\}^{1}}}}-\frac{1\partial^{1}}{N\partial\theta_{i}\partial\theta_{j}}logI_{\lrcorner}=_{\lambda^{\backslash }y>k)}m_{1}^{i)}-(i\neq j)\backslash r_{\mathcal{Y}^{\frac{)}{}p_{\backslash }^{\prime}pj)}}\wedge v^{\Lambda}P_{\backslash }^{(}r$

(21)

$-N\partial\dot{\lambda}\partial\overline{\theta_{\dot{l}}}$

$-N1\partial\lambda^{\overline{2}}\partial-$$logL=\frac{-1}{N\lambda^{2}}\{-4|-$ )

Now wc shall sct up thc invcrsc $disl$) $Cl\cdot sion$ Inatrix whosc dctcrIninant $\backslash vill$ bc

cqua1 to (22) by thc formulas of (21):
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$\Delta\equiv|_{-A_{y^{2}}^{r}(0)}^{\frac{-N_{y^{2}}p(0)p}{N^{2}P(y>k}}\frac{-N_{y^{2}}p(0)p(2)}{N^{z}P(y>k)2})2(1)$

$\frac{-A_{y^{l}}^{r}p([)p(0)}{N^{2}P(y>k)^{1}}$

$!\overline{\Lambda^{\Gamma_{-}^{\prime}}P(y>k)-}$

$\frac{-A_{y}-\parallel 2)p(0)}{\lrcorner\backslash ^{r_{\underline{\lambda}}}P^{(}y>k)^{-}}$

$-N_{y^{2}}p(2I\parallel 1)$

$\overline{N^{2}P\acute{y}>k)^{2}}$

............

$\frac{-4\ovalbox{\tt\small REJECT} v_{y^{-p}})(2)^{\underline{}}}{N^{2}P(y>k)^{\underline{\prime}}}(1-\frac{\backslash }{n_{-}}]\ldots$

: .: .: .: .
:
:
:

$-\lambda_{y^{-}}^{\tau}’ p(\dot{2})p(k)$

$\overline{\ovalbox{\tt\small REJECT}\backslash ^{\prime\underline{\prime}}P(y>k)}$

$|\frac{-N_{y}p(0)(0-\iota\overline{\ell})}{NP(y>k)\lambda}$

...............
$\frac{-A_{y}^{t\ell}p^{l}k)\parallel 0)}{N^{1}P^{(}y>k)2}$

............... $-A_{y^{2}}^{r_{l^{(k)}p}}(1)$

$\overline{N^{2}P(}\overline{y>}m2$

............... $-N_{y^{2}}p(k)p(2)$

.
$\overline{N^{2}P(y>k)^{2}:}$.

:. :
:. :. :. :.

. ........ ..... $\frac{-N_{y^{2}}p(k)\underline{\rangle}}{N^{2}P(y>k)^{2}}(1-4n\frac{V}{k}]$

............... $--N_{y}p(k)(k-\overline{u})$

$\overline{NP(y>k)\lambda}$

$-1\backslash 3^{\prime}p^{\prime}0_{1}^{\mathfrak{l}}0-/\overline{/})$
$[$

$\overline{N}P^{\overline{(}}y>F)_{\overline{\dot{\lambda}}}|$

$A$
$|_{1}^{I}$

$1$

$1$
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Wc put this as following.

(23) $\Delta=\frac{(-1)k}{\lambda^{2}}\{\frac{N_{y}}{NP(y>k)}\}^{2k+2}\{\prod_{i\overline{-}0}^{k}p(;)\}^{2}\Delta^{\prime}$

where we defined as follow:

$\Delta^{\prime}\equiv|_{1}^{\iota_{1}^{N}}0-\overline{u}--\iota^{n_{0}}1-.\frac{N}{n_{1}}1-\acute{u}111$

$ 1_{-}^{\underline{N}}11.\cdot.\cdot\cdot.\cdot\cdot.\cdot\cdot.\cdot\cdot..\cdot.\cdot.\cdot.\cdot$ $111$
$2-a0-\iota 71-\Pi|$

$n_{2}$

$:..\cdot$

.

.
$::$

:
$:.:$

. $1$

.
:. .

: :.
$1$

1 $1-Nk-\overline{\iota\ell}|$

$n_{k}$

$2-\iota\overline{\iota}\cdots\cdots\cdots k-\iota\overline{\ell}$ $-A\lambda^{\prime}\underline{)}$

$=t_{i=0}^{f_{Ir\iota_{i}\}^{-1}1}}n_{0}-A^{r}r\iota_{1}$ $n_{I}-A^{v}7l_{1J}$ $n_{I}n_{t)}$ $n_{l_{1}}$, $(| ’\iota_{0^{\backslash }}^{\prime}0-l\overline{l})n_{1}(1-\overline{u})|$

$l_{\underline{\eta}}:.$

.
$ll_{2,:}$

$ n_{\sim}-A\backslash \ulcorner$ $n_{\underline{\prime}}(2-l\overline{l})$

:. $7l_{\underline{\lambda},:}$

: :
: : :

: : : : :
: : : : :
: : : : : !: : : : :.
: : : . : :

$n_{k}$ $n_{k}$ $n_{k}$ $n_{k}-Nn_{k^{(k-\overline{l\iota})}}$

’

$0-l\overline{l}$ $1-l\overline{l}$ $2-\uparrow\overline{\ell}\ldots\ldots\ldots k-|$’ $-A\lambda-$
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$-t_{j-\{1}^{l^{k}ln;}\}^{-1}$

$f_{()}-N$ $N$
$()..\cdot..\cdots\ldots\ldots\ldots()$:

$\prime\prime(\{)|$ $\prime\prime$ )
$|$

$’\ell_{1}$ N $N$
. :: $\ell_{I}$ $(1 /l)$

}. :

$\prime\prime:.-$

, $()$

:.
: .

