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Robust Servo-system Based on Two-Degree-
-of-Freedom Control with Sliding Mode

Yasutaka Fujimoto, Student Member, IEEFE, Atsuo Kawamura, Member, IEEE

Abstract— A robust servo-system, based on a combination
of linear robust control and sliding mode control have been
proposed. This new control system can be said to be a
non-linear system (sliding mode control system) which has
a inner loop of linear control (two-degree-of-freedom con-
trol). Due to this inner loop of linear control, a disturbance
is strongly suppressed but not completely. Then, the outer
loop of sliding mode control eliminates this disturbance sup-
pression error.

First in this paper, a linear robust-servo design of two-
degree-of-freedom control system is shown. Next, a sliding
mode control is applied to this system and the disturbance
suppression characteristics are discussed. Then, through
the simulations and experiments, it is proved that the in-
troduction of non-linear control (sliding mode) drastically
improves the disturbance suppression characteristics of a
linear system (two-degree-of-freedom control).

I. INTRODUCTION

In the field of robot manipulator control, one of the im-
portant issues is robustness of the servo-system. The ro-
bustness of a servo-system applied to each joint of a manip-
ulator enables non-interferences among other joints. Sev-
eral papers have been published concerning this issue [10]
[15].

Particularly, the authors have proposed such a robust
servo-system, based on a combination of disturbance ob-
server and sliding mode control [13]-[15]. From the view-
point of VSS, this control law has an advantage in the ro-
bustness with the less chattering, even at a relatively low
sampling frequency. The introduction of the disturbance
observer improves the robustness of conventional sliding
mode control.

However, some papers show that very robust system
against a disturbance and a fluctuation of plant parameters
can be constructed using only the disturbance observer [9],
[10], with a structure of two-degree-of-freedom control sys-
tem. In other words, the disturbance response can be set
irrelevantly to command input response. Essentially, two-
degree-of-freedom control system is derived from stability
and achievable transfer characteristics of a linear system
[2]-[4]. As a result, it includes equivalently linear control
system such as a disturbance observer [1], [5].

These linear robust controller can compensate the dis-
turbance strongly, but not completely. There is a remain-
ing disturbance which cannot be completely compensated
by such a linear robust controller, because the cut-off fre-
quency of disturbance reduction HPF (sensitivity function)
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cannot be set much high. There is an alternative trade-off
between the reduction of the disturbance and the reduction
of the influence of the sensor noise or the parameter fluc-
tuation. In this paper, sliding mode control is introduced
into a linear system controlled by two-degree-of-freedom
controller in order to eliminate the disturbance suppres-
sion error. In the simulations and experiments, this control
scheme is applied to DC servo motor positioning control,
and the effectiveness is clarified.

II. PrL.ANT MODEL

In order to inspect the proposed servo control scheme,
the voltage controllable DC motor is adopted as a plant.
The mechanical dynamics and circuit dynamics are ex-
pressed as follows:

R’Eé + La% + R(,,I,l = U (2)
T, = Krl, (3)

0 position [rad],

T;  load torque [N-m],

torque generated by motor [N-m],

I,  rotor current [A], and

u dc voltage of the motor terminal [V].

The other parameters and the motor’s specifications are
shown in Table L.

Because the electrical time constant is much smaller than
the mechanical one, the delay of electrical response can be
ignored. At this time the following equation is derived from

(1)-(3):

.. B.- K 1
=——"0+4 —u— =T, 4
ARy )
where Koo R D K
Lr + Lty . T
pg= FPAT T el K=2T
R, ’ R,

The plant system can be regarded as a second order system.

III. Two-DEGREE-OF-FREEDOM CONTROL

The characteristics of this control law is that the com-
mand input response and the disturbance response can be
set independently from each other, and the stability is guar-
anteed [2]-[4]. Moreover this system includes conventional
linear control systems such as a disturbance observer [1],
[5]. Two-degree-of-freedom control system has an advan-
tage over those systems, because it is designed positively
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TABLE T
MoTOR PARAMETERS (INCLUDING HARMONIC GEAR)

Rated Output Power w 17
Rated Torque N-m 5.29
Rated Voltage \% 24
CEMF Const. Kg  V/rad/sec 5.44
Torque Const. Kr N-m/A 5.44
Motor Inertia J Kg-m? 0.0974
Friction Coefficient D E—
Mechanical Time Const. sec 0.056
Rotor Resistance R, QO 2.8
Rotor Inductance Lg mH 1.1
FElectrical Time Const. msec 0.39
Gear Ratio Kg 0.01

using independence of the command input response and
the disturbance response. Thus, the design method is very
refined.

