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~ In several functions spaces, it has two kinds of norms and it makes a Banach
space by one of them. Alexiewicz, Semadeni and Wiweger named it {wo norm space and
obtain fundamental and important results of it, moreover have introduced in it
“mixed topology” by two kinds topologies.

But, some examples of the space of functions have various semi-norms in
addition to the intrinsic topology (by norm) and, there exist remarkable relations
between the norm and the semi-norms.

In this paper, we denote | x| the norm of an element x of X, semi-norms of

x by |x||¥ (aeA) and these two norms are combined by | x| = sup | x{3.
aEA

The space is of course a two-norm space as point out in Wiweger (4). He de-

termined the form of the mixed topology under some conditions by pseudo-norm;
%
(XD o> o= Suﬁj—ﬁ-ﬁi—, BieB, 0 <aj—co.

But, the space is distinct in topology from two-norm space and it has various |
important examples. Therefore, I shall be study the space as extension of two-
norm space in this paper.

1. Definition of many norms space. We consider a linear space with
norm ||x| of an element x of set X and complete by norm-topology, that is, a Banach
space. Moreover, we difine that each element x of X has some semi-norms |x|3 (ach)
satisfying the conditions |x+ y|*<|x*+|y[% lax|t=4a]|x/%. (Ix|¥=0 does not implies
x=0) The norm |x| and semi-norms | %]* (xeA) have the relation

(M) | Nl = sup i

By the norm |lx] of x in X, it is a topological linear space and locally convex,
denote the topology by .

The neighbburhoods of zero by semi-norms |x)} (aeA) is Ulx; |x]3; <s, =1,
PATERRN , n; a;el), its topology is denoted by z*, the system of the ncighbourhoods of
zero by U (z*). The space X with topology ¢* is a lincar topolozicl space ;

(1) if UeU(z*) and AeR, 20, then AUecU(z*),

(2) if UeU(z*) and A€R, || £ 1, then 2U c U.
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(3) if Uel(z*), then for every xeX there exists 2eR, 2 # 0 such that AxeU.

4) if U, VeU(z*), then there exists WeU(z*) such that WcUnV.

(5) if UeU(z*), then there exists VeU(z*) such that V+VcU.

Moreover, U(z*) satisfies the condition by the assumption (M),

(6) for every xeX, x+ 0, there exists Uz*) such that xEU.

And, the linear space with topology * is locally convex, but incomplete. Of
course, t* < t and satisfies(d) of (4), so it has the various properties in (4]).

The space X with the norm |« and semi-norms |x|*(aeA) is denote by <X,

[, I [*> or <X, 7, z*> and call it “many norms space”. |

First, we shall discuss the properties of the many-norms space as linear to-
pological space. |

Proposition 1. If x, comverges to x by t*-topology, then the set {|xn|} is bounded.

In fact, for any >0 there exist aA (i =1,2,------, n) and N such that |x,—x|*;
<efor n>N. Then |xi%i—lx%; S|xn—x]2: <s, |xa]*: S| x )24 §||x|l+e =M. |x%l=
sup || xall2: < M. ‘

%% is a Minkowski’s function, so there exists functional in <X, t*>, f(® <|x*.

This functional is continuous in z*-topology and {f}= 5* is total in X.

In fact, if x+0, we have an aeA, ||x*+ 0, set Jx) =t|x|¥ for every real number
t, so this functional f(x) is extensible on X. Therfore f(® %0. 5*is total in X.

2. Examples. The many norms space have various examples, but main
space is as follows:

(1) the space L*. The norm of #X is ] =( S;!x(t)i’dt)'/', the semi-norms of x,

)% = S' x(®) 7@ dt where (S:)ly.(t);" a7 s 1. Clptile=1
0 .

(2) The space of continuous functions on the real ‘li‘ne —o0< x< + 0o, |x(£)| = sup |x(t),
| x(8)|[& = sup | x(t)|, where K is a compact subset. Obviously, ||x(@)| = s% [| x(e) )|
teK

(3) X is a Banach space with norm |x|. f.is a bounded linear functional on X,
[%}%=|fa(x] where | f.]|= 1. Assumption (M) is easily.

(4) X is the conjugate space of a Banach space X. feX has a norm | f| as Banach
space, and | f]# =|f(x)| where xeX and jjx| <1 in X. (M) is obvious.

(5) Bbe a set of bounded linear operators on a Banach space X, B is also a
Banach space with norm || 4| as operator of Band | 4[¥ is | Ax| where x.eX, |x]< 1.
B is a many norms space and | 4| = s:zp HAx., l.

6) In(5), |A|*s=|fe(Axs)| With xseX, |%]< 1, fae R, | full S 1.
So, ||4|= sup | fu(Axs)|.
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In particular, X be a Hilbert space §, B an operator ring M on it, the neigh-
bourhoods of zero |4| < e is uniform topology, [|4x] <e(t =1, 2,--+---+- ,n) is strong
topology, the neighbourhoods ((4x;, y))| <eli=1, 2,--++-,m) is weak topology.

3. Mixed topology in the many norms space. We can introduce the
mixed topology in many norms space as in the two-norm space.

For each UelU(z) and for each sequence Uf, U, eU(z*), we shall denote by

(U, Uy, oeenss ; U) the set U WU nU+U*N2U +----- +U.*nnU). Wiweger (4]

has called this topology the mzxed topology determined by the topologies  and *.

Mixed topology is weaker than z and stronger than t* as the topology 7* is
weaker than the topology 7z (z* < 7). ’

Both of U(z), U(r*) are locally convex, so also the mixed topology is locally
convex. We shall denote by y-topology thc mixed topology in order to Wiweger.

We define that B is bounded set in <X, > if for each UeU(z) there exists AeR
such that BcaU.

In general, =* doesn’t satisfies the first countability axiom, so it has not also
in mixed topology. "

But, if =* satisfies the first countability axiom, by Wiweger (3] and proposition
1 the convergence in z* and y-convergence are equivalent.

4. Conjugate space. Let be 5, 5,, £* the set of linear continuous func-
tional concerning z, y or z* on X, so £55,05*. For r*-continuous functional § (),
[€]*=sup|e(D|, where |#J< 1. Then, |£()| &[5 1212 and & +& (IS +HIGIE
lag|*=|a| |£]* for every aeA. [&|*=0 doesn’t implies §=0. E*c&, so &e5* has
the norm ||§= su ]E(x)l

Proposxtlon 2. <& |I*> isclosed in <E, | ||>.
Proof. 7 is an element in the closure of £*, so there exists y,eZ* such that
7=l <e. 3, isa functional of £*. So for x of ||x— —xj% <9, Lyolx) — polxg)| <e.
We have |* <0+ %l * <2 %[ < 2. », yo are r-continuous, so we have |yx)—
(%) S 1P =00 +| yolx) — 3o %) +| Yo (x0) =y (%) | £ | 9 = Yo x| +1 y—po! %0 +¢
= =0l (] +|xo] +& < 3 & ]%0] + & = (3 |[xo]| + 1)
Therefore _yo is continuous in r*. So, <&*, || |*> is closed in <&, |i>.
Theorem. E* || 1l, || [*> is many norms space.
Form the propoutlon 2, we have following theorem.
Theorem. <X, 7, t*> be a many norms space, then the followmg conditions are
equivalent;
(1) <X, |, l|*> is #-reflexive and E* = 5.
() <X, ||[> is reflexive.
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We can prove as same as 3. 7, theorem in (2).
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