$-l\backslash r$

.
$\cdot\cdot....\cdot...:0:$:

$\ell_{t}$

$(2::::: //)|$:: : .
:

$-l\overline{\ell}n_{k}::$

:
$\dot{o^{:}}_{1\cdot\cdot\cdot 1}::\cdots.\cdot.\cdot\cdot.\cdot.\cdot.\cdot.\cdot.\cdot.\cdot.\cdot.\cdot.\cdot..0\ldots\ldots.-.N\Lambda^{r}$

$n_{k}-(\dot{k}::_{\dot{\lambda}^{1}}\Lambda^{-l\overline{l}})|$

whcrc thc trianglcs with zcros on their vcrticcs arc to bc fillcd with zcros.

The notations $N_{x},\overline{x}$ and $\overline{u}$ are defined in (4), (14) and (8) rcspcctivcly, and

hcre after we may use the notations defined in the previous sections witliout any

interpretations.
Expanding the last dcterminant with respect to $tlle$ first row, we havc

(24)
$\Delta^{\prime}=_{l}-\frac{1)}{n_{i}}N^{k- 1}N_{y^{2}}S_{y^{2}}(i^{0}\underline{\underline{I}}Ik$

then

$(2_{\backslash }\ulcorner))$ $\Delta_{=}^{(}\frac{-1)}{\lambda^{f}}k\{NN_{y}\neg$

)
$\}^{k+2}\underline{)}\{i/k-- I0pI^{2k\star^{I}}’$

) $k+$

In the determinant of (22) we $n()tc$ thc cota($i(\{)1$ of $A|$ )$vD$ , a $n^{r}1$ calc $\iota\iota I_{\dot{c}}\iota t\iota^{1}$ its

$1_{I\prime}^{\backslash }1I_{I}\tau\}\backslash $ .
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(26)

$D_{\Lambda}=\left|\begin{array}{lll}N^{2}P(>)^{2^{-}}-N_{\mathcal{Y}^{\vee}}’ l_{\frac{(0}{k}-(l--]}^{J’}N.. & \cdots & --N_{y}^{\prime})N^{2}P(y^{\frac{(k}{>}}\overline{k})^{2}\backslash \\\vdots & \ddots & \vdots\\-N^{2}P(\frac{p(0Jp}{y>k)}2--N_{y^{2}}(k)\ldots\ldots.... & & N^{2}\overline{P}(-N_{y_{\frac{2p(k)^{2}}{y>k)^{2}}(l-}}N_{-]}n_{k}\end{array}\right|$

$=-\frac{)k+1i-k}{2k+2}\frac{p(i)^{2}N_{y}^{2k+2}}{y>k)^{2}k\neq 2}(-1\underline{1}I$

$1-\frac{N}{0}..\cdot.\cdot.\cdot..\cdot.\cdot..\cdot.1..\cdot.\cdot.\cdot...\cdot\cdot..\cdot.\cdot..\cdot..\cdot..\cdot..\cdot\cdot.\cdot\cdot.\cdot\cdot.\cdot\cdot.\cdot\cdot.\cdot.\cdot.\cdot.\cdot 1i1i_{n_{k}}^{N}1:..\cdot:.:...\cdot:n..-\dot{i}::$

:

$|$

$=(-1)k+1t_{NP(}\frac{N_{y}}{y>k)}\}_{i^{/\int_{--0}^{k}}}^{2k+2}\left\{\begin{array}{l}p(i_{-})^{z}\\n_{i}\end{array}\right\}|n_{0}-Nn_{k}n_{1}:..\cdot....\cdot$ $n_{1}n_{\cup}n_{k}-:.\cdot.......\cdot.\cdot N\ldots\ldots n_{k}n_{0}n_{I}-N|$

$=’-1)k+I\{_{NP}\frac{N_{y}}{(y>k)}\}^{2k+2}I^{k}I\{\frac{p(i)2}{n_{\dot{l}}}\}$ $n_{0}-N-NNN0.\cdots\cdots\cdots 0$

$|$

$n_{1}n_{k}:::::$

:

$0^{:}\cdots\cdot o-N0_{:}....\cdot..\cdot..\cdot.\cdot..\cdot...\cdot.\cdot.\cdot.\cdot.\cdot.\cdot.\cdot 0^{:}N:|$

$=(-1)k+|\{\frac{y}{y>}\}^{2k+2}\prod_{i=0}^{k}\{pn_{i}\}^{1}|_{1}N_{x}-Nn_{l}n_{I}.-.\cdot......N..\cdot..\cdot N\dot{0}\cdot 0-\lambda^{7}0\cdot..\dot{0}0..\cdot.\cdot.0.\cdot.\cdot.\cdot..\cdot\cdot.\cdot..\cdot..\cdot.\cdot.\cdot.\cdot.\cdot.\cdot..\cdot..\cdot.\cdot\cdot.\cdot.\cdot 0N|$

$=_{N^{l^{1}\sim}P^{-}\prime}^{\lambda_{y}^{r_{\sim k\downarrow)}}’}.,.l^{k}1\left\{\begin{array}{l}p(i)-\\1_{i}\end{array}\right\}$

Dcviding $D_{A}$ by $\Delta N$, we have the variancc of $\iota 11e$ eslimalor of $\lambda$ , notcd in ( $ 27\rangle$ .



LS’IIMATIONS 1N SOML $b_{(}1ODIflE1I\Gamma O1\backslash bb()_{\perp}\aleph$ .

(27) $tar(\dot{\lambda})=\frac{\lambda}{N_{y}S_{V}-}$

To investigatc thc rclativc accuracy of thc cstiinator, $\backslash \ovalbox{\tt\small REJECT} C$ collll)utc $t1lCb(1^{Ui\downarrow\iota c}$

of thc cocfficient of variation as follow:

(28) $\{C. V.(\lambda)\}^{2}=\frac{1}{N_{\mathcal{Y}}S_{y^{2}}}$

(29) $-N_{y}S_{\underline{y^{2^{\vee}}}}N=\frac{\sum_{y=k\vdash 1}^{\infty}pyy^{2}-\overline{y}^{2}P(y>k)}{\{1-2\theta_{x}p(\chi)\},x--0k}=^{y}\frac{\sum_{--k+1}^{\infty}\{p()yy-}{t_{x=0}^{k}-\wedge^{\backslash }()\}}\underline{\overline{\iota^{2}|}P^{(}y>k)}$