The configuration of this system is shown in Fig. 1(a).
Here, w is the controller’s output, r is the command input,
y is the plant’s output, d is the disturbance and £ the ob-
servation noise. In Fig. 1(a), the command input response
Gyr(s) and the sensitivity function S(s) become

y(s) P(s)C(s)
G,r(s) = = 5
() r(s) 1+ P(s)Ca(s) (5)
Gy (5)/ Gy 1
S(o) = 2Gurl8)/Gunls) _ o
dP(s)/P(s) 1+ P(s)Ca(s)
The sensitivity function S(s) indicates not only sensitivity
to fluctuation of plant parameters, but also disturbance
reduction characteristics.
From these equations, the following controllers are ob-

tained:

g = Sl

o (s)
Cals) = Pmsw

where P,(s) is the nominal plant model and G,,.(s), S(s)
are the free parameters.

This expression of controllers means that the command
input response and the sensitivity function can be set at
the designer’s will. Thus, the global system can be de-
signed insensitive to disturbance and fluctuation of plant

parameters.

However, free parameters G,,.(s) and S(s) should be se-
lected to satisfy some conditions. The reason is that only
when all transfer functions from all input signal {r,d, £} to
all sub-system’s output {u, y} are stable, the global system
is stable. These transfer functions become

(8)

L] = [ T 1w ey ] l 0 ]
N Gyr(s)  —Pa()S(s) —(1=5()) | | &)
)
where
’ 1 1
=00+ (55~ ) o 00

| Controller d
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Fig. 1. Two—degree—of—freedom control system. (a) System config-
uration. (b) Equivalent block diagram. (¢) Disturbance observer
type equivalent block diagram.

d' is defined as the total disturbance which includes fluctu-
ation of plant parameters. These transfer functions must

be proper and have only stable poles.

Gy’"(s), 1 _5(8)7
Pus 11
1-5(s) (11)
Pils) Gyr(s), Pn(s)S(s) € RH«
Here, RH,., expresses a set of proper and stable transfer
functions.

Moreover, the following conditions should be satisfied for
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output regulation (r —

[1 = Gyr(s)]r(s),
Po()S()d/(s), (1 - S()e(s)

From the conditions (11),(12), free parameters G,.(s)
and S(s) should be selected to satisfy the following condi-
tions:

e Gy (s) must be a proper and stable rational function

e Gyr(5) must have unstable zero (include infinity) of

plant as zero

e 1 — G,.(5) must have unstable pole of input signal as

Zero

)_’ 0|tﬂoo-

€ RH., (12)

e 1—5(s) must be a proper and stable rational function
e 1 — S(s) must have unstable zero (include infinity) of
plant and unstable pole of ohservation noise as zero
» S(s) must have unstable pole of plant and disturbance
as 7ero
Fig. 1(b) shows equivalent block diagram of Fig. 1(a)
with controller (7),(8). Then, the next dynamics of the
total system is obtained

§(5) = Gyuls)r(s) = Pul()S(s)d(s) = [1 — S(s)]é(s). (13)

In order to construct the robust servo-system, parameter

[1-

S(s) is set to a low gain in the low-frequency domain, be-
cause fluctuation of the disturbance and the plant param-
eters are usually slow. And 1 — §(s) is selected as a low-
pass filter, because observation noise £ is usually at high
frequency.

For example, in an application to positioning system of
DC servo motor, the parameters can be set as follows:

Pu(s) = (J,,,SI-‘;HB,,,)S (14)
1

Gyr(s) (TS)2 +2(rs+1 (15)

S(s) aCh ) (16)

(52 + wes + Wftz)("’. + w{’) .

Fig. 2 shows the frequency characteristics of disturbance
reduction S(s) and observation noise reduction 1 — S(s) of
the function (16).