$\lambda^{2}P(\geqq k-1)+\lambda P(\geqq k)$

$=\overline{\{1-}\sum_{=xo}^{k}\theta_{r\oint^{(\chi)\}}}$

$=\frac{P(y\geqq k)}{\{1-2\theta_{x}p,x--0k(\chi)\}}(\frac{\check{A}P(y\geqq k-1)}{P(y>k-1J}+1-\lambda P^{(}P(y\frac{y\geqq k)}{>k)}]$

The contents of thc square bracket of the last side is a dccrcasing function of’
$k$ , and of course, $P(y\geqq k)$ also. The contents of thc parenthis is complex, but clcarly

the large values of $\theta_{i}(i=1,2,\cdots\cdots\cdots, k)$ are the factors of the large valuc of $N_{y}S_{y^{-}}’$ .
In conclusion, if $k$ is relatively small and $\theta_{i}$ arc large the cocfficient of vari.

ation of 2 will be small for any givcn valuc of $\lambda$ . $Wh_{z}^{\theta}ther$ the $e$ ;timitor $/\sim\wedge\backslash $ is u.s4full or

not may be investigated in the right hand side $of((28)$ by a sample value.

Before sampling, the rough cstimation can $|$) $C$ donc $1$) $y$ thc calculation $()1^{\cdot}t1\iota($

last side of (29) for a given $k$ and rough cstimate of \^A and $\theta_{i}$ . In general, lhe large $\theta’\sigma$

and small $k$ $is$ &sirable and the $k$ greater thin $\lambda$ is reot desirable.
Now we shall seek for the cofactor corrcsponding to thc clcincnt $()$ [ r-th ro $\backslash \vee$

r-th column in thc dcterminant of (22). NVc dc notc this $c()1_{\dot{t}}\iota ct()r/)^{\prime\prime}$ and $(()IYl1)ult^{\backslash }$

as follow:

(30) $ D^{rr}=^{-1}\frac{(-1^{k})}{\lambda^{2}}\{\frac{4V_{\backslash }}{NP(y>k)}\}_{i-- 0}^{2kk-}1\iota\{\frac{p(i)}{n_{i}}\}\frac{n_{\Gamma}}{p(r}\rightarrow$

)
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$\equiv_{\grave{x}^{2}}-(-1)^{k- 1}\{N\frac{\Lambda_{y}^{r}}{P(y>k)}\}^{2k}\int_{i-}^{k}I0\{pn\frac{(i)^{2}}{i}I_{I^{\frac{n}{(}\cdot D^{\prime rr}}}^{r_{\overline{\grave{1}^{2}}}}r$

whcrc $I\mathcal{Y}^{ff}$ is dcfincd to bc cqual to thc last $dctCl\cdot mi\iota 1\dot{c}1$ nt.

(31)

$D^{\prime rr}=$

$-/\overline{\ell}\prime l:_{k}::$

:

$---\backslash \cdot..\cdot-\cdot..\cdot.\cdot.\cdot.\cdot.\cdot.\cdot.\cdot.\cdot.\cdot.\cdots\ldots\ldots\ldots\ldots\ldots-()0.l\backslash \underline{1\cdot}I21\cdot 1:::.:..\cdot.\cdot.\cdot.\cdot.\cdot.\cdot.\cdot.\cdot.\cdot.\cdot\cdot.\cdot.\cdot..\cdot..\cdot..\cdot..\cdot..\cdot\cdot..\cdot..\cdot....\cdot.\cdot.\cdot\dot{0}vfl_{k^{(k^{:})}}-A\dot{\lambda}^{\prime}::_{\overline{l/}}-$ $|$

$\gamma$ colu $mls$ $k-r+1col/ll;\ell/\ell.$;



$\Gamma.ST]y\wedge^{r}1^{\neg}IO\wedge\backslash S$ IN $\backslash ()\backslash f]_{\wedge}^{\backslash }y\circ I2I1\cdot$ I $\Gamma_{A}\Gamma$) POISSON. $\mu_{J}^{r-})$

$I$ ,( $|\iota i_{11_{\neg}^{\prime}}J_{1}^{\prime}$ ; $t||(|\lrcorner^{\prime}-,$ $|)\{$ the $t\cdot()[\cdot$ )( $1|(1i$ } $|^{||}1^{()}$ ilw $11^{()}11/t|^{()1}]_{1|||l}|||\backslash 111$

th ( last $|$ ) $ut$ onc column, $\backslash \backslash C$ ]) $l(c$ ( ($1d$ as $fo1]_{(}$) $\backslash \backslash \searrow$ :
(32/ $D^{\prime rr}=-\lrcorner_{\iota^{-.\backslash \lrcorner^{\prime}}1}^{\prime}$

$\backslash \backslash \cdot hcrc$

(33, $J_{1}^{\prime’}=$ $-1^{k-1}\ovalbox{\tt\small REJECT}\wedge V^{k-2}$

’

$i=)\sim^{n_{i}i-l\overline{l}}k\backslash \cdot-n_{\Gamma}r-\iota\overline{(}$ $i=0\sim^{\eta_{\iota r-}}k\backslash \cdot\cdot-n-\backslash $

$n_{k}^{\prime}k-\ell\overline{(}$

and (34)

$I_{2}^{\prime}=’-1f^{-1}$

$----$
$----’\gamma\overline{\perp 1co}l\iota rnl;tS$

$;.-r-1C^{(1}/ll\prime f\prime\prime lS$

$)\backslash ([1t\backslash $ ( $\downarrow 111^{\cdot}$ value $()|t()1.\downarrow(1t)1$ corrcspondint 1 $t$ he $1^{\backslash 1\backslash }(1)$ ) $1^{\backslash }111$ }
$|||.t^{s}t|II\backslash \backslash 1.!\backslash 1$

$I^{\cdot}$ oluunn $itl\lrcorner^{\prime},$ $\downarrow\backslash |_{1)}|1()\backslash \backslash $ :

$.\backslash \iota\cdot-\}$

$\left|\begin{array}{lllll}k & & k & & \\i=(|\sim\backslash \prime l_{i}i-l\overline{l}-\prime\prime\prime & r-\iota\overline{(} & i=\ovalbox{\tt\small REJECT}\sim 1\backslash \gamma/\cdot-| & \backslash & -//\prime\\ i=k- 1^{/lj}\sim^{i-l\overline{l}^{\backslash }}k\backslash ,. & & j\overline{-}- 1\prime & & \end{array}\right|$

‘[ $|11^{\cdot}(()1\cdot\iota c\cdot\downarrow()1^{\cdot}(()1^{\cdot}1^{\cdot}t^{\tau}\backslash 1)ondi\iota\iota i_{\wedge}^{\gamma}\backslash 1()-.\backslash $ in the $ 1.\iota\backslash ((()1\iota l\iota\iota\iota\iota\iota()|\lrcorner$ $i\backslash t[t(\backslash i1\iota\iota i1.\iota\iota\cdot$

$1\}[$ )( $\downarrow()\lrcorner^{\prime}$ , $it\backslash \{1I^{\backslash }$. So. $\backslash (((:\iota 111^{\cdot}{}^{t’}1)(:\iota tt1\iota|_{\backslash }\backslash \backslash ()$ a in $\iota$ he $t^{\backslash }()11_{1)}\backslash cit1^{\underline{\backslash t}}1t^{\tau}\backslash \iota\iota$ lt:

$l)^{\prime\prime}$ $-1^{{}^{t}i\cdot.\backslash k-}$
’

$\{|$ $j\iota 1\sim^{i^{\leftarrow\$}-\prime\iota,.r}k\backslash \cdot;l_{i\backslash }/kA^{-}-\prime\prime-’/$

$ ll\leftarrow$

$i^{\backslash }\sim\bigwedge_{}ll_{k}’$

’ ”,. $\backslash $

$|$
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$+|i^{\underline{\backslash }}--k-1i=0a_{k}kv_{n_{i}}(i-\overline{\mathcal{U}})(r-\overline{u})n_{i^{(}}i-?\overline{l}^{-n_{r}})\dot{l}^{-}i^{-0}\underline{\sum_{k\}}^{k}}n_{i}-n_{\Gamma}-1\backslash =k-\downarrow n_{\dot{l}}\gamma|^{+\cdots+}(ik(i\sim^{n_{i}(i(r-\overline{u})}--0\Delta_{-,-r+?}n_{\dot{l}}(i^{-\overline{u})-n_{r}}-|\overline{\ell})\nabla ki^{--\Gamma\}2}t-2^{\prime}ni\sum_{-t)}^{k}n_{i}-n,-Nk.|$

$+2\left|\begin{array}{ll}\sum_{i^{--0}}-n_{r}\sum_{\dot{\iota}=0}n_{i}-n_{\prime}-N & \\\dot{\iota}^{--r+1}\Sigma^{k}n_{\dot{\iota}^{(i-\overline{u})}} i--\Gamma+1\Sigma^{k}n_{i} & |\end{array}\right|k$

$+$

$\left|\begin{array}{ll}\sum_{i^{--0}}^{k}-n_{r} & \sum_{i=0}^{k}n_{\dot{l}}-n_{\prime}-N\\\sum_{i=r- 1}^{k}-n_{\gamma}i=\Gamma- 1 & \end{array}\right|$

$+\cdots\ldots+\left|\begin{array}{ll}\sum_{i^{--0}}n_{i}(i-l\overline{l})-n_{r}(r-\overline{u}) & \sum_{i^{--0}}n_{i}-n_{\gamma}-N\\\sum_{i^{-- 1}}^{k}-l\overline{l}-n_{\prime} & \sum_{i^{--I}}^{k}n_{i}-n_{r}\end{array}\right|k$

$+$

$\left|\begin{array}{ll}\sum_{i=0}n_{i}(i-\overline{u})-n_{r^{()}}r-\overline{u} & \sum_{i^{-- 0}}n_{i}-n_{\prime}-N\\-A\lambda^{2}N & -\iota\overline{\ell}N\end{array}\right|k\}$

Noting that the corresponding elements of thc first rows of all above
dctcrminants are common, we put as follows.

(35)
$D^{\prime\prime\prime}=(-1)k\wedge k-2|$ $\sum_{i=0}^{k}n_{i^{(i-\overline{u})(r-\overline{u})}}B^{-n,}$ $\sum_{i=0}^{k}n_{i}-N-n_{r}C$

where

$B=\sum_{j--r+1}^{k}\sum_{i--j}^{k}n;(i-\overline{u})+\sum_{i=\Gamma+|}^{k}n_{i^{(}}i-\overline{u})+\sum_{j=1}^{r-1}\{\sum_{i^{-- j}}^{k}n_{i}(i-\overline{u})-n_{r}(r-\overline{u})\}-A\lambda^{2}N$

$=\sum_{i--I}^{k}in_{i}(i-\Pi)-n_{r}r(r-\overline{u}I-A\lambda^{2}N$

$=\iota\overline{\iota}(\Lambda_{y}^{r}\overline{y}+n_{r}r)-N_{y}(S_{y^{2}}+\overline{J}^{2)}-n_{r}r^{2}$

(36) $C=-N\overline{u}+\sum_{j^{--f}+1}^{k}i-\sum_{-j}^{k}n_{i}+\sum_{=ir+1}^{k}n_{i}+\sum_{j--1}^{r- 1}\sum_{i=j}^{k}n;-n_{\gamma}^{(}r-1$ )

$---N\iota\overline{\ell}\vdash\underline{\backslash }\prime n_{i}i_{\sim}-\rangle n_{i}|=Ikki^{-f}+2$ $n;-n_{r}^{(}r-1$ )$=-\wedge^{r}|\overline{\ell}\cdot|- A^{r_{x}}\overline{c}-n,.ri^{=r\cdot+1}k$

$=-N_{y}\overline{y}-n,.r$

Applying this to tlic last side $ol\cdot B$, wc $lla\vee c$

(37) $B=-\overline{u}C-r^{2}n-\wedge/\backslash \gamma(S_{y^{2}}+)-2)$

Substit uting (36) and (37) into (35), we have the following result.