Then, Fig. 1(a) can be transformed to Fig. 1(c). It shows
that the two-degree-of-freedom control system includes an
equivalent system to the disturbance observer. In a design
of disturbance observer, one of the important issues is how
to express the disturbance generation on the augmented
state equation. In other words, this problem is equivalent
to how much to consider the order of the disturbance. How-
ever, from the viewpoint of disturbance observer design, it
is difficult to consider disturbance regulation on the output.
On the other hand, in the design of two-degree-of-freedom
control system, this problem is equivalent to a considera-
tion of the order of parameter S(s). And then, the condi-
tion of disturbance regulation on the output has been given
as the condition for parameter S(s). Besides, two-degree-
of-freedom control type realization receives less influence
of operation time delay when the system is realized as a
digital system, compared with disturbance ohserver type.
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Fig. 2. Frequency characteristics of S(s) and 1 — S(s).

IV. INTRODUCTION OF SLIDING MODE

A disturbance which cannot be completely compen-
sated by the linear controller remains in the two-degree-
of-freedom control system. Then, we introduce a sliding
mode control to suppress this disturbance suppression er-
Tor.

The feature of sliding mode control is that the robustness
for fluctuation of plant parameters can be obtained by the
simple control logic. However, in the case of conventional
sliding mode control, if the load torque is larger than the
dither signal, the sliding mode does not exist and stability
is not assured. Therefore, the dither needs to be estab-
lished large enough, but it causes a large chattering which
has bad influence on the mechanism. In order to reduce
this chattering, the authors have proposed to compensate
some part of the load torque by the disturbance observer
[13]-[15]. Then, the proposed system does not need the
large dither. In this paper, the proposed system is con-
structed by replacing some parts of the linear controller of
two-degree-of-freedom control system, which decides com-
mand input response Gy,;.(s), with a sliding mode controller
( Fig. 3(a)). The remaining linear controller has the same
effect as the disturbance ohserver.

Fig. 3(a) can be transformed equivalently to Fig. 3(b).
In Fig. 3(b), after a disturbance being reduced by the lin-
ear controller, the plant system can be described as the
following error system:

i e _ 0 1 e
dt | é - 0 —-B,/J, é
0 0 !
_ [ Kol ]u—l— [ Ko/ ]Ad (17)
where

e = fbrp— 0 (18)
¢ = bp—10 (19)
Ad = Sxd (20)
d = T/K. (21)

Here, Ad’ is defined as the disturbance suppression error
by the linear controller and S is defined in time domain as
impulse response of transfer function S(s). The operator *
expresses the convolution.

The sliding mode control can be applied to this system.
In this proposed method, the control input is determined
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Fig. 3. Proposed system. (a) System configuration. (b) Equivalent
block diagram. (c¢) Equivalent block diagram under sliding mode
(de motor control system).

by the following logic, in order to direct the trajectories in
the state space toward the sliding line s = 0.

w=te+ Ky sgn(s) (22)
where
s = ce+é (23)
o if se >0
v = { 3 if se<0. (24)

Here, the parameter Ky is a dither signal which compensate
the disturbance.

The parameters of sliding mode controller can be deter-
mined from the stable condition of the global system. The
next function is defined as a Lyapunov function [16]

(25)

Using (17) (25), the derivative can be calculated as

. B K B
VvV = —(Jn—c)sz—(;n’lp—c(]n—c>)se
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Fig. 4. Shift of trajectories. (Simulation)

R”Il

“n

(K — Ad’ sgn(s)) 5| (26)

When V is positive definite and V is negative, the system
is stable. Thus, the following conditions are obtained:

B,
< = 27
o< (21)
J, (B, .
o > = —cle if se>0
_ B‘TL Jn
v o= 1. B (28)
‘f 7 n — e . .
g < K. <Jn, P) c if se <0
Ky > |Ad| (29)

where (27), (28) and (29) correspond to the condition of
existence of sliding mode and reachability to the sliding
line. Against very large step function type disturbance,
inequation (29) cannot be satisfied temporarily. However,
due to the linear controller, |Ad’| becomes smaller and the
state variables will come back to the sliding line within a
finite time.

The above proof of system stability has an assumption
that the linear controller in equation (29) is stable. Thus,
it is clear that the total system becomes stable only if the
inner linear system is stable.

V. DISTURBANCE RESPONSE

When a plant system is controlled by sliding mode con-
trol, the plant dynamics are bound to the sliding line [6],
[7]. Under the ideal sliding mode, the trajectories are com-
pletely equal to the equation of sliding line. However, if
there is a switching delay At, the trajectories slightly shift
from the sliding line in proportion to the magnitude of dis-
turbance. In the case of system (17), the equation of the
trajectories is modified as follows from (46):

ALK,

“n

ce 4+ é = Ad'. (30)

The detail of the derivation is shown in appendix.
Fig. 4 shows such a phenomenon, where Ad =
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Fig. 5.