(38)
$D^{\prime rr}=(-])kN^{k-2}|$ $-\overline{u}C-r^{2}n_{\tau}-N_{y}(S_{y^{2}}+\overline{y}^{2})\sum_{i--0}^{k}-n_{r}$ $\sum_{i=0}^{k}n_{i}-A\gamma-n_{\Gamma}C$ $|$

$=$ $(-1_{\grave{1}}^{k}N^{A- 2}\wedge^{r}\{ r-\overline{y}-S_{y^{2}} n_{r^{(\overline{y}-r}}-A_{y}^{r}-n_{r})|$

$\subset(-])k-|N^{k- 2}N_{y}\iota_{n_{\tau^{(\overline{y}-r)+(N_{y}+n_{\gamma}}}}2)S_{y^{2}}\}$
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$1’ 11C11\backslash \backslash c$ havc tllc 1 $ollo\backslash \backslash i1lg\backslash $ arianccs $t\gamma$ nd. quarc of coctlicients $()$ } $val\cdot iati()11$

( $\lceil$ the cstimators of $\theta_{\Gamma}(\gamma=1,2,\cdots\cdots\cdots,k)$ by (25), (30) and (38).

(39) $Var^{(//=\frac{D^{ff}}{\Delta N}=\frac{p(y>k)2n_{\Gamma}}{N_{y^{3}}S_{y^{2}}p(\gamma)^{2}}\{(\overline{y}-\gamma)^{2}\}}\wedge’$) $(N_{y}+n_{r})S_{y^{2}}+n_{\gamma}$

or $=\frac{(1-\theta_{r})^{2}}{n_{\gamma}}(1+\frac{n_{f}}{N_{y}}+\frac{n_{\gamma}}{N_{y}}\cdot\frac{(\overline{y}-r)^{2}}{S_{\mathcal{Y}^{2}}}]$

$=(1-\theta,)^{2}(\frac{1}{n_{1}}+\frac{1}{N_{y}}+\frac{(y-r)^{2}}{A_{y}^{r}S_{y^{2}}}]$

(40) {C. V. $(\hat{\theta}_{7})$ } $2=(\frac{1-\theta_{f}}{\theta_{r}}]^{2}(\frac{1}{n_{r}}+\frac{1}{N_{y}}-1\frac{(f^{-r})\underline{)}}{\Lambda_{y}^{\gamma}S_{y^{2}}}]$

Then the right hand side of (39) and (40) show that the estimator $\hat{0}_{\Gamma}$ in (12) is the
more useful

(i) the larger (the nearer to 1) $\theta$, and other $\theta’ s$ are,
(ii) the larger (the nearer to k) $r$ is,
(iii) the larger $p(r)$ is,
(iv) the smaller $k$ is,

and especially
(v) the larger $N$ is.

3. Estimators in the case when some $\theta’ s$ are known and other
$\theta’ s$ are unknown.

The estimator (15) and (12) in the section 1 are available also in the case when
the paramaters $\theta_{l}(l=l_{1},l_{2}, \cdots\cdots, l_{s})$ are known and other $\theta’ s$ $\theta J^{(}j=i_{0}j_{l}\dot{\sqrt{}}2’\cdots\cdots,jk-S$ )

are unknown.
If wc wish to improvc thc relation (15) and (12) by thc informations of‘ $k\iota$ ) $()w\iota\downarrow$

values of $\theta’ s$ , we may use the following formula.

(41)
$\overline{z}=\frac{/_{\backslash }1_{\backslash }\prime P^{(}\backslash y\geqq k)+(1-0_{li})p^{(}l_{i}-1)]i^{\underline{\backslash }}=1s}{s}$

, $\hat{()}j=1-\frac{\iota P^{(}y>k^{s}\underline{\backslash },(1-\prime_{l\dot{\iota}^{1}}i=1}{f^{(j)(\backslash -2_{-0}^{\neg}n_{ji^{\grave{1}}}}4\tau k-s,i-}r\ell_{j}$

$[P(y>k)+2^{\urcorner}(1-\theta_{li})pii\overline{-}1\backslash $

.
whcre $\overline{z}$ is the mean in the total classes except the classes $\backslash vithunkno\backslash vn\theta’ s$

Proof. Putting (6) and (7) to be zero, $wehavcfollo\backslash vs$ :

$n_{J\{1}-\Sigma^{k}0_{x}p(\chi)\}$

(42)
$0_{j}\approx 1-\frac{x^{\underline{-}}o}{p^{(}j)\wedge^{r}}$

$(j--- j_{I}j_{1}j,,\cdots\cdots\cdots,j_{k-S})$ .



$’\{K\}$ KEIZO YONEDA

(43) $\frac{l\overline{\ell}}{\lambda}=\frac{1-\sum_{x_{0}}^{k- 1}\theta_{x+|l^{(\chi)}}}{1\theta_{x}(\chi)}$

Putting $1^{k}\theta_{x}(x)=G$ , we have the following relations from (42).

$c=1-\sum_{=i0}^{k- s}p(j;I+_{\tilde{N}i}^{G}\sum_{=0}^{k-s}n_{J}$ $;-\sum_{i=1}^{\prime}\theta_{ti}pkI^{s}(l_{i})(1-\theta_{\ell i})+\frac{G}{N}N_{x}^{\prime}i$

$\backslash vhereN_{x}^{\prime}$ is the total sum of fr $\epsilon$ qucncics in the $clas\subset$ es whose $\theta’ s$ are unknown.
Then we have

$G=\frac{N}{N_{y}+N’ x}(P(y>k)+i\sum_{=1}^{s}p(l_{i})(1-\theta_{li})]$ . where $N^{\prime\prime}.=N.-N^{\prime}.$ ,

$N_{x}\overline{x}=N_{x}^{\prime}\overline{x}^{\prime}+N_{x^{\overline{\chi}^{\prime\prime}}}^{\prime\prime}$

Substituting this into (42), we $ilave$ the improved $\hat{\theta}j$ in (41).

The numerator of the right hand side of (43) is as follow.

$1\theta_{x*|}(X)=1^{k}(x-])(l;-1)i($

$=1-\sum_{=i1}^{s}\theta_{li}p(l_{i}-1)-\sum_{=i0}^{k-S}p(j_{i}-1)+\sum_{=i0}^{k-S}\frac{n_{ji}j_{i}G}{A^{7}\dot{x}}-$

$=P(yk)\sum_{i\Leftarrow 1}^{s}(1-\theta_{li})n_{Ji}j_{i}$

Substituting them into (43), we have

$\frac{l\overline{\ell}}{/\backslash }=\frac{P(y\geqq k)+\sum_{=i1}^{s}(1-\theta_{\ell i})p(l_{i}-1)}{G}+\frac{A’}{\overline{A}1}’\overline{v}^{\overline{x}^{\prime}}$

$\frac{t\ovalbox{\tt\small REJECT}_{y}\overline{y}.-}{/\backslash a\backslash }=\frac{(N_{\mathcal{Y}}-\vdash A_{x}^{\prime\prime\prime})}{N}t\frac{P^{\prime}y\leq k)+\frac{\backslash s}{i}}{P^{(}y>k)+}s\frac{1-(J_{li})1/(l_{i}-1}{(1-\theta_{li}p^{(}l_{\dot{l}}}1i\sum_{=1}^{1}))’()$

If wc put $\overline{z}=\frac{A_{y}^{r}1+V_{x^{\overline{\chi}^{\prime\prime}}}^{\prime\prime}}{A_{y}^{\gamma}+N’ x}$ thc mean in thc total classes except thc classes with

unknown $\theta’ s,$ (41) is derived from this formula.
But the relation (41) is so complcx that it can not $|$ ) $c$ considercd convcnient

for ]) $\mathfrak{j}^{\prime}\iota ctica1$ usc in general.
We shall sh $0\backslash v$ some spccial simplc cases which may bc for practical usc.

(i) $\mathfrak{c}^{t}4’\iota\backslash t^{\backslash }wI\iota$ en $0_{0}=0_{I}=\cdots\cdots\cdots=0_{s}=1(i$ . (. thc truncated case)
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$\overline{z}=\frac{\lambda P(y\geqq k)}{P(y>k)}$ $(N_{x}^{\prime\prime}=0, \overline{z}=\overline{p})$

perfectly coincides with (15)

(ii) Case when $\theta_{0}=\theta_{1}=\cdots\cdots\cdots\theta_{s}=0$

(44) $\overline{z}=\lambda(^{p(}P\frac{y\geqq k)+P(x\leqq s-1)}{(y>k)+P(x\leqq s)}]$

(iii) Case when $\theta_{k}-S+\downarrow=\theta_{k- s*2}=\cdots\cdots\cdots=\theta_{k}=1$

coincides with (i).

(iv) Case when $\theta_{k-S+1}=\theta_{A-S+\sim}=\cdots\cdots\cdots=\theta_{k}=0$

$s$ $\overline{z}=\frac{\lambda P(i\geqq k-s)}{P(i>k-s)}$

The same case as the case with (15)

4. Variances of estimators in the case when some $\theta’ s$ are known.

In the case when $\theta_{\ell}(1=l_{1},l_{2},\cdots\cdots\cdots\cdots, l_{s} ; s\leqq k)$ arc $kno\backslash \vee n$ , thc numbcr of

cstimators decreases by $s$ , and in the determinants (22) $\sim(26)$ , somc $sro\backslash vs$ and
somc $s$

. columns must vanish.
$I_{\lrcorner}ct$ the unknown $\theta’ s$ be $\theta_{j}(j=j_{0},j_{1},j_{2},\cdots\cdots\cdots, j_{k-S} ; s\leqq k)$ .
In the case, the variances $of_{/}^{\epsilon}$ and $\hat{g}_{r}$ are following (53) and (57).

The formulas in this case corresponding to (23) $\sim(28)$ are thc following (45) $\sim$

(54) respectively:

(45) $\Delta=\frac{(-1)}{\grave{A}^{2}}k- Ski=0I\overline{I}^{S}\{\frac{4^{\prime\backslash p}y(j_{i})}{A\backslash ^{r}P^{(}y>k)}\}^{2}\cdot J^{\prime\prime}$

wherc

‘ 1 $0$ irnplify th is, wc proceed as $r()$ ] $|ow\backslash ’$ .
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(4b) $J^{\prime\prime}=\{i^{--0}\}^{-1}k.\backslash \sim lji\backslash $

$r\ell_{j_{()}}-4j_{0}-l\overline{\ell}^{\backslash }n_{j}n_{j}k- S::|$

$j_{1^{-l\overline{l}}}j_{k- S}-\overline{u}n_{i_{I}}-N.\cdot.\cdot.\cdot\cdot.\cdot.\cdot.\cdot.\cdot.\cdot n_{j_{I}}n_{jk-S}.\cdot n_{j}k-S-Nllj_{0}\cdot\cdot.\cdot.\cdot.\cdot.\cdot..\cdot\cdot..\cdot\cdot..\cdot\cdot.n_{j_{0}}:.\cdot.\cdot:..:n_{j_{k-S}^{(j_{k-S^{-\overline{u}}})}}n_{j^{(...\cdot\overline{\ell})}}\prime\prime j_{0}^{(j_{0}}-A\lambda^{2}Ij\downarrow^{-/\ell)}:^{-1^{-}}|$

$|$

$\dot{l}0^{-1\overline{\ell}}$ $j_{1}-j_{0}\cdots\cdots\cdots\cdots j_{k-S}-j_{k-S-l}$ $-A\lambda^{2}$

$\iota vhcre$

$\dagger 47)$
$N_{x}^{\prime}=\sum_{i^{--0}}^{k- S}n_{ji}$ , $\overline{x}^{\prime}=\frac{1}{\backslash _{x}^{r}}\sum_{i=0}^{k- S}n_{ji}j_{i}$, $S_{x}^{\prime 2}=\frac{1}{N_{C}}\sum_{=\dot{l}0}^{k- S}n_{ji}j_{i^{2}}-\overline{x}^{\prime_{2}}$

: sum of frequencics, mean and variance of all classes of which $\theta’ s$ are unknown
rcspectively. And further, we put as follows with respect to the classes with known
values of $\theta’ s$ ;

(48) $N_{x}^{\prime\prime}=\Lambda^{r_{x}}-N_{x}^{\prime}$ , $N_{x}^{\prime\prime}\overline{x}^{\prime\prime}=N_{x}\overline{x}-N_{x}^{\prime}\overline{x}^{\prime}$

$N_{x}^{\prime\prime}(S_{x^{2}}^{\prime\prime}+P^{J2})=\bigwedge_{x}^{r}(S_{x^{2}}+\overline{x}^{2)}-N_{x}^{\prime}(S_{x^{2}}^{\prime}+\overline{x}^{\prime_{2)}}$

With $t11r^{\backslash }s$ ( notations, wc havc thc following (49) $\}$ )$y(46)\sim(48)$

(49) $\Delta^{\prime\prime}=\{k- n_{ji}i^{/r^{S}\}^{-1}(N_{y}+N_{x}^{\prime\prime})}=((-1)k- S$Nk-S-l $(-(N_{y}A_{x^{\overline{X}^{\prime\prime}}}^{\prime\prime})^{2}$ .
$\{_{A}’\backslash \gamma\prime\prime x(S_{x^{2}}^{\prime\prime}+\overline{x}^{f\prime}’+N_{y}(S_{y^{2}}+\overline{y}^{2})\}]$ .