Disturbance suppression effects in frequency domain.

0.26[V] = 0.5 [N-m] is inflicted at ¢ > 0.2[s], and the shifted
trajectories can he ohserved.

After all, the following equation is derived as a global
dynamics under the sliding mode.

05) = ——breg(s) - %At S(s) d'(s).

(31)

Here, we assume 6.,y = 0 because we do not deal with
Continuous-Path servo problem.

Fig. 3(c) shows the equivalent block diagram. Thus,
if the switching time At is taken short enough, the dis-
turbance gets more insensitive over all frequency domain
(shown in Fig. 5 at At = 200 [us]). Now, we can set the
sampling time less short than 1 m s using DSP, so that the
disturbance suppression error can he reduced below 1077,

However, from inequation (29), only when the distur-
bance suppression error Ad’ is smaller than the dither K,
the sliding mode exists and the equivalent block diagram
Fig. 3(c) is realized. Fig. 6 shows the various order of dis-
turbance which satisfies this condition. If the disturbance
is located within this domain, the equivalent block diagram
Fig. 3(c) is completely accomplished and the disturbance
suppression becomes very strong, as Fig. 5.

If a very large disturbance beyond the domain is im-
posed, some part of the disturbance suppression depends
on only linear controller. Thus, the disturbance becoming
the larger, the disturbance response becomes similar to one
of pure two-degree-of-freedom control.

VI. SIMULATION RESULTS

The proposed control schemes are applied for position
control of DC servo motor. Controllers are realized in dig-
ital system with 1 step delay at 200-us sampling time. In
the linear controller, the disturbance cut-off frequency w,
is selected to 300 [rad/s] on (16). The parameters of the

5 T T
Max of 1st Order Disturbance
Max of 2nd Order Disturbance
r Max of 3rd Order Disturbance

IS

w
T

Disturbance [V]

004 0.008 0.012 0.016 0.02
Time [sec]

Fig. 6. Suppressible disturbance in time domain by sliding mode.

sliding mode controller are set as follows:

C = 10 [rad/s]

a = 120

5 = 0

Ky = 051 [V] (=10 [N-m]).

In order to compare with pure two-degree-of-freedom con-
trol, the parameter G;,.(s) is set as 7 = 75 [ms] and ¢ = 0.9
on (15).

In the simulations, two kind of disturbances are imposed.

A. Step Type Disturbance

Simulation results of the step response under very large
step function type disturbances (5.1 [V] (=10[N-m]), 0.2 [s]
< t < 0.7 [s]) are shown in Fig. 7(a) and Fig. 7(b). The
imposed disturbance in Fig. 7(a), Fig. 7(b) is 10 times lager
than the dither. Therefore, the improvement of disturbance
suppression by sliding mode cannot be observed obviously.
The disturbance here is out of range in Fig. 6.

B. Sinusoidal Type Disturbance

The step response under very large sinusoidal distur-
bance (amplitude 5.1[V] (=10 [N-m]), frequency 50 [rad/s],
t > 0.2 [s]) are shown in Fig. 7(c), Fig. 7(d). The low-
frequency disturbance imposed in Fig. 7(c), Fig. 7(d) is lo-
cated within the domain of suppressible disturbance in Fig.
6, which can be compensated by sliding mode. Thus, in this
case, the proposed control scheme has very stronger distur-
bance compensation than pure two-degree-of-freedom con-
trol.

VII. EXPERIMENTAL RESULTS

In the experiments, DSP (NEC: ¢PD77230, 32-b floating
point) are used at 200 [ps] sampling time, and the 1/100
gear ratio DC servo motor is driven by a 20-kHz switching
frequency MOSFET chopper. The pulse counter generates
1 000 pulse per roll on the motor shaft (it becomes 100 0000
pulse/roll on the geared shaft), and the speed is detected
through 12-b A/D converter by a tachometer. In the ex-
periments, two kind of artificial disturbances were inflicted
by adding disturbance voltage to the input.

Experiments of the step response under very large step
function type disturbances (5.1 [V] (=10[N-m]), 0.2 [s] < t
< 0.7 [s]) are shown in Fig. 8(a), Fig. 8(b). In Fig. 8(b),
some overshoot appeared, probably because of the influence
of the switching delay with rotor inductance.
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Simulation result of step response under various disturbances. (a) Two—degree—of—{reedom control under step disturbance. (b)

Proposed control under step disturbance. (¢) Two—degree—of—freedom control under sinusoidal disturbance. (d) Proposed control under

sinusoidal disturbance.