Then we have following (50) by (45) and (49)

(50) $\Delta=\frac{fV^{2(k- S+t)}4\backslash \tau^{2}S_{z}^{2}\prod_{=i.0}^{k- S}}{N^{k-s_{i\triangleright}ap(y>/}k)2(k-S\neq 1)2}\{\frac{p(j_{i})2}{nji}\}$

whcre $\Lambda_{z}^{r}$ and $S_{z^{2}}$ arc thc total sum of frcqucncics and variancc with rcspcct to
$t1\iota\{Y$ all classes except the classcs with unknown $0^{\cdot}s$ respectively, $ho$ lding thc rclations:
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51) $N_{z}=N_{y}+N_{x}^{\prime\prime}$ , $N_{zZ}=N_{y}\overline{y}+N_{x}^{\prime\prime}\acute{x}^{\prime\prime}$ ,
$N_{z}(S_{z^{2}}+\overline{z}^{2})=N_{x}^{\prime\prime}(S_{x^{\prime\prime 2}}+\overline{\chi}^{\prime\prime 2})+N_{y}(S_{y^{2}}+\tilde{y}^{2})$ .

$I\}ytllesimilarprocess$ , we have the value of the cofactor of (45) corresponding
to (26) as follow.

(52) $D_{A}=\{\frac{N_{y}}{A^{r}P(y>k)}\}^{2(k- S+1)}N^{k-S}N_{z}\prod_{=i0}^{k-S}\{\frac{p(j_{*}\cdot)^{2}}{nji}\}$

Then we ha ve the variance ofestimator in the same type as (27) as follow
(53) $Var(\hat{\lambda})=\lambda^{2}/N_{z}S_{z^{2}}$

where $N_{z}$ and $S_{x}$2 are defined in $(51I$ .
Then the square of coefficient of variation is shown in (54).

(54) {C. $V.(\hat{J.})$ } $2=1/\Lambda_{z}^{r}S_{z^{2}}$

As (53) and (54) are similar type to (27) and (28) in the section 2 respcctively,
our conclusion in this case contains that of the scction 2 as describcd latcr.

To investigate (54) precisely, we consider following relations

(55) $\frac{N_{z}S_{z^{2}}}{1V}=\frac{N_{y}S_{y^{2}}+N_{x}^{\prime\prime}S_{x^{2}}^{\prime\prime}}{N}+\frac{N_{y}N_{x}^{\prime\prime}(\overline{y}-x^{\prec\prime}}{\wedge^{r}(A^{r_{\mathcal{Y}}}+4\backslash \prime\prime x}$))$2$

(56)
$\frac{N_{x}^{\prime\prime}}{A\backslash ^{r}}=\frac{\sum_{i\Leftarrow I}^{s}(1-\theta_{l\dot{l}}}{1-\Delta\theta_{x}p(x),x=0k}$

)$p(i_{i})$
$\frac{N_{y}}{\rightarrow V}=\frac{P(y>k)}{k}$

$1_{-\theta_{x}px}^{\underline{\backslash }()}x=0$

$\backslash \backslash heref_{i}$ is the class number with known $\theta$ .
Then we have the conclusion in this case as follows from (54), (55) and (56):

the estimator $/\wedge$ is the more usefull
(i) the smaller $k$ is,
(ii) the greater the unknown $C1’ s$ are,
(iii) the smaller the known $\gamma 1’ s$ are,
$\prime i\vee)$ the smaller the mean $\dot{u}p$ the $ clas.;eswit/\ell$ known ” $ir$,
(v) the greater the variance in the classes with known $\theta$ is,

and especially (vi) the larger $N$ is.
As to the variancc and C. V. of ($\hat’$ in this case, we have thc $follo\backslash \backslash \cdot ing$ results

(57) and (58) in the similar type to (39) and (40) respectively after a proc( $\backslash \cdot s$ similar to
that of (53) and (39) though more complcx.

$(\Gamma_{17)} Var^{\prime}J^{\wedge}/Jr)\frac{-(1-0_{jr})^{2}}{nj_{7}}$ . $\frac{(N_{z}+n_{jr})2S_{\sim}^{\prime.2}\prime}{\prime V_{z^{-}}^{\prime}S_{z^{2}}}$

$()f$ $=(1-0_{jr})^{2}(\frac{1}{njr}+\frac{1}{N_{z}}+_{2}^{1}\frac{(j_{\Gamma}-Z}{N_{z}S_{z}}]\backslash 2$
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$\backslash \backslash 1\iota(\iota\cdot\iota\cdot S^{\prime‘}\wedge$ $i\backslash \iota$ I $\iota\iota\cdot\backslash :\iota 1^{\cdot}i.tIttt$ . in thc $(()\downarrow_{i\mathfrak{l}}|_{\backslash 111111^{\prime}}|\iota 1.\iota\backslash \backslash (\backslash i>\lambda, \iota 1\iota()\backslash \iota\cdot\backslash \backslash i\iota 1\iota k_{11(\}\backslash \backslash 11}t/111t[l1_{i},.$ .
$\overline{o}8^{\backslash }$ {C. $I$ . $’\prime_{j\prime}.\backslash $ } $-=(\frac{1-\theta j}{(1_{j}}r]^{-}(\frac{1}{\prime ljr}+\frac{1}{\backslash _{\approx}^{r}}+^{(}\frac{j_{r^{-}\overline{Z}})^{\underline{0}}}{\wedge\backslash _{\approx}^{r}S_{z^{-}}’}]$

Then the $esti/f$}$a$ tor $//jr\wedge$ is the more $n.ref\iota\ell l$ ,
$i$ the $ largrr_{\backslash }thr;pa\gamma p\gamma$ to $1^{\backslash }\theta_{jr}$ and other $0^{\cdot}s$ are,
ii the largcr $p^{\prime}\backslash j_{\Gamma}$

) is,
iii1 ’he nearer’o $\overline{\backslash \sim}j_{\Gamma}$ is,
$i\backslash ^{1}$ the smaller $k$ is,

v) the more $\theta\cdot s$ of the classes $\alpha|ith$ large densities are known,
and especiallp” $\backslash \cdot i^{\{}$ the larger $-\backslash $ is.

5. Illustrative examples

$E\backslash ample1$ . Table A $sho\backslash \backslash \cdot s$ the frequencies of deaths by traffic accidents per
zone per month recorded in some zones in the city Yokohama. It contains too
large frequencies in the classes of $0$ and 1 to regard as a Poisson distribution. The
test of goodness of fit proved this fact very clearly.

$lI^{\cdot}e$ applied our method in 1 of the case $\backslash c\cdot henk=0$ and $k=1$ as followings.

Table A. Distribution of number of deaths by traffic accidents

$i$ , $()_{t}\tau\tau r$ : $k-0$

176
$J^{-}=^{-}$ $=1.63$ . $/^{f}$. $-1.1$ , C. V. $(^{\prime}/.l=0.0908$,108

’/’$(’ 1-204/0.6\Gamma)7_{--2.7778}$ (,‘. V. $(’/’)j’$ -0.25n4,
$ 10\{\}/(\downarrow.3^{t}\$\$ $
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(ii) Casc $k=1$

$\overline{y}=\frac{107}{39}=2.74$ , $\lambda=1.7$ , (,‘. $V.(\hat{\dot{\lambda}})=0.1\ovalbox{\tt\small REJECT} I\{\}$

$\hat{a}_{0}=-13.507$ , C. $V.(\hat{a}_{0})=0.47()$

$\hat{\theta}_{1}=-1.887$ , C. $V.(\hat{\theta}_{1)}=0.498$

From the point of view of the coefficient of variation, we should givc up $\downarrow$ ] $1C$

case $k=1$ .
Agreement between (1) and (2) for the classes of $i\geqq 1$ is satisfactory. $\prime r[1C$

goodness of fit $\chi^{2}=3.931$ is smaller than $\chi^{2}0.05=5.9915$ with 2 degrees of frccdom.
From the frequencies in column (1) we excluded those in the zones with dcaths lcs.;

than 6 and placed the rests on the column (4). Column (5) is the expectcd
Poisson frequencies fitted to (4) with $\lambda=1.1$ . The goodness of fit is $\chi^{2}=6.228$ which
is less than $\chi^{2}0.oe=7.8147$ with 3 degrees of freedom. The agreement is fairly good.

The fact shows that the data (1) is the mixed frequencies of the Poisson zones
and nearly deathless zones.
Erample 2.

We applied our method of 3 to thc Cohcn’s illustrativc $cxaml$) $lc$ in (2] pagc
347 as shown in the following Table B.

Expected frequencies in column (4) are the frequencies fitted to (2) by our
method of the case $s=0,$ $k=1,$ $\theta_{0}=1$ . The rsults are almost coincidcnt with
Cohen’s $re3ults$ in the column (3), and the values of $\hat{\lambda},\hat{\theta}$ , etc.

Table B. Distribution of number of gall.cells
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$\overline{z}=\overline{y}=2.93$, $\hat{\lambda}=2.04$ , C. V. $(\dot{\lambda})=0.05$

$\dot{\theta}_{1}=0.32$, $Var(\hat{\theta}_{1})=0.0172$

Emmple $S$ .
If the 30 observations were misscd from thc 96 observations in the class of

$i=2$ in column (1) of Table $B$ , we have $th\dot{e}$ column (1) in the Table C.
We shall estimate $\lambda$ and $\theta_{2}$ from this data applying the theory in 3 and 4.

Table C. $N_{z}=193$

$\overline{z}=\frac{483}{193}=2.5026$

$N_{z}S_{z^{2}}=795.5$

We have the following relation
by (44).

$\tilde{4}\frac{\lambda[p(y\geqq 2)+p(0)]}{p(y>2)+p(1)}-=$

$=\frac{\lambda(1-l^{(])}]}{1-p(2)-p(0)}\equiv\Phi(\lambda)$

$\frac{\lambda}{\Phi(\tilde{A})}|\frac{2.02..1}{2.4512566}$

Thcn we have
$\hat{\lambda}^{=2.04}$

by intcrpolation. Applying (53), (41) and
(57), we havc thc $follo\backslash ving$ rcsults.

$Var(\lambda)=0.007$ ,
$\hat{\theta}_{2}=0.2424$ , $Var(\hat{\theta}_{2})=0.012$ .

The goodness of fit between column (1) and column (2) cxccpt the classes $i=0$

and $i=2$ is $\chi^{2}=1.0301$ which is less than $\chi_{00\overline{o}}^{2}=7.8147$ with 3 degrcc of fredom.
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Table I Numerical values $of_{-\frac{p(}{(y}-\frac{\prime k)}{k)}}^{\lambda y_{--}}P>$

$\backslash k\backslash ^{\lambda}|$ 0.1 $|$ 0.2 $|$ 0.3 $|$ 0.4 $|$ 0.5 0.6 0.7 $|$ 0.8 0.9

Table I (continued)
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Errata

ltl Vol. IX (1961), thc following corrections should be madc.

1. In the articlc cc Fundamentaj Teoremoj por Elipsa Sistemo dc du Laupartaj
Diferencialaj Ekvacioj de la Unua Ordo kun du Sendependaj Variantoj”
by Kanji NAKAMORI (pages 1–28), page 9 and 10 should be exchanged.

2. In the article c Some Estimations of the Parameters of Multinormal Popula-
tions from Linearly Truncated Samples. I” by Keizo YONEDA (page 149–
161), on page 156, line 3–4, ttless” and ec greater” should be exchanged.
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