The step response under very large sinusoidal distur-
bance (amplitude 5.1[V] (=10 [N-m]), frequency 50 [rad/s],
t > 0.2 [s]) are shown in Fig. 8(c), Fig. 8(d).

These results are almost similar to the simulation results.

VIII. ROBUSTNESS FOR INERTIA FLUCTUATION

The robustness for the inertia fluctuation are shown in
Fig. 9, (b) of which is a step response when the plant in-
ertia .J becomes 3 times larger than the nominal inertia
Jn. There is almost no differences between the response
(b) and the one without inertia fluctuation Fig. 9(a).

IX. CoNcLusioN

For almost all kinds of disturbances except high-speed
ones, the proposed control system has very strong robust-
ness. The reason is that the sensitivity of disturbance can
be reduced in proportion to switching frequency of slid-
ing mode. In other words, using the dither, the proposed
system can compensate the remaining disturbance, which
cannot be completely compensated by the linear controller.
When we use a DSP and set the sampling time less short
than 1 ms, the proposed control can eliminate the distur-
bance suppression error more effectively to the order of
1073,

In combination with sliding mode control, two-degree-of-
freedom control becomes more robust.

APPENDIX

In order to consider the disturbance response under the
sliding mode, we assume that the conditions of existence
of sliding mode are satisfied.

When the system is expressed as follows and the switch-
ing delay At exists, the state transition in the neighborhood
of sliding line becomes as Fig. 10.

{1

At this time, the average fluctuation of state transition AZ
can be calculated as follows:

ifs>0

if s < 0. (32)

1 tiotal 1 tiotal
Az = / " (t)dt — / xiel (1) dt
ttota,l Jo ttotal Jo
(33)
where
tiotal = At + 1 + At + 1 (34)

where definitions of the time interval 7y and 7 are shown
in Fig. 10.
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Fig. 8. Experimental result of step response under various disturbances. (a) Two degree of freedom control under step disturbance. (b)
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contact with each other (Filippov method [8]). Then, (39)
pe becomes as
+ 1
frAt fidml _ grads- f~ 4 grad s - fJr IS
5 4 s<0 grads- (f — f1) grads- (f —f7)"
s=10 0 (40)
B s>0 Using these equations (34) (38) and (40), we can calcu-
I At late AZ from the equation (33) and get the average fluctu-
g g

Fig. 10. State transition in delay At.

From Fig. 10, z"°!(t), the state transition from the
point(0) with delay, becomes as follows:

xreal(t)

(ftt if0<t< At
FrAat+ £ (t— At)
if At <t < At+m7y
Frat+ i+ [t = (At+7)
if At+7m <t < At+7m+ AL
FrAt+ £ r+ f At+ £t — (At 4 7 + At))
if At4m4+At <t < At4+1+At+ 1.

(35

Then, we can obtain the value of 7y by calculating the
distance between the point(1) and the sliding line in Fig.
10 as follows:

grads- fT At = — grads- f 7. (36)
About the point(3), we can also obtain a similar equation.
grads- f At = — grad s- fTr. (37)

On the other hand, ' (t) expresses the ideal state
transition from the point(0) as follows:

miderzl(t) _ fidealt (38)

where
Frlt = puft+ (1- s (39)
Here, p is determined by the condition grads- /% =0

in which the hyper plane s = 0 and the vector (39) come in

)

ation of state transition AZ as follows:

At grads- (fF 4+ f7)
2grads-(f7 —f7)

Therefore, the equation of trajectories is modified as s(z —
AZ) = 0 from ideal dynamics of hyper plane s(z) = 0.

When the plant system is expressed as the following lin-
ear system and the switched control input is the following
state feedback:

Az =

(fF=F7). (4

r = Ax+ Bu+Id (42)
Ftz if s>0
vo= {Fm if s<0 (43)
where
s=Cz (44)

from (41), the modified system dynamics C{z — Az) = 0
becomes

+ —
c (1 — At (A + BF;“F)> x = AtCTd. (45)

If the switching delay At is selected enough short and 1 K
At(A+B(Ft4+F7)/2), the next approximation is realized
Cz = AtCI'd. (46)

This is equivalent to (30).